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1. INTRODUCTION AND PRELIMINARIES

The well-known Ekeland’s variational principle [3], [4] is one of the fundamental

results of nonlinear analysis.

Theorem 1.1 (Ekeland). Let (M,d) be a complete metric space and F : M — R
lower semicontinuous and bounded from below. For every € > 0 and o € M such
that F (xo) <inf F' (M) + ¢, and every 6 > 0, there exists x € M such that

(i) F(z) < F(x0);

(ii) d(xg,x) < 6;

(iil) F(x) < F(y) + 5d(y, ) for all y # x.

An immediate consequence of Ekeland’s variational principle is concerning with

the existence of a critical point of minimum for a C''-functional on a Banach space.

Corollary 1.1. Let X be a Banach space with norm |-|, and F : X — R a C'-
functional, bounded from below. There exists a sequence (x,) such that
F(z,) = inf F(X), F'(x,)—0.

If in addition F satisfies the Palais-Smale condition (i.e. any sequence as above has

a convergent subsequence), then there exists x € X with
F(z)=mf F(X), F'(z)=0.

For its proof it is sufficient to apply Theorem 1.1 with 6 =1 and € = %, to obtain
a sequence (x,,) satisfying the following conditions:
1 1
F(x,) <inf F(X)+—, F(z,) <F(y)+—|y—x,| forall y# z,.
n n
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The first inequality gives us F'(z,) — inf F'(X), while the second inequality, for
y=x,—tz,t>0,|z| =1, yields

—t(F’(xn),z)+o(t)+% > 0.

Here and throughout the paper, by (-,-) we understand the duality between a space
X and its dual X', i.e. (x*,2) = z* (x) for * € X’ and = € X. Dividing by ¢ and
letting ¢ tend to zero, we obtain (F’(z,),z) < i, whence |F'(z,)|y, < 1, that is
F'(z,) — 0. We stress on the fact that, in this case, when the domain of F' is the
whole space, the choice y = x,, —tz is possible for every z € X with |z| =1 and t > 0.
As we are going to see, such a choice is not possible for every z, and every ¢ in a right
vicinity of 0, in case that the domain of F' is a proper subset D of X and x, is not

interior to D.

In this paper, similar results to Corollary 1.1, in a subset of X, are presented as
consequences of Ekeland’s principle. Thus, by a simple and direct proof, we obtain
variants and extensions of some results of Schechter [14], [15], and a compression criti-
cal point theorem established in [11], in a conical annular domain. Finally, we present
an application to two-point boundary value problems, as a variational alternative to
the fixed point approach (see e.g. [1], [5], [6], [8], [10], [12]).

2. CRITICAL POINT LOCALIZATION THEOREMS

Let X be a Hilbert space with scalar product and norm (-, ), ||y, and let Y, Z
be two linear normed spaces with norms |-|,- and ||, respectively. We shall assume
that X C Y and X C Z with continuous embeddings. Let cy,cz be the embedding
constants, i.e. |z|y < ¢y |z|y and |z|, < ¢z x|y for every € X. Clearly the dual
spaces are in relations Y’ C X’ and Z’ C X’ with continuous embeddings too. Denote

by P, @ the duality mappings of Y and Z and assume that they are single-valued, i.e.
P:Y =Y Q:Z-—Z,
\Pz|,, = l|z|y, (Pz,z)=|z|} forallzeY;
Qz|, = |z|,, (Qu,z)=|z|; forallze Z.

We shall assume in addition that P and () are continuous. Let L be the continuous

linear operator from X to X’ (the canonical isomorphism of X onto X'), given by
(x,y) = (Lx,y) forall z,ye X
and let J be its inverse. Then J : X’ — X is a continuous linear operator and
(Jz*,z) = (z*,z) forallz* € X' v e X.

