Dynamic Systems and Applications 22 (2013) 479-492

SUPERLINEAR CONVERGENCE FOR CAPUTO FRACTIONAL
DIFFERENTIAL EQUATIONS WITH APPLICATIONS
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ABSTRACT. We have developed generalized quasilinear method for Caputo fractional differential
equations of order ¢ when 0 < ¢ < 1, using coupled lower and upper solutions. The sequences we
obtain are solutions of two linear system of fractional differential equations. In addition, we develop
a method which combines generalized quasilinearization and generalized monotone method. In this
method, the sequences are solutions of scalar equations. The method yields superlinear convergence.
As an application, this mixed method yields better results than generalized monotone method in

the numerical computation of coupled lower and upper solutions to any desired interval.
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1. INTRODUCTION

Nonlinear problems (nonlinear dynamic systems) occur naturally as mathemati-
cal models in many branches of science, engineering, finance, economics, etc. So far,
in literature, most models are differential equations with integer derivative. However,
the qualitative and quantitative study of fractional differential and integral equations
has gained importance recently due to its applications. See [1, 3, 5, 6, 7, 8] for details.
Generalized quasilinearisation method can be applied to differential equations when
the forcing function is the sum of convex and concave functions. See [4] for details
for generalized quasilinearisation method. Generalized quasilinearisation method for
Caputo fractional differential equations using natural lower and upper solutions are
developed in [5]. In this work, we extend the generalized quasilinearisation method
for Caputo fractional differential equations using coupled lower and upper solutions.
However this method requires the computation of solutions of two linear system of
fractional differential equations. In order to simplify the computation we develop
a method which requires the computation of two scalar fractional differential equa-
tions. We note that this method yields generalized monotone method as a special
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case. In this new method we assume the nonlinear function is the sum of a convex
function and a decreasing function. However, the rate of convergence of the sequences
are superlinear and not quadratic as in generalized quasilinearization method. This
method has an advantage over the generalized monotone method, which yields linear
convergence. Numerical computations using the new method would be more efficient
than the generalized monotone method (see [9] for numerical results via generalized

monotone method).

2. PRELIMINARY AND AUXILIARY RESULTS

In this section, we recall some known results, and develop a few results which are

needed for our main results. Initially, we recall some definitions.

Definition 2.1. Caputo fractional derivative of order ¢ is given by equation

1 t
Cuntzi/ t—s) %/ (s)ds,
=g | (=9

where 0 < ¢ < 1.

Also, consider nonlinear Caputo fractional differential equation with initial con-

dition of the form
(2.1) ‘Diu(t) = f(t,u(t)), u(0) = uo,
where f € C[J x R,R] and J = [0, T].
The integral representation of (2.1) is given by equation
1 t
2.2 u(t) =u —i——/ t—5)17 1 f(s,u(s))ds,
(2.2) (t) = ug F(q)o( )7 (s, uls))

where I'(¢q) is the Gamma function.

The equivalence of (2.1) and (2.2) is established in [3].

In order to compute the solution of linear fractional differential equation with

constant coefficients we need Mittag Leffler function.

Definition 2.2. Mittag Leffler function is given by

Eop(A(t—10)*) =) %’

k=0
where o, 3 > 0. Also, for tg =0, a = ¢ and § =1, we get
— (M)

Eqr(At) = T(qk + 1)’

k=0

where ¢ > 0.

Also, consider linear Caputo fractional differential equation,

(2.3) Diu(t) = u(t) + f(t), u(0)=up, on J
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where J = [0,7], A is a constant and f(t) € C[J, R].

The solution of (2.3) exists and is unique. The explicit solution of (2.3) is given
by

(2.4) u(t) = ugEg 1 (A7) + /Ot(t — 8)T E, (M) f(s)ds.

See [5] for details.
In particular, if A = 0, the solution wu(t) is given by

(2.5) u(t) = ug + ﬁ/@ (t—s)7 1 f(s)ds,

where I'(q) is the Gamma function.

