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ABSTRACT. We study the existence of nontrivial solutions of parameter-dependent quasilinear
elliptic Dirichlet problems of the form

—Apu=Af(u) in Q wu=0 on 09,

in a bounded domain Q C RY with sufficiently smooth boundary, where X is a real parameter and
A, denotes the p-Laplacian. Recently the authors obtained multiplicity results by employing an
abstract localization principle of critical points of functionals of the form E = & — AU on open
sublevels of @, i.e., of sets of the form ®~1(—co, ), combined with differential inequality techniques
and topological arguments. Unlike in those recent papers by the authors, the approach in this
paper is based on pseudomonotone operator theory and fixed point techniques. The obtained results
are compared with those obtained via the abstract variational principle. Moreover, by applying
truncation techniques and regularity results we are able to deal with elliptic problems that involve

discontinuous nonlinearities without making use of nonsmooth analysis methods.

AMS (MOS) Subject Classification. 35J92, 35B30

1. INTRODUCTION

In this paper, we investigate the existence of a nontrivial solution for the following

quasilinear elliptic problem

—Apyu = Af(u) in Q,

1.1
(1) u=>0 on 0f),

where Ayu := div(|Vu[P72Vu) is the p-Laplace operator with 1 < p < +o0, Q C
RY (N > 1) is a bounded domain with a sufficiently smooth boundary, A is a real

parameter and f : R — R is a continuous function. We denote by W, (Q) the
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Sobolev space of functions with generalized homogeneous boundary values endowed

with the norm

(12) fulli= ([ 19utolp ac) v

It is well known that, if 1 < p < +o0,
(1.3) lull o) < eqllull,  Vu € WeP(9).
for every g € [1,p*), where, as usual, p* is the critical Sobolev exponent given by

. {—i—oo if N <p< oo,
p:

N .
A’;—_p ifl1<p<N,

and the embedding W, () << L9(Q) is compact. A function u € Wy(Q) is called
a solution of (1.1) if the following holds true:

(1.4) /Q|Vu(:z)|p_2Vu(x)V<p(x) dx = )\/Qf(u(:z))ap(x) dr, Vy € Wol’p(Q).

A great deal of work has already been done on the existence of solutions of the
problem (1.1), see e.g. [1, 4, 5, 12, 15, 16, 18, 20] and [24]. However, as is well known
the assumptions on the nonlinearity f makes the difference between the individual
papers. In all of the above cited papers an asymptotic behaviour of the nonlinearity
f : R — R is required either at zero or at infinity or at both. In many other cases,
such type of asymptotic conditions are imposed also on the primitive of f, i.e., on the
function F(s) := [; f(t) dt, see for instance [17], [19], [21] and the references therein.

Unlike in the above mentioned papers, in a very recent paper [8] the authors
established existence and multiplicity results of problem (1.1) without imposing any
asymptotic conditions at zero or at infinity. The approach used in [8] is based on an
abstract localization principle of critical points of functionals of the form E = & — AW
on open sublevels of ®, i.e., of sets of the form ®~!(—o0,r), which reads as follows,
see [2, 4].

Theorem 1.1. Let X be a reflexive Banach space, ® : X — R and ¥ : X — R two
continuously Gateaux differentiable functionals such that ® is coercive and sequentially
weakly lower semicontinuous, while ¥ is sequentially weakly upper semicontinuous.
Let r > infx ® and put

o) = nf | Puerioen P00 7 W)
© e —1(—oo,r) r— &(v)

Then, for every A € (07 SD(lr)

O~1(—o0,r) such that E(uy) < E(v) for every v € ®~1(—o0,r).

) the functional E = ® — AV has a critical point uy €



VARIATIONAL VERSUS PSEUDOMONOTONE OPERATOR 399

The variational functional of (1.1) is of the structure E of Theorem 1.1 with
X = W,?(Q), and

O(u) := ]%HUHP, U(u) = /QF(U(SL’)) dz, E(u):= ®(u) — AV (u).

Based on Theorem 1.1, in ([8, Theorem 2.1]) among others the following result has

been obtained.