Let K be a wedge of X i.e. a closed convex subset of X such that K # {0} and
AK C K for every A € R,. Notice that K can be a cone, i.e. may have the property
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KN (=K) = {0}, and also can be the whole space X. For two positive numbers r, R,

denote

Kp={reK:|z|, <R}, D,={xeK:|z|y>r}

K,p={re K:r<|z|y and |z|, <R},

ie. K.p = KrND,. Also by 0Kg and 0D, we shall understand the sets {z € K :
|z|, = R}, {x € K : |z|y, = r}. Obviously, since the embeddings X C Y and X C Z
are continuous, the sets Kp, D, and K, p are closed in X. In this section we are
interested in critical points of extremum for a real functional F' € C* (X), which are
located in K, D,, or K, g.

We close this introductory section by a basic result (see [2, p. 96]) concerning

single-valued duality mappings: For every x,y € Y,
(2.1) (Pz,y) = |x|ytl_i>%i_t_l (Jxly = [z —tyly) .

According to this formula, if (Pz,y) <0, then |z — ty|y, > |z|, for every sufficiently
small ¢ > 0, while if (Px,y) > 0, then |z — ty|,, < ||, for small enough ¢ > 0. The

same is true for Q).

2.1. Critical points of minimum in a ball.

Theorem 2.1. Let F' : X — R be a C'-functional, bounded from below on Kg.

Assume that
(2.2) F(z) > inf F(Kg) +c for allz € Kg with |z|, > Ry

and some ¢, Ry > 0. In addition assume that for some v > 0,

(2.3) (Qu, JF' (x)) > —v > —o0  for all x € OKg with ||y < Ry,
and

vR?
(2.4) for each x € Kp with |z|y < Ry and each p € [_R—A‘O’ } :

there ism > 0 with nx — JF' () + puJQr € K.

Then there exists a sequence (x,,), T, € Kg, such that F' (x,) — inf F' (Kg), and one
of the following two properties hold:

(i) F' (z,) — 0;
(i) |znl, = R, (Qzy, JF' (x,)) <0 for all n, and

Qxp, JF' (z,))

iy
(2.5) JF' (xy,) O

JQz, — 0.
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If in addition F' satisfies a Palais-Smale type compactness condition guaranteeing that

any sequence as above has a convergent subsequence, and the boundary condition
(2.6) JF' (x) + pJQx # 0 for all x € 0K with |z|y < Ry and p > 0,
then there exists x € Kr with

F(z)=infF(Kg), F(x)=0.

Proof. From Theorem 1.1 applied to the complete metric space Kr endowed with the
metric induced by ||y, it follows that there exists a sequence (z,) in K such that
F (z,) <inf F (Kg) 4+ L, whence F (z,) — inf F (Kp), and

1
(2.7) F(z,) < F(y)+ - ly — xn|y for every y € Kp with y # z,,.

In view of (2.2), we may assume that |z,|, < Ry. Three cases are possible: (a) There
is a subsequence with x,, = 0 for all n; (b) There is a subsequence with 0 < |z,|, < R;

(c) The terms of the sequence (z,,), except possibly a finite number, belong to dKp.

In the first case we have F (0) = inf F'(Kg). Also F (0) < F(y)+ = |y|y for
every y € K\ {0} and all n. We claim that F’(0) = 0. Indeed, otherwise, from
n0 — JE'(0) € K and F'(0) # 0, if in (2.7) we take y = —tJF’'(0) for t > 0, we
obtain

~tLIF (O)f +0(8) + - [TF (0)]c >0,
whence we derive [JF' (0)|, = 0, a contradiction.