Note that if *D%u(t) < Au(t)+ f(t), u(0) = ug, on J in (2.3), then the conclusions
in (2.4) and (2.5) will hold good with < in place of equality. This inequalities will be
useful in computing the rate of convergence in our main results.

Also we recall known results related to scalar Caputo nonlinear fractional differ-

ential equations of the following form:

(2.6) ‘Diu(t) = f(t,u) +g(t,u), u(0)=wuyon J=1|0,T],

where 0 < ¢ < 1. Here f,g € C(J x R,R), f(t,u) is non-decreasing in u on J and
g(t,u) is non-increasing in u on J.

The next result is related to the Reimann-Liouville fractional derivative. For that

purpose we define C), continuous function.

Definition 2.3. Let p = 1 — ¢. A function ¢(t) € C[(0,T],R] is a C, function if
tPo(t) € C([0,7],R). The set of C, functions is denoted C,(J,R). Further, given a
function ¢(t) € Cp(J,R) we call the function #¢(t) the continuous extension of ¢(t).

Lemma 2.4. Let m(t) € C,[J,R] (where J = [0,T]) be such that for somet; € (0,T],
m(t1) =0 and m(t) <0, on J, then DIm(ty) > 0.

Proof. See [2, 5] for details. O

However note that we have not assumed m(t) to be Holder continuous as in [5].
The above lemma is true for Caputo derivative also, using the relation ¢D%z(t) =
Di(x(t) —z(0)) between the Caputo derivative and the Reimann-Liouville derivative.
This is the version we will be using to prove our comparison results. The next lemma

states the Caputo derivative version.

Lemma 2.5. Let m(t) € C'[J,R] (where J = [0,T]) be such that m(t) <0 on J and
forty >0, if m(ty) =0, then “DIm(t;) > 0.

We recall the following known definitions which are needed for our main results.
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Definition 2.6. The functions vy, wy € C*([0,T],R) are called natural lower and
upper solutions of (2.6) if :

“Dv(t) < f(t,v0) + g(t,v0), vo(0) < uo,
and

Cquo(t) > f(t, wo) + g(t,wo), ’UJ(](O) > Ug-

Definition 2.7. The functions vy, wy € C*([0,7],R) are called coupled lower and
upper solutions of type I of (2.6) if :

“Divg(t) < f(t,v0) + g(t,wo), v0(0) < uy,
and

Diwy(t) > f(t,wo) + g(t,ve), wo(0) > up.

Consider the fractional differential equation
(2.7) °Dir = f(t,u),u(0) = uo
where f € C[J x R", R"].
The above equation can be written component wise as
(2.8) ‘D = f;(t, wi, [ulpi, [u]gi), ui(0) = uoy,
such that pi +q¢i = N — 1.
Definition 2.8 (Mixed quasimonotone property). A function f(¢,u) is said to pos-

sess a mixed quasimonotone property if for each i, fi(t, u;, [u]py, [u]s) is monotone

nondecreasing in [u],; components and monotone nonincreasing in [u},; components.

Definition 2.9. A pair of functions v;, w; € C'[J,R"], for i = 1,2,..., N, are called

coupled upper and lower solutions of (2.8) if the following inequalities hold good.
( ) Cqui S fi(t7vi7 [U]pi7 [w]qi>7 UZ(O) S U,
2.9
chwi Z fl(tu wy, [w]pi7 [U]qi>7 wz(o) S Ui,

fort=1,2,...,N.

Definition 2.10. A pair of functions v;, w; € C'[J,R"], for i = 1,2,..., N, are called
Muller’s type of coupled upper and lower solutions of (2.8) if the following inequalities
hold good.

210 ‘D, < fi(t,0), Yo |v(t)=0; and v(t) <o <w(t),
(2.10) ‘Diw; > fi(t,0), Yo |w(t)=0;and v(t) <o < w(t),}

fort=1,2,...,N.