Theorem 1.2. Let f : R — R be a continuous function with

(1.5) f(0) #0,

and assume that

(f.) There exist two positive constants My and My and q € [1,p*) such that
|f(s)] < My + My|s|7, Vs €R.

Put,
[ +o0, 1<q<p;
1
RV q=Dp;
(1.6) A= @My
b= =1 1\ =1
qi- q—p\T b - o %
TV , p<qg<p,
( plg—1) <01M1> <CZM2)

Then, for every X € (0, \*), problem (1.1) admits a nontrivial solution uy € C(€).

The variational approach adopted in [8] not only allows for the existence of at

least one nontrivial solution uy, but also provides a localization of uy, namely
(1.7) luall < (o),

where 7 = 7(\) can a priori be estimated from below in the case 1 < ¢ < p, while in

the case p < ¢ < p* we have a uniform bound given by
(1.8) _— [Mr/(q—l)
p | ciMy(q —p)

Moreover, the following variational characterization holds: uy ¢s a local minimum of

1

the energy functional E related to problem (1.1).

It is worth noticing that this last variational property of u) plays a crucial role
in [7] and [8] whenever the existence and multiplicity of solutions are investigated in
the case f(0) = 0.

An important novelty in studying problem (1.1), introduced in [3] for p = 2
and [8] for p # 2, is that the existence of at least one solution has been established
under the natural subcritical growth condition (f,) only and without requiring any

asymptotic condition for f neither at zero nor at infinity. In case that N < p, without
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any growth condition on f and only assuming some asymptotic condition at zero, in
[7] the following multiplicity result has been obtained: Assume
_ f(s)
lim
(fl) ;_)0 |S|p_28
(f*) There exists py > 0 such that

=L € (0,+00);

max F(s
|s|<po (s) 1 lim F(s)
06 P AR|Q s=0 [s]P

where ¢ is the constant of the embedding W, ?(Q) < C°(Q), A\, k = 1,2, are the first
and second eigenvalue of (—A,, Wy *(Q)) and |Q| stands for the Lebesgue measure of
), then there are two intervals given by

Ak o6 )
A = ) 9 k = 1727
k < L’ per|Q maxisj<,, F'(5)

such that

- for every X € Ay problem (Dy) admits at least two constant-sign solutions;
- for every A € Ay problem (D) admits, in addition, a third sign-changing solu-

tion.

The aim of the present note is to prove the existence of at least one nontrivial solution
of (1.1) by applying an alternative, nonvariational method. The approach in this pa-
per is based on pseudomonotone operator theory and Schauder’s fixed point theorem,
see Theorem 2.1. The obtained results are then compared with those obtained via
the abstract variational principle. It turns out that the nonvariational approach used
here improves the result of Theorem 1.2, because, under exactly the same assump-
tions, a relevant bigger range of parameter can be obtained. The price we pay for the
improvement of the parameter range is that we may loose the variational feature of
the solutions.

Finally, by applying truncation techniques and regularity results, in Theorem 3.2
the existence of constant-sign solutions of problem (1.1) is shown when f is discon-

tinuous at the origin without making use of nonsmooth analysis methods.

2. MAIN RESULT
The main result of this section is the following theorem.

Theorem 2.1. Let f : R — R be a continuous function satisfying (1.5) and (f,). Put

( “+00, 1 S q <p;
1
(2.1) pt =< My’ =P

L (fq—p\o' (p—1\" .
—_— —_— <qg<
[ ¢—1 <01M1) <03M2> R

)

iS]

i
[un
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Then, for every 0 < |\ < u* problem (1.1) admits a nontrivial solution v € C}(9Q).

Proof. Let X := W, (Q) and X* be its dual space, and (-, -) the duality pairing. The
norm in X is given in (1.2). Define the operators A : X — X* and G : X — X* as

follows:

(Au, ) = / V(@) Vu(@)Ve(z) de, € X,

/ flu der, u,p € X.
Thus, we may rewrite problem (1.1) in the form of the following operator equation:
(2.2) ue X : (Au—AG(u),p) =0, VYpeX.