In the second case, we may suppose that 0 < |z,|, < R for all n. For a fixed n,
apply (2.7) with y = (1 +1t) x,, t # 0. Clearly y € Kg for || small enough. Then

t
L () + o) + 1D oy >0

Dividing by t in each of the cases t > 0, t < 0 and letting ¢ — 0 we obtain

1
- 20| x < (F' (20) , 20) < - |Zn x -

Hence (F' (z,),x,) — 0 as n — oo. Next in (2.7) we take y = z,, +t (z, — JF' (z,))
with ¢t > 0 small enough. We have

EE (@) 0 = TE (@) +0(6) + | = TF ()] > 0.
Divide by t and let t go to zero to obtain
(F (20) 20— TF (22) 4+ |2 — TF' (2,)] > 0.
It follows that
T )i < (F' 2a) 20) + 2 o = TF (@)l

whence |JF' (z,)|y — 0 as n — oo. Thus, F'(x,) — 0 in X’ and so, property (i)
holds in case (b).
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Assume now case (c), i.e. |x,|, = R for all n. Two subcases are now possible:
(1) (Qxy, JF' (z,)) > 0 for a subsequence. Then we apply (2.7) toy = x,, —tJEF' (z,,).
Clearly y = t (nuzy, — JF' () + (1 — tn,) z, € K. Also, according to (2.1), from
(Qzy, JF' (x,)) > 0, we have that |y, < R for ¢t > 0 small enough. Hence y € K.
Now (2.7) gives us
(F (ra)  TF (2,)) = |TF ()l < - LTF ()

whence JEF' (x,) — 0, equivalently F”(z,,) — 0. Thus (i) holds.

(2) Assume (Qx,, JF'(x,)) < 0 for all n except possibly a finite number of
indices. Then in (2.7) we take y = x,, — t (ex,, + 2,,), where € > 0, z, = JF' (z,) —
Un I QX iy = QznJF(@n)) and ¢ > 0. Notice that

| Qunlx
(Qn, z,) =0 and (Qw,,ex, + 2,) = eR* > 0,
which in view of (2.1), guarantees
Wy <laal, =R
if t > 0 is small enough. Also from
R? = |auly = (Qun, o) = (JQun, 1) < |JQuu|x |2l < RolJQualy

we have |JQz, |y > i

B and so

(28) <0
Then, from (2.4), there is 5, > 0 with n,x, — JF' (x,) + pnJQx, € K. Consequently
y=tna, — JF (2,) + pnJQuy] + (1 — te —tn,) v, € K
since 1 — te — tn, is positive for small ¢ > 0. Applying (2.7) we obtain
—t (F' (x) ,€xn + 2n) + 0 (t) + % lexn + 20| >0,

whence
—(F' (), exy + 2,) + % lexn + zn|x >0,
and letting ¢ — 0,
—(F ) ) + 2 Ll 20,
or equivalently
— (JF' (zn), 20) + % 20|y > 0.

Since (Qx,, z,) = 0, this is equivalent to the inequality
1
- |Zn|,2X + " |2n]x = 0.

Thus |2,y < < and so z, — 0 as desired.
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For the last part of the theorem, assume via the Palais-Smale condition, that
x, — z. In case (i) we immediately obtain F’ (x) = 0. In case (ii), (2.8) guarantees,
at least for a subsequence, that u, — —u < 0, and so JF' (z) + uJQz = 0, where
x € O0Kg and p > 0. The case p > 0 being excluded by the boundary condition (2.6),
it remains that JF' (z) = 0, that is F’ (z) = 0. O

Remark 2.1. (a) Condition (2.2) is trivial if X = Z (in this case, take R, any

number greater than R to see that there are no elements x € Kp with |z|, > Rp).

(b) In particular, condition (2.4) holds if x — JF' (z) € K for every z € K and
J@) is the identity map.
(c) Condition (2.4) trivially holds when K = X; the case X = Z = K was

considered in [13].

2.2. Critical points of minimum outside the ball. We now look for critical

points of extremum in the set D,, where r > 0 is a given number.

