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ABSTRACT. In this paper the existence of one positive weak solution for Dirichlet problems with
a critical growth of the nonlinearity is established. To this end, it is previously proved that the
associated energy functional satisfies a suitable type of Palais Smale condition in order to apply a

very recent local minimum theorem.
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1. INTRODUCTION

Consider the following Dirichlet problem

(%) { —Au_: Af(u) in Q,
ulpn =0,

where  is a non-empty bounded open subset of the Euclidean space (RY, |-|), N > 3,
with boundary of class C*!, \ is a positive parameter and f : R — R is a continuous

function with a critical growth, that is,
f) =1t 7t +9(t)
for all t € R, being ¢ a nonnegative continuous function satisfying

(h) there exist a >0 and g € |1,2N /(N — 2)[ such that
g(t) < alt]”™!
for every t € R,

x _ 2N
and 2% = 5.

The aim of this paper is to prove that the energy functional associated to Problem
(D{) satisfies a suitable type of Palais Smale condition previously introduced in [1,
Section 2|. As a consequence, applying a local minimum theorem established in [1],

the following existence result is here pointed out.
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Theorem 1.1. Put G(§) = fogg(t)dt for every & € R and assume that

G(t)

lim sup ErRke ~+00.

t—0t

Then, there is \* > 0 such that, for each A €]0, \*|, the problem
{ —Au =\ (Jul* u+g(u)) in €

ulon =0,

admits at least one positive weak solution.

To be precise, in this paper we give a detailed proof of a suitable type of Palais
Smale condition for the energy functional associated to problem (D) (see Lemma 3.1)
and, as a consequence, the existence theorem for the problem (D{) (that is, Theorem

1.1) is presented, exclusively in the critical case (see Remark 3.4).

The paper is arranged as follows. In Section 2, the local minimum theorem is
recalled (Theorem 2.1) as well as the definition of this type of Palais Smale condition
is pointed out. Section 3 is devoted to our main results. This type of Palais Smale
condition for the energy functional associated to elliptic Dirichlet problem (Lemma
3.1) is proved. Moreover, a proof of Theorem 1.1 is given. Finally, in the same section,
an example of application, for which a classical result of Brezis and Nirenberg (|3,
Theorem 2.1]) cannot be applied, is pointed out (see Example 3.2 and Remark 3.3).
Clearly, these types of results are mutually independent because of different position
of the parameter, beyond the fact that in the Brezis-Nirenberg Theorem the solution

is a mountain pass point, while, on the contrary, in our result it is a local minimum.

2. PRELIMINARIES

Let (X, |]-]]) be a real Banach space, let &, ¥ : X — R be two continuously

Gateaux differentiable functionals and put
I=0—-V.

Fixed r1,ry € [—00, 400], with 1 < r9 we say that the functional I verifies the Palais-
Smale condition cut off lower at ry and upper at ro (in short "J(P.S)I2l-condition) if

any sequence {u,} such that

(o) {I(uy)} is bounded,

(8) limy— poo |1 (un)|
(7) 1 < P(up) <79 V€N,

X*:07

has a convergent subsequence.

When we fix 5 = —o0, that is, ®(u,) < r9 ¥n € N, we denote this type of Palais
Smale condition with (PS)"2l. When, in addition, 5 = +o0, it is the classical Palais

Smale condition.



CRITICAL NONLINEARITIES FOR ELLIPTIC DIRICHLET PROBLEMS 413

Now, put
. SUPued—1(Jry,ra2)) (u) - \I]('U)
21 T 77” = lnf
( ) 6( 1 2) ve®=1(Jr1,r2)) ro — q)(U)
and
U (V) — SUPped—1(—oo ) V(U
(22) p2(’["1”]”2) e Sup ( ) p e 1(] ) 1]) ( )

ved—1(jr1,r2) P(v) — 1
for all r,T2 € R, with r; < rs.

Our main tool to prove Theorem 1.1 is the local minimum theorem established

in [1], which is recalled below.

Theorem 2.1 (See [1, Theorem 5.1]). Let X be a real Banach space and let O,V :
X — R be two continuously Gateaux differentiable functions. Assume that there are
ry, 19 € R, with r1 < ry, such that

B(ri,m2) < pa(r1,72),
where B and py are given by (2.1) and (2.2), and for each A € ]m, W[ the
function Iy = ® — \U satisfies " (PS)Ir2l-condition.

Then, for each A € m,m there is ugy € @7 (Jry,ra]) such that

I(ugy) < Li(u) for allw € @ (Jry, ro]) and I (ug) = 0.

Now, we recall that

lullzay < cqllull,  we Hy(), g€ [1,27]

1 N! 1/N
(2.3) = NN - Dr <2F(1 + N/2)> ’
meas(Q)22 q N! /N

(2.4) Cq < VNN —2)7 (2P(N/2 + 1)>

and that the embedding H}(Q) — L%(Q) is not compact if ¢ = 2*.