The operator A is monotone (even strictly monotone), bounded and continuous. To
avoid too much notations, let us denote the Nemytskij operator generated by f : R —
R again denote by f, i.e., f(u)(z) = f(u(z)). Because of ¢ € [1,p*), the embedding
X — L%(Q) is compact. Moreover, if ¢’ denotes the Holder conjugate to ¢, then, due
to the growth condition (f,), the Nemytskij operator f : LI(Q) — L (Q) is continuous
and bounded. Taking into account that the embedding L (Q) — X* is continuous,

we see that the operator G : X — X* is bounded, continuous and compact.

A monotone, bounded and continuous operator is pseudomonotone, and a com-
pact, continuous and bounded operator is pseudomonotone as well, which implies
that

A-)\G: X — X*
is bounded, continuous and pseudomonotone for all A € R. By the main theorem on
pseudomonotone operators due to Brezis (see, e.g., [25]), the operator equation (2.2)
has a solution, provided that A — A\G : X — X* is coercive, i.e., provided that the
following holds:
(2.3) lim = +o00.

]| = +o00 |||

Now let us distinguish three cases.

Case (i): 1 < ¢ < p. In this case we have by Young’s inequality, for any £ > 0
s]971 < e(e) +¢ls]P7h, Vs € R,

where c(g) is some constant depending on ¢ only. Thus, from (f,), it follows:

(2.4) |f(s)] < C(e) +¢els|P~t, Vs € R.

Using (2.4) and

(2.5) lullzoey < epllull,  Yu € WeP(),
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we get the following estimate:

(2.6) (Au = AG(w), u) = [[ull” = 1A (C(&) ullaay + ellull o))
> (1= [\lee) lull” = INCE)ull ).

which yields the coercivity for any A € R when choosing ¢ sufficiently small. This

proves assertion (i).

Case (ii): ¢ = p. By using (f.) we get

(27) (Au = AG(u),u) 2 [[ull” = 1A (Malfullzra) + Mellull )
> (1= [AlepMz) lull” — [N M [lull i),

which shows that A — A\G : X — X™* is coercive provided that

L—[AchM; >0 & )| < 65]1\42.

This proves assertion (ii).

Case (iii): p < ¢ < p*. In this case we apply Schauder’s fixed point theorem. First,
since A : X — X* is strictly monotone, continuous, bounded and coercive, from the
main theorem on monotone operators it follows that for any b € X* there exists a

uniquely defined solution of
(2.8) ue X: Au=0b,

which implies that A : X — X* is a bijection. Moreover, A~! : X* — X is monotone
as well, demicontinuous and bounded. One can then shows that A7! : X* — X is
even continuous. The latter makes use of the specific property of the p-Laplacian.

Now we can rewrite our problem as a fixed point equation:
(2.9) ueX:u=A"o(\G)(u),

where the fixed point operator T\ = A~ o (AG) : X — X is compact, continuous and
bounded. Any fixed point of T is a solution of problem (1.1) and vice versa. Thus, it
remains to verify the existence of fixed points. By Schauder’s Theorem the existence
of a fixed point is proved provided T) can be shown to be a selfmapping of some
closed, bounded and convex set. Let us show that for some parameter range for A,
there is a closed ball B(0, R) := {v € X : ||v|| < R} such that Ty : B(0, R) — B(0, R).

Let u = T)\(v), i.e., u is the unique solution of

(2.10) ue X : Au= \G(v),

which implies by using in (2.10) as special test function ¢ = u the following;:
(2.11) [ull” = A/Qf(v)udfv < (Al /Q(Ml + Mofo] ")l

< |Al (Macafull + Macgllv]|*Hlull)
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which yields

(2.12) JulP~ < (A (Mac + Mgcg||v||q_1) .