Theorem 2.2. Let ' : X — R be a C'-functional, bounded from below on D,.
Assume that

(2.9) F(z) >inf F(D,)+c forallz € D, with |z|y > Ry

and some ¢, Ry > 0. In addition assume that for some v > 0,

(2.10) (Px, JF'(z)) <v<oo forall x€dD, with |x|, < Ry,
and

R2
(2.11) for each x € D, with |x|y < Ry and each p € |0, %],

there ism > 0 with nx — JF' (x) + pJPx € K.
Then there exists a sequence (x,), x, € D,, such that F (x,) — inf F'(D,.), and one
of the following two properties holds:
(i) £ (zn) — 0;
(i) |znly =17, (Pxyn, JF' (z,)) > 0 for all n, and
(Pxy, JF' (x,))
| J P, |5

If in addition F satisfies a Palais-Smale type compactness condition guaranteeing

(2.12) JF' (z,) — JPx, — 0.

that any sequence as above has a convergent subsequence, and the following boundary
condition holds

JF' (z) + pJPx # 0 for all x € 0D, with |z|y < Ry and 1 < 0,
then there exists x € D, with

F(z)=imfF(D,), F(x)=0.
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Proof. We apply Theorem 1.1 in D,. The resulting sequence (x,) clearly satisfies
|z,|y < Rp and is now in one of the cases: (a) There is a subsequence of (z,)
with |z,|y > r; (b) The terms of the sequence (z,), except possibly a finite num-
ber, belong to dD,. In the first case one proceeds like in case (b) of the proof of
Theorem 2.1. In the second case, we are in one of the following situations: (1)
(Pxy, JF' (z,)) < 0 for a subsequence. Then we apply (2.7) to y = x, — tJF' (x,).
Clearly y = t (nyx, — JF' (z,,)) + (1 — tn,) x, € K. Also, according to (2.1), from
(Pxy, JF' (x,)) < 0, we have that |y|,, > r for ¢ > 0 small enough. Hence y € D,.
Now (2.7) gives us

(F (e0)  TF (1)) = |TF ()l < LTF ()

whence JEF' (z,) — 0, that is (i) holds; (2) otherwise, (Pz,, JF'(z,)) > 0 for all
n, except possibly a finite number of indices. Then in (2.7), we take y = =z, —

t (—ex, + z,), where t,e > 0, z, = JF' (z,) — pinJ Pz, and p,, = %w. This
Tn|%

choice of y is correct. Indeed,
y=tnur, — JF' (,) + pnJ P,) + (1 —tn, +te) x, € K

since 1 — tn, + te is positive for small ¢ > 0; in addition, since (Px,, —cx, + z,) =
—er? < 0, again in view of (2.1), we have that |y|,, > r for ¢ > 0 small enough. Then
(2.7) gives

1
<F/ (l’") y €T + Zn) S E |_5$n + Zn|X ’

whence after passing to limit with e — 0, we deduce that (F'(z,),2,) < % |z|-

Now observe that
(F' (23) ,2n0) = (F'(2n) — pn Py, 2,) = (JF' (23) — pin J P, 2n)
= Jalx -

As aresult |z,| < %, which shows that z, — 0 as desired. The proof of the last part

of the theorem is similar to that of Theorem 2.1. O

Remark 2.2. In particular, condition (2.11) holds if z — JF'(z) € K for every
x € Kand JP(K) C K.

2.3. Critical points of minimum in annular domains. Combining the ideas of
Theorems 2.1 and 2.2 we obtain critical point theorems in the annular domain
K,p={veK:r<l|z|y, |z|, <R}.

We shall assume that there exist elements = in K, g with r < |z|, and |z|, < R; for
instance, if o € K, |29|, = 1 and numbers r, R are such that r < |x¢|,- R, then px is

such an element, i.e. r < |uxo|y and |puxg|, < R, for each pu satisfying ﬁ <pu<R.
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Theorem 2.3. Let F' : X — R be a C'-functional, bounded from below on K, g.
Assume that for some ¢, Ry > 0,

(2.13) F(z) > infF(K,g)+c forallx e K,p satisfying

either ||y > Ro, orboth |z|y =7, |z[, = R.