3. MAIN RESULTS

In this section we present our main results.

Let f, g be as defined in Introduction. Without loss of generality we can assume
g(t) = 0 for all t < 0. Moreover, put h(t) = [t|> =%t for all t € R. Clearly, one has
fit) < (1 +a)+ (1 +a)t|* ! forall t € R. As usual, put X = H&(Q) endowed
with the norm |u|| (fQ |Vu Zda:)% and ®(u) = ”“” fQ ))dz for all
u € X, where F(& fo t)dt for every £ € R, that is, = fo dt—i—fo =
H()+G() =+ |§|2 + G(§) for all £ € R. We observe that one has F'(¢§) >0 for all
£eR.
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Now, fix r > 0 and put
1
& (2rN)~v2

,
)\: - * )
(\/27’01(1 +a) + (222* P+ a))

A, = min {)\j, S\T} ,

P
3
|

where ¢y, co- are given by (2.4) and (2.3), while a is given by (h).

Our main result is the following.

Lemma 3.1. Let ® and ¥V be the functional defined as above and fix r > 0. Then,
for each X €]0, \,[ the functional Iy = ® — AV satisfies the (PS)I-condition.

Proof. Fix A as in the conclusion and let {u,} C X be a sequence such that

(o) {Ix(uy)} is bounded,
(8) limp poo [[ 13 (un) || x- = 0,
(v) ®(u,) <rV¥neN.

In particular, from ®(u,) < r Vn € N we obtain that {u,} is bounded in X. So,
going to a subsequence if necessary, we can assume u, — ug in X, u, — ug in L9(2)
if ¢ < 2%, u, — ug a.e. on € and, taking («) into account, lim, .. I\(u,) = c.
Moreover, {u,} is bounded in L* ().

First step. We prove that ug is a weak solution of problem (D{)

Since {u,} is bounded in L% (), it follows that {h(u,)} is bounded in L7 (Q).
Indeed, one has Joy 1P (un) Yoidy = Jo, lun|* dz. Therefore, it follows that h(u,) —
h(ug) in L7 (Q). In fact, since h is continuous and u,, — ug a.e. x € {2, we obtain
h(u,) — h(up) a.e. z € Q, that, together with boundedness of {h(u,)} in L7 (Q),

ensures the weak convergence of h(u,) to h(ug) in L7 () (see [2, Remark (iii)]).

Moreover, since u,, — ug in L(2), taking into account [5, Theorem A.2], one has
that g(u,) — g(uo) in L71(Q). So, in particular, g(u,) — g(uo) in L7 1 ().

Due to what seen before, that is, u,, — ug in X, h(u,) — h(ug) in L%(Q) and
g(un) = g(up) in L71(£2), one has

i ( /Q Vot (2)Vo(z)dz — A /Q h(un ()0 () dz — A /Q g(un(x))v(x)dx)
_ /Q Vo () Vo(x)dz — A /Q h(uio(2))v(z)dz — A /Q g(uio(z))v(z)dz

for all v € HI(Q) Therefore, owing to (3) we obtain that 0 = [, Vuo(z)Vo(z)dz —
A Jo ( z)dz — X [ g(uo(z))v(z)dz for all v € Hy(Q), that is, ug is a weak
solution of (D{)

Second step. We prove that
(A) [)\(UO) > —Tr.
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In fact, U(u) = [, Fu(z))dz < (1 + a)llullp@) + 52 ulllzx g < (1+ a)arllull +
L o2 ||ul|*. Hence,
1 + * *
() < (1+a)erflul + —; ST ), Yu e X.

Therefore, for all u € X such that ||u| < (2r)'/? one has Iy(u) = ®(u) — A\V(u) >
I (1 + aenlul + ST 2 -A(( + a)ea2r) + 2 ) =

—)\/\’"—: > —r. So, taking into account (7y) and that ® is sequentially weakly lower

semicontinuous, we have ||ug|| < liminf, . [Ju,| < v2r and, hence, Iy(ug) > —r.

z dx) .

In fact, one has |[u,||? = ||vn + uol|* = ||va* + |uol]? + 2 < v, ug >. So, it follows

Third step. Put v, = u,, — ug. We prove that one has

1
(B) ¢ = Dlug) ~ \U(ug) + lim (§||Un||2 _

lell® = [lvnll* + lluoll® + o(1).

Moreover, the Brezis-Lieb Lemma (see [2, Theorem 1]) leads to

[
Q Q

Finally, since u — [, G(u)dz is locally Lipschitz in L4(Q) (see, for instance, [4,
Theorem 7.2.1]) and u,, — ug in L(2), one has

2 da + / lug|* dz 4 o(1).
Q

/QG(un)d:B:/QG(uo)dxjto(l).