Therefore, from (2.12), the condition for T\ being a mapping of a ball B(0, R) into
itself is

(2.13) Al (Myer + Macd||v]|*7") < RP

which gives the range for A as

R

2.14 Al < .
( ) | | - Mlcl + MQCZRq_l

A simple computation shows that p*, as introduced in (2.1), is the maximum of the
map ¢(R) = ij\;—;qm,l, for every R > 0, and, in particular, it is attained at Ry,ax

given by

ClMl(p — 1):| la-1

(2.15) Fma = LZMz(q —p)

In any case (1.1) admits a solution u that is nontrivial because f(0) # 0. More-
over, by [13, Theorem 7.1, pag. 286], u belongs to L*°(€2) and by the nonlinear
regularity theory, see [10, 14], we conclude that u € C}(9). 0O

Remark 2.2. From the proof of Theorem 2.1 one can deduce that, in the case (iii)

the nontrivial solution satisfies an a priori estimation of type (2.12). In particular,

o M (p — 1)} /a-1
chg(q —p)

ol < |
uniformly with respect to A.

Remark 2.3. Comparing the results of Theorem 2.1 with Theorem 1.2, it turns out
that Theorem 2.1 improves Theorem 1.2, because an easy computation results in
M =p*if 1 <qg<pand

-

A* o qaT
o p

S

(2.16)

if p < g < p*. Hence, observing that the function t — te1 for every t > 1 is

decreasing, from (2.16) one can obtain that
A* <t

Finally, we observe that the range of parameters assured in Theorem 2.1 is bigger, as

it involves also negative values of the parameter.
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Remark 2.4. We note that in condition (f,) the constants M; and M, are assumed
to be strictly positive. However, while M; cannot be equal to zero, because this would
be in contradiction with (1.5), M, is allowed to vanish. In this case, the function f is
assumed to be bounded and one readily sees that ;* does not depend anymore on ¢,
being always p* = 400. In particular, following the proof of Theorem 2.1 in the case
p < q < p* one obtains:

for every A # 0, (1.1) admits at least one nontrivial solution such that

(2.17) |lul| < R
whenever R > 0 satisfies 0 < || < ipz\Z'

3. DISCONTINUOUS NONLINEARITY

In this section we are going to show the existence of nontrivial solutions of (1.1)
when the nonlinearity f : R — R may be discontinuous. The tools used here to deal
with discontinuous elliptic problems is the main result of the preceding section along
with truncation techniques and regularity results.

Let us first recall some preliminary, technical lemma which will be useful later,

see [8, Lemma 3.1].
Lemma 3.1. Let g,h: R — R be two continuous functions and assume that

9(t) =L, >0 and lim ht)

ot [HP2¢ i—o- [tp2t

Then, for every M > 0 there exist two positive constants ¢, ¢ such that

=L_>0.

—g(t) < ectP™t Vvt e [0, M),
h(t) < eltP~t Vte [-M,0].

Proof. Fix M > 0 and put « := max {maxo<t< |g(f)|, max_pr<1<o |R(¢)|}. If0 < 8 <
min{L_, L, } there exists § > 0 such that

(3.1) uﬁ% > 8 Vie(0,6),
(3.2) MO~ 5 wie (—4.0)

jt[p=2t

Let us put ¢ = max {1, 5%1} and ¢ = 5%r. Hence, for every ¢ € [0, M] one has that
o if 0 <t <4, then, in view of (3.1), g(t) > B|t[P~2t > —[t|P~%t, that is
—g(t) < tP72% < et

o If ) <t < M, then

[0}
e LI

o —1
o) <a=0 0 <



VARIATIONAL VERSUS PSEUDOMONOTONE OPERATOR 405
Analogously, for every t € [—M, 0] one has that
e if —§ <t <0, then, in view of (3.2)
h(s) < B|t|P~2t < e|t|P~.

o If —M <t < -9, then

o
<es <@t

_ -1
h(t) < = <

and the proof is complete. O
As a consequence of Theorem 2.1 we can obtain the following result.

Theorem 3.2. Let f: R — R be a function satisfying condition (f.) and such that f

is continuous in R\ {0}. Moreover, assume that

(fo) zero is a discontinuity point of first kind such that

(3-3) F(07) - f(07) #0,

where f(07) = limy_o+ f(t) and f(07) = limy_o- f(t). Then, the following conclu-
stons hold:

(1) If f(07) < 0 < f(07F), then for every A € (0, u*) problem (1.1) admits at least
two solutions u_,uy such that uy € int(CH(Q)y) and u_ € —int(CL(Q),).