In addition assume that conditions (2.3), (2.4), (2.10) and (2.11) hold. Then there
exists a sequence (x,), x, € K, such that F (x,) — inf F (K, ), and one of the
following three situations holds:

(i) £ (zn) = 0;

(ii) |znly =7, (Pan, JE' (z,)) > 0 for all n, and
(Pxy, JF' (x,))

2.14 JF' (z,) —
. NPT

JPzx, — 0;

(ili) |zn|, = R, (Qzy, JF' (x,)) <0 for all n, and

Quy, JF' (1))
|JQ‘Tn|§(

If in addition F satisfies a Palais-Smale type compactness condition guaranteeing

(2.15) JF' (2,) — < JQz, — 0.

that any sequence as above has a convergent subsequence, and the boundary conditions

(2.16) JF' (x)4+pJQx # 0 for all x € 0Kpg with |z|y < Ry and p > 0;
JF'(z) + pJPx # 0 for all x € 0D, with |x|y < Ry and p <0,

then there exists v € K, r with
F(z)=inf F(K,r), F'(z)=0.

Proof. Obviously, the result is a joint consequence of Theorems 2.1 and 2.2. The
additional hypothesis that F'(xz) > inf F' (K, g) + c for all x € K, g satisfying both
equalities |z|y, = 7, |z|, = R is needed to guarantee that whenever |z,|,, = r, we have
|z,,| , < R, making possible the choices y = 2, —tJF' (z,) and y = x, —t (—cx,, + 2,)
as in the proof of Theorem 2.2, i.e. |y|, < R for t > 0 small enough. Similarly, if
||, = R, we will have |z,|,, > r, and thus for y = =z, — tJF'(z,) and y =
x, — t(ex, + 2,) as in the proof of Theorem 2.1, the necessary inequality |y|,, > r
holds for £ > 0 small enough. O

2.4. Dual results for maxima. The dual result of Theorem 2.1 for maxima is the

following theorem.

Theorem 2.4. Let F' : X — R be a C'-functional, bounded from above on Kg.
Assume that

(2.17) F(z) <sup F (Kg)—c forallz € Kg with |z|y > Ry
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and some ¢, Ry > 0. In addition assume that for some v > 0,
(2.18) (Qr, JF' (z)) <v <oo forall € 0K with |z|y < Ry,

and
2

(2.19) for each x € Kpg with x|y < Ry and each p1 € [—%RE,O} ,

there is m > 0 with nz+ JF' () + pJQx € K.

Then there ezists a sequence (x,,), x, € Kg, such that F (x,) — sup F (Kgr), and and

one of the following two properties holds:
() F" (2n) — 0;
(i) |znl, = R, (Qzy, JF' (x,)) > 0 for all n, and
(Qun, JF' (x1))
|TQzalx

If in addition F' satisfies a Palais-Smale type compactness condition gquaranteeing that

(2.20) JF' (x,) — JQx, — 0.

any sequence as above has a convergent subsequence, and the boundary condition
JF' () + uJQx #0  for all x € 0Kg with |z|y < Ry and pn < 0,
then there exists x € Kgr with
F(z) =sup F (Kg), F'(z)=0.
Proof. Apply Theorem 2.1 to the functional —F'. O

The dual result of Theorem 2.2 for maxima is the following theorem.

Theorem 2.5. Let ' : X — R be a C'-functional, bounded from above on D,.
Assume that

(2.21) F(z) <sup F(D,) —c forallz € D, with |z|, > Ry

and some ¢, Ry > 0. In addition assume that for some v > 0,

(2.22) (Px, JF'(z)) > —v > —oc0 for all x € dD, with |z|, < Ry,

and

(2.23) for each x € D, with |x|y < Ry and each p € [0, VT—R;S} ,
there is n > 0 with nx+ JF' () + pJPx € K.