Hence, by starting from ¢ = lim,, oo (P(u,) — AV (u,)), one has ¢ = ®(u,) — AV (u,) +
o0) = =3 oy bl A o om0 = B3 fo b=

2 [ ol dr— A J Gluold +0(1) = B{ug) — X¥(ug) + 3lenl = 2 oyl da-+o(1),
Hence, (B) is proved.

Fourth step. We prove the following

C lim { ||v,]|? =\ val? dx ) = 0.
n—oo Q

In fact, from (3) we have limy, o0 I'(u) (un) = 0. So, [o, Vi, Vundz—X [ |u,[* " u,dz—
A Jo 9(up)unde = o(1), for which [lun|l® — A [, |un* dz — X [, g(up)undz = o(1).
Therefore, as seen in the proof of (B) and taking into account that [, g(u,)u,dz =
Jo, 9(uo)uodz + o(1) owing to the fact that g(u,) — g(uo) in L71(Q) (see the first
step) and u, — ug in L4(Q), one has [|v,]|® + [luo|® — A [, |va|* da — X [, [uo|* da —

A [o 9(uo)upda = o(1), that is,

lonll* —

x€r = —||UOH2+>\/ |U0‘2*dl’+>\/g(U0>U0d$+O(1)
Q Q
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Since ug is a weak solution of (D{), one has ||uo||> =X [, [uo|* dz = [;, g(uo)uodz = 0.

Therefore,
Jonll =X [ Jen? i = o),
Q
that is, (C) is proved.

Conclusion. Finally, we observe that [|v,]|? is bounded in R being u,, bounded in X.

So, there is a subsequence, called again ||v,||?, which converges to b € R. Hence,

lim [, ]|? = b.

If b = 0 we have proved the lemma. In fact, we have that lim, . ||u, — uo|| = 0, that
is, u, strongly converges to ug in X. So, arguing by contradiction, we assume that
b # 0. From (C) we obtain lim, .o A [, |va|* dz = b. Now, taking into account that
[vnll 12+ (@) < o l|unl|, for which [, [vn]* dz < [, [on]* dz < 3.

the limit, one has 2 < cZ.b*"/? and then, since b # 0, one has

1\7 1\
> (= —) .
=) ()

Now, taking (A) into account, from (B) we have ¢ = ®(ug) — AV(ug) + b — £b >

2
—r4 (L= L)b=—r+Lb, that is

v,||*, and passing to

> +1b
C T N.

On the other hand, since F'(§) > 0 for all £ € R, one has ®(u,) — AV (u,) < r for all
n € N. Hence, we have

c<r.

So, —r + %b < ¢ < r. It follows %b < 2r, that is,

b < 2rN.

N—2 N
Therefore, one has (§) ( L ) < b < 2rN. So, it follows + < (QTNCQQ)ﬁ.

Cox A
Hence, one has

1 1 <
A > 3 o — )\r,
(2rN)~—2 Ca-

and this is a contradiction. O

Next, by using the previous lemma, we prove Theorem 1.1.
Proof of Theorem 1.1. Fix r > 0 and A < A,. Our aim is to apply Theorem 2.1. To
this end, first we observe that, owing to Lemma 3.1, the functional ® — AV satisfies the
(PS)I—condition. Now, arguing as in the proof of [1, Theorem 8.1] and by choosing
ry = 0 and ro = r, it is possible to prove that

1
6(7’1,7”2) < B\ < 02(7"1,7”2)-

Hence, Theorem 2.1 ensures the conclusion. 0
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Finally, the following example of application is pointed out.

Example 3.2. Owing to Theorem 1.1, for each A < \!, where

)\1 = mlIl 1(2*+2)/2 « 7 1 2 )
23/201 —+ 227*03* C%i (2N)m

the problem

P) { ~Au = (a2t logT+ W) in

ulon =0,

admits at least one positive weak solution. In fact, it is enough to pick g¢(t) =

Vieg(l+1t)ift >0, g(t) =0ift <0 and r = 1.

Remark 3.3. We recall that in the classical and seminal paper of Brezis and Niren-
berg [3], contrary to Theorem 1.1, the nonlinearity f is linear or super-linear at 0,
that is, lim;_ g+ @ < +00. So, in particular, Theorem 2.1 of [3] cannot be applied

to the problem (P) in the Example 3.2.

Remark 3.4. We recall that in [1] it was proved a similar result when the nonlinearity
f may be also only subcritical, beyond the same critical case, which is studied at the
same time (see [1, Theorem 8.1]. Since, when f is sub-critical, the (P.S)I"—condition
immediately follows from [1, Proposition 2.1], the proof of the (PS)I"-condition can
be limited only to the critical case. Moreover, the proof of (PS)I"—condition in the
critical case deserves to be examined separately and it needs more details for greater

clarity, as done in Lemma 3.1.
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