(j2) If min{f(0%), f(07)} > 0, then for every A € (0,u*) problem (1.1) admits at
least one solution uy € int(CE(Q)y) and for every A € (—u*,0) problem (1.1)
admits at least one solution u_ € —int(CE(Q) ).

(j3) If f(0T) < 0 < f(07), then for every X\ € (—u*,0) problem (1.1) admits at least
two solutions u_,uy such that uy € int(CH(Q)y) and u_ € —int(CL(Q),).

(ja) If max{f(0"), f(07)} < 0, then for every A € (0, u*) problem (1.1) admits at
least one solution u_ € —int(CH(Q) 1) and for every X € (—p*,0) problem (1.1)

admits at least one solution u, € —int(C3(Q)4).

Proof. We are going to prove cases (j;) and (j) only, because the other cases can be

treated in a similar way:.

Case (j1): f(07) <0< f(07). Put

f(t) ift >0
g(t) = .
fo*t) if¢ <0.
Clearly g satisfies all the assumptions of Theorem 2.1. Hence, for every A € (0, u*)
there exists a function u, € W, () such that

B4 [ V0P e () Ve(@) do =2 [ glua))ple) do, Vo € W39,

Moreover, thanks to [13, Theorem 7.1, pag. 286], uy € L*(2) and applying the
classical regularity theory, see [10, 14], u, € C3(Q).
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Let u3(z) = max{—u (z),0}, then ul € W,?(Q), and hence, testing (3.4) with

uy, one gets
[zl = Af(0%) / i (z) d.

Because f(07) > 0 we can conclude that v = 0 which implies that uy(z) > 0 a.e. in

2, that is v, must be nonnegative.

We are going to show next that the solution u, of (3.4) is in fact a solution of
(1.1). To this end we only need to verify that uy € int(C3(Q),), because then it
holds f(uy(z)) = g(uy(z)) for every x € Q, which proves uy is a solution of (1.1).

First, observe that

Since u, is bounded, by Lemma 3.1 with M = ||u ||, there exists a positive constant
c such that

—g(t) <t
for every t € [0, ||u4||). Hence,

Apuy(r) = =Ag(u(2)) < Acuy (z)

a.e. in Q. Thus, we can apply the Vazquez’s maximum principle [22, Theorem 5]
and conclude that u, € int(C}(2),). This completes the proof of the existence of a

positive solution.

A negative solution u_ can be shown to exist in a similar way by replacing the

function g by the function h as follows:

) f@) ift<0
h(t)_{f(o—) ift >0,

and observing that
Ap(—u-(2)) = =Apu_(2) = M(u_()) < Ae| — u_(z)["~*

a.e. in €2, so that the conclusion follows again by Vasquez’s maximum principle.

Case (jo): min{f(0%), f(07)} > 0. Fix A € (0,u*), then the existence of u, can
be obtained exactly as in the previous case. Now let A € (—p*,0) and define the

) (@) ift <0
h(t)_{ 07y ift>o0.

following function

Theorem 2.1 assures that there exists u_ € W,?() such that

(3.5) /Q\Vu_(x)\p_2Vu_(x)Vgo(m) dx = )\/Qh(u_(x))go(x) dx, Yo € WP (Q).
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Moreover, arguing as in the previous case, u_ € C}(Q). Set u'(z) = max{0,u_(z)},
then it is well known that u* € Wy(Q) and, putting ¢ = u* in (3.5), one has

Jut|P = AF(07) / u (x) da.

Because f(07) > 0 and A < 0, one concludes that u* = 0 which shows that u_(z) <0
a.e. in (), i.e., u_ must be nonpositive in {2. Moreover, since h is a continuous function,

a simple computation shows that there exists a positive constant c
ht) = —cltf™" vt € (—[u]|w,0).
Indeed, since h(0) > 0, there exists 0 < § < ||u_|| such that
h(t) >0 ¥Vt e (=6,0).
Put m = min {—1, mine(_ju_|j.,0 A(t)} and ¢ = =52, if t € (—0,0) one has
h(t) >0 > —c|t|P".