Then there exists a sequence (x,,), x, € D,, such that F (x,) — sup F' (D,), and and

one of the following two properties holds:

(i) F" (2n) — 0;
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(ii) |znly =7, (Pan, JE' (z,)) <0 for all n, and
(Pxy, JE' (2,))
| TP, [%

If in addition F' satisfies a Palais-Smale type compactness condition guaranteeing that

(2.24) JF' (z,) — JPx, — 0.

any sequence as above has a convergent subsequence, and the boundary condition
JF' () + pJPx # 0 for all x € D, with |z|y < Ry and > 0,
then there exists x € D, with

F(x)=supF(D,), F'(z)=0.
Obviously, a dual result of Theorem 2.3, in the annulus can also be stated.

Remark 2.3. (a) In case that JF (z) =z — N (x), which happens in most applica-

tions, the boundary conditions (2.16) read as follows

(2.25) N(z) # x4+ pJPx for |z|y =71, ||y < Ry and p < 0;

(2.26) N (z) # x4+ pJQx for |z|, =R, |z|y < Rpand >0

and can be seen as a compression type property of the operator N, on the annular
domain K, p.

(b) For X = Z = K, Theorems 2.1 and 2.4 reduce to some results by Schechter
[14], [15, Theorems 5.3.3, 5.5.5] in a ball of a Hilbert space.

(c) Theorem 2.3 is a version of a theorem first established in [11] by a completely
different technique. Thus, Ekeland’s principle gives us a direct and simple alternative

proof to such type of theorems.

3. APPLICATION

Consider the two-point boundary value

—u"(t) = f(t,u(t)), tel,
(3:1) { u (0) =u (1) =0,

where I = [0,1] and f : I x R — R is a Carathéodory function, i.e. f(-,u) is mea-
surable for each u € R and f (¢,-) is continuous for almost every t € I. In addition
it is assumed that for each b > 0 there exists h, € L' (I) such that |f (¢t,7)| < hy (t)
for |7] < b and almost every ¢ € I; in this case we say that f is a L'-Carathéodory
function.

We shall apply the abstract results from Section 2 to spaces: X = Z = H] (1)

endowed with the scalar product and norm

(u,v) = /Iu' (t) ' (¢) dt, lul gy = (/Iu' (t)? dt) 1/2,
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Y = [P (I), where p > 1, and to the functional F': H} (I) — R,

1
P = [ (00 =g a
I
where g : [ x R — R is defined by

g(t,7) :/OTf(t,s)ds

Here L : H} (I) — H ' (I), Lu= —u"; J: H ' (I) — H} (I), Jv = u, where u is the

unique weak solution of the problem

—u"=wv, tel,

u(0) =u (1) =0,
that is u € H}(I) and (u,w) = (v,w) for all w € H}(I). Also, Q = L and P :
LP(I) — Li(1), %+% = 1 is defined by

(Pu) () = |ulgfy lu @) ().
We have F' (u) = —u" — f (-,u) and JF' (u) = u — N (u), where

N ()= () = [ Gls) (s ds

with the Green function G (¢,s) =s(1 —t) for 0 < s <t <1, G(t,s) =t (1l —s) for
0 <t < s < 1. Notice that since the embedding of H] (I) into C (I) is compact, the
operator N is completely continuous from H} (I) to itself guaranteeing the Palais-

Smale condition.

We shall be interested into positive solutions and therefore we assume that
(3.2) fIxRy) CRy.

Then N maps positive functions into positive functions. Moreover, if we fix a subin-
terval [to,t1] C (0,1), then we have G (t,s) < G (s,s) for all t,s € [0,1] and
G (t,s) > MG (s, s) for every t € Iy := [to,t1], s € [0, 1], where

M = min {tg,1 —t;}.
Then, for each h € L' (I,R,),t € Iy and ' € I,
(Ih) (1) = /G( ds>M/ 5.5)
ZM/Gts s)ds = M (Jh) (t'),
and consequently, (Jh) (t) > M [Jh|,y (t € Ip). Hence if we consider the cone
K= {ue Hy(I):u=0o0n I w(t) > Mlul,g, forte 10},

then N (K) C K, equivalently u — JF'(u) € K for every u € K. In addition,

J@) is the identity map and since P maps positive functions into positive functions,
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(JP) (K) C K. Consequently, according to Remarks 2.1 (b) and 2.2, conditions (2.4)
and (2.11) hold.