The following theorem provides the existence of a solution to (2.7) via coupled

lower and upper solutions. Also we define Q = {(t,u) : v <u < w,t € J}.
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Theorem 2.11. Let v,w € C'[J,R"] be coupled lower and upper solutions of (2.7)

and f € C[Q,R". If f(t,u) possesses a mized quasimonotone property, then there
exists a solution u(t) of (2.7) such that v(t) < u(t) < w(t) on J.

Proof. If f(t,u) possesses a mixed quasimonotone property, the existence of coupled
lower and upper solutions of the form (2.9) imply the existence of coupled lower and
upper solutions of the form (2.10). Hence we prove the next theorem which will suffice
the proof of Theorem 2.11. O

Theorem 2.12. Let v(t),w(t) € C'[J,R"] and f € C(Q,R"), where v(t) < w(t) on J
and such that v(t) and w(t) are coupled lower and upper solutions of the form (2.10)
for (2.7). Then there exists a solution u € C'[J,R™| of (2.7) such that v(t) < u(t) <
w(t) on J provided v(0) < uy < w(0).

Proof. Consider the function p defined by p;(t, u) = max{v;(t), min{u;(t), w;(t)}} for
each i. Note that v(t) < p(t,u) < w(t) on Q and f(¢, u(t,u)) defines a continuous
extension of f to J x R"™, which is also bounded since f is bounded on 2. Therefore
¢Diu = f(t, u(t,u)) has a solution w on J with u(0) = ug. Let us show that v(t) <
u(t) < w(t) and hence solution of (2.7).

t)—e(l1+ (tq )) and w, ;(t) = wi(t)—l—e(1+r(1+q))
1;(0). Also we;(0) = w;(0) + € > w;(0) > u;(0).

For € > 0, consider v, ;(t) = v;(
We have, v, ;(0) = v;(0) —e < 1;(0) <
Therefore v, ;(0) < u;(0) < w,,;(0).

Our aim is to prove that the solution of (2.7) is such that v, ;(¢) < w;(t) < we;(t)
on J. If the conclusion is not true, 3 ¢; € J such that v j(t) < u;(t) < w,;(t) on [0,%)
and either u;(t;) = ve;(t1) or u;(t1) = we ;(t1). In addition v;(t1) < p(th, wi(ty)) <
w;(t1). First let us consider the case when w;(¢;) = v ;(t1). Then by Lemma 2.4 we
have *D?(ve ; — u;)|4=, > 0.

Now “Div.;(t1) < “Div;(t) < fi(tr,vi(tr), [ty u(t)]ps, [t u(t)le) =
¢D%u;(t;) which is a contradiction. Hence v, ;(t) < w;(t). Similarly if u;(t;) = w j(t1),
we can get a contradiction. Therefore v, ;(t) < u;(t) < we;(t). Now as € — 0 we
get, v(t) < u(t) < w(t). This proves u,;(t, u;) = u; by definition of y;(¢, u;), and hence
the solution of (2.7). This concludes the proof. O

We prove equicontinuity for a sequence of bounded functions which is needed for
our main results. The next result is precisely this. The proof is on the same lines as
in [5].

Theorem 2.13. Let v,(t) be a family of continuous functions on [0,T], for each
n > 0, where “Dv,(t) = f(t,v,(t)), v,(0) = vy and |f(t,v,(t))] < M for0 <t <T.