Otherwise, if t € (—||u_||s, —0d), one has
m

h(t) >m =
() 2m=1m=

t|P2t > c|t|P 2t = —c|t|P.

Hence,
Ap(—u—(2)) = =Dpu-(2) = M(u-(z)) < =Ac| — u_(z)~"
a.e. in Q. Finally, again by the Vasquez’s maximum principle, u_ € —int(CZ¢(Q)),

and thus u_ is a solution of problem (1.1). O

Remark 3.3. In [9] nonsmooth (variational-hemivariational inequalities) elliptic prob-
lems depending on a parameter A in a nonlinear way have been considered, and the
existence of nontrivial solutions have been proved by methods of nonsmooth analysis.

As an application a discontinuous quasilinear elliptic problem of the form
—Apu = AxX{u>0y in Q, u=g on 0,

has been treated via nonsmooth analysis methods, where x 4 denotes the characteristic
function of the set A. Another example where classical variational approach is used to
treat discontinuous problems is given in in [6]. Unlike in the above mentioned papers,
here we obtain the existence of nontrivial solutions u € int(C¢(Q),) of problem (1.1)
with f discontinuous at the origin without using the classical results of nonsmooth

analysis.

In the particular case N < p, we are able to show an existence result of (1.1)
whose nonlinearity f : R — R may be discontinuous and is not subject to any growth
condition. In this case we make use of the embedding W, () — C(Q), i.e,

(3.6) lulloo < coollull ¥ ue Wy (Q).

More precisely, the following theorem can be proved.
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Theorem 3.4. Let f : R — R be a function and assume that there exists d > 0 such
that

(ky) f is continuous in (0, d);
(kg) 0< f(0+) < +00.
dr1

010&71 SUD¢e(0,d) | f(?)]
constants of the embedding (1.3) and (3.6), respectively, problem (1.1) admits at least

Then, if N < p, for every A € | 0,

), where ¢, and co are the

one nontrivial solution u € int(C(Q) ).

Proof. Set
f(0T) ift<0
g(t) =< f(t) it0<t<d
f(d) ift >d.
It is clear that g : R — R is a continuous and bounded function such that g(0) > 0.

In particular,

lg(t)] < sup [f(t)]
te(0,d]

for every t € R.
Hence, arguing as in Remark 2.4 with g in place of f, My = sup,¢( 4 |f(t)| and
o _ d RP-1Y\ 1 ar—1 .

M, =0, fix R = =, for every A € (O, clMl) = (O, P T |f(t)|> there exists a

function u € W, *(Q) such that

(3.7) /Q\Vu(x)\p_szx)V(p(x) dor = )\/Qg(u(x))ap(x) dr, Yy € Wol’p(Q)

and (2.17) holds, namely, in view of (3.6),
[ulloe < Coollull < d.

Testing (3.7) with ¢ = v~ = max{—u, 0} we infer that v~ is a.e. zero in €2, that is,
because u is continuous, we get 0 < u(x) < d for every = € €. Finally, arguing as in
the proof of Theorem 3.2 case (j;), one can prove that u € int(C}(2),), and thus the
conclusion follows by observing that f(u(z)) = g(u(z)) for every z € . O

Remark 3.5. We remark that the assumptions of Theorem 3.4 allow the nonlinearity
to have at zero a first kind of discontinuity from the right and any kind of discontinuity
from the left. Hence, thanks to Theorem 3.4, different situations with respect to

Theorem 3.2 can be considered in case that N < p.

Remark 3.6. Taking into account the estimates of the Sobolev embedding constants
contained in [23], a more concrete estimate for the interval of the parameter A can be

obtained, where the embedding constants are expressed in terms of the data of (1.1).

Acknowledgments. The first and third author were partially supported by G.N.A.
M.P.A.
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