Notice that I is bounded from below in K, r for every r, R. Indeed, for each

u € K, g, since u (t) < |U|H3(1) for every t € I, we have

Fu) = /I (%u (1)? —g(t,u(t))) it
> —/Ig(t,u(t))dtz —/g(t,R)dt> .

I
Hence

m :=inf F' (K, r) > —o0.

Let xj, be the characteristic function of the interval Iy, i.e. xy, (t) = 1 if t € Iy,
X1, (t) =0 for t € I'\ Iy, and let

o(t) = g sin 7t

be the positive eigenfunction corresponding to the first eigenvalue A = 72, with
|¢|H5(1) = 1. Notice that if 0 <r < \qb\L,,(I) R, then p¢ € K, g for |¢|LTP(U <u<R.

Theorem 3.1. Assume that f : IxXR — R is a L'-Carathéodory function, f (I x Ry)
C Ry, and that there are two numbers r, R with 0 <r <|[¢|p,) R such that

3.3 J inf T >,

(5:3) (o gpr100)]

(3.4) sup f (-, 7) <R,
T€[0,R] LA(1)

(3.5) F(u) =m+c for every u € Ky g with |ulp,y =r and |uly ) = R.

Then (3.1) has a solution w in K, g which minimizes F' on K, .

Proof. Clearly (3.5) means (2.13). Also, since N maps bounded sets into bounded
sets, conditions (2.3) and (2.10) hold. Now we show condition (2.26). Assume the
contrary. Then N (u) = (1 + p)u for some u € K, p with |u|H01(I) = R and pu > 0.

Since

0 <uf(t) =/Otu’<s>ds£ (/IU’@)ZdS) = Il

we deduce that

N

1

m(N(u),u) < (Jf(,u),u) = <f(au)au>

2
R* = |U|H3(I):

_ /If(t,u(t))u(t)dth/ sup f (t,7) dt.

I 7€[0,R]
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Hence R < ‘SUPTG[O,R} f(-,T)}Ll(I), a contradiction to (3.4). Next we check (2.25).
Assume the contrary, i.e. N (u) = u+ pJPu for some u € K, p with |u[;, ;) = r and
p < 0. One has u (t) > Mr in Iy, whence f (¢,u(t)) > infrciamoo) f (¢, 7) for t € Io,
that is

ft,u(t)) > xg (t) inf f(t,7) foralltel.

TE[Mr,00)
Then, on (0, 1) we have
u>u+puJPu=N(u)=Jf(-,u)>J <X10 [%\Zlf )f('ﬂ')) :
TE 7,00

Consequently

|U|Lp(1) >

Y

J inf .
(XIO Te[gllr,oo) f ( 77)) ()

which is excluded by (3.3). O

The next three remarks are concerning with condition (3.5).

Remark 3.1. If g is such that

(3.6) gt,u) <a®)uP ' +0b(t) forallue Ry, ae tel,

where p > 1, a € L? (I) and b € L' (I), then a sufficient condition for (3.5) to hold is
that

(3.7) /I g6, RO () dt > lal iy ™+ b ga sy

Indeed, for each u € K with |u[,,,y = r and |“‘H3(1) = R we have via Holder’s

inequality
R2 p—1 R2 p—1
F(u) > 5 la(®)u ()’ +0b(t)] dt > 5 lal oy ™ = bl -
On the other hand, since ‘(MH(%(I) =1,
R2
F(Ro) =7 - [ gt Ro(0)dt.
I
Hence
F(u)> F(Rg)+c>m+c,
where

¢ = /Ig (£, Ro (1)) dt — |al gy ™" — [bl1 sy > 0.
We note that by (3.6), condition (3.7) implies 7 < [@|,, ;) R, and so R¢ € K, p.

Remark 3.2. If f is such that (3.6) holds for p € (1,3), then condition (3.5) is

satisfied if R is sufficiently large and r <[],y R. Indeed,
Lo -1
B |U|H3(1) - |a|LP(I) |u|’£,,(1) - |b|L1(I)

1 2 —1
2 |U|H3(1) - |a|LP(I) |u|§;{3(1) - |b|L1(I) :

F(u) >

>
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Since p < 3, for each B € (0, 1), there exists R € R, with

B2
(3.8) Fu) > = [l for lulgay > Ro.
Let B := m. Then for |U|H5(I) = R > Rp, we obtain
2
Fu) 2 —5—=F(uo) +¢,
2 |¢|LP(I)

where y¢ > 0 is such that p[@|,,;, = r, and ¢ = J; 9t uo (t))dt > 0. Hence, in
particular, F'(u) > F (u¢)+c > m+c for every u € K, g satisfying |u|H3(I) = R and

|l oy =7, as claimed.

Remark 3.3. If following [7], [9] we assume that a function o € L' (I) exists such
that there is 6 > 0 with [, (v ) —a(t)u (t)z) dt > 6 |u|§{5(1) for every u € Hj (1),
and for every ¢ > 0, there are 3.,v. € L' (I) with

29 (t,u) < (e 4+ a () u? + B () u+ - (t)

for (t,u) € I x Ry, then condition (3.5) holds if R is sufficiently large and r <
9] o(r) 012 Indeed, for a fixed € < § and each u € H; (I,R,) we have

F(u) > %/ [/ 1) —at)u ) —eu(t) — B () u(t) — 7 (t)] dt

1

1 2
= 2 (6 —¢) |U|Hg(1) - ‘6€‘L1(I) ‘U|Hé(1) - |%\L1(1)-

Thus for each B < § — ¢ there exists Rp € R, such that (3.8) holds. Now if we
take B = 7@&;1)3’

0 — B. The assertion now follows as in the previous remark.

we have B < ¢ and we can choose € any positive number less than

Assuming now a monotonicity property of f with respect to the second variable
and taking into account Theorem 3.1 and Remark 3.1, we can state the following

multiplicity result.

Theorem 3.2. Assume that f : I x Ry — R, is a Carathéodory function such that

f(t,-) is nondecreasing on R, and
gt,u) <a®)uP' +b(t) (ueRy)

for almost every t € I, where p>1,a € L? (I), b e L' (I).

19 Let (7:)y<icp» (Ri)1<icp (B < 00) be increasing finite or infinite sequences such
thatRi<T2‘+1 (1§Z§]{3—1),

(3.9) /Ig (t, Rig (1)) dt > |al pu(py Py 10l 11y -

(310) |J(X10f ('7 MTZ'))‘LP(I) > Ty
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(3.11) 1 Ry < B
for alli. Then (3.1) has k (respectively, when k = oo, an infinite sequence of ) distinct
positive solutions u; € K,, r, which minimizes F' on K,, g,.

20 Let (Ti)i21 , (Ri)i21 be decreasing infinite sequences such that Ry 1 < 1; (1 <1
< k—1) and conditions (3.9)—(3.11) hold for alli. Then (3.1) has an infinite sequence

of distinct positive solutions u; € K,, r, which minimizes F' on K,, g,.

Remark 3.4. In the autonomous case, when f does not depend on ¢, conditions
(3.10) and (3.11) read as follows

f(MTz')Z 1 | f(Rz')Sl
Mr; M|J(Xlo)|Lp(1) R;

showing that the function f (7) /7 oscillates above and below the values T
fo)lee (1)

and 1, respectively.
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