Then the family v,(t) is equicontinuous on [0, T].
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Proof. For 0 < t; < ty, consider
1 t )
on(t2) = w0(02)] = / (= 5)7 £ (s, va(s))ds
0

N W/o (t2 - S)q_ f(s,vn(s))d8|

! ! =1 _(t, — 5)1 S, v,(8))ds
I | 0= = (= s ()
- ﬁ / (12— 5) s vl
M =1 _ (ty — )77 Y|ds ” — 5)97Yds
< 1 | = = sy s+ g [
M =t (ty — )7 Yds ’ — 5)77Yds
= 7 [l ot sy s s [ s
M q q q
= F(q—i—l)[tl _t2+2<t2 _tl) ]
M q
< W[Q(tz_tl) ]7
provided |ty — ;] < § = [Tt q+1)]1/q This completes the proof. O]

Theorem 2.14. Let v,w € C[J,R] and f(t,u),g(t,u) € C[J x R,R]. Suppose that
(2.11) ‘Dl < f(t,u) + g(t,w) and “Drw > f(t,w) + g(t,v),

where f(t,ur)— f(t,us) < L(uy—ug) and g(t,uy)—g(t, ug) > —L(ug —ug) foru; > us.
Then v(0) < w(0) implies v(t) < w(t).

Proof. Initially we prove when one of the inequalities in (2.11) is strict. Then we
show v(t) < w(t) on J. Let v(0) < w(0). If the conclusion is not true 3 ¢; > 0, such
that v(t;) = w(t;) and v(t) < w(t) on [0,¢;). Setting m(t) = v(t) — w(t) and using
Lemma(2.4) we get, “D%w(t;) >° D% (t;). From the hypothesis we have f(¢,v(t1)) +
9(t, w(tr)) > “Div(ty) = “Diw(tr) = f(t, w(tr)+g(t, v(tr)) = f(t0(t)) +9(t w(tr)),
which is a contradiction.

In order to prove the result for non-strict inequalities we define v, and w, as
follows: ve = v — €E,1(3Lt?) and w. = w + €E,1(3Lt?), where € > 0.

We can see v.(0) < w,(0). Consider “D9v, <¢ D% — 3LeE, (3Lt?) = f(t,v)
g9(t,w) = 3LeEg 1 (3LtT) = [(t,v) — f(t,ve) + g(t,w) — g(t, we) + f(t, ve) + g(t, we) —
3LeE, 1(3Lt7) < L(v — v.) + L(we — w) — 3LeE,1(3Lt7) < f(t,ve) + g(t,we) —
LeE,1(3Lt7) < f(t,v.) + g(t,w,). Similarly we can show that ‘Diw,. > f(t,w.) +
g(t,v.). Using the strict inequality result, we have v(t) < w.(t) on J. As e — 0 we
get v(t) < w(t) on J. O

_|_

€

€
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3. MAIN RESULTS

In this section we develop two results relative to Caputo fractional differential

equation of the form
(3.1) ‘Diu(t) = f(t,u) + g(t,u), u(0) = uo,

where f(t,u),g(t,u) € C[J x R,R]. In the first result we consider f(t,u) is convex
in v and g(t,u) is concave in u for each t € J. We develop monotone sequences
which are solutions of two linear system of Caputo fractional differential equations
which converge uniformly and monotonically to the unique solution of the nonlinear
Caputo fractional differential equation. Further the rate of convergence is quadratic.
In the second result we assume f(t,u) is convex in u and g(¢,u) is non increasing in
u for each t € J. In this case also we develop monotone sequences which converge
uniformly and monotonically to coupled minimal maximal solutions. The elements of
these sequences are solutions of scalar linear Caputo fractional differential equations.
Further if g,(t,u) exists the sequences converge to the unique solution. Here the
rate of convergence is superlinear. We note that when ¢(¢,u) = 0 we have quadratic

convergence and when f(t,u) = 0 we have linear convergence.

The first result we provide is related to the generalized quasilinearization method

of (3.1) using coupled lower and upper solutions of type I.

Theorem 3.1. Assume that

(i) o, o € CJ, R] with ag < By on J,
(i) f,9 € C[R], fu, 9u, fuus Guu €xist, are continuous and satisfy fu.(t,u) > 0,
Guu(t,u) <0 for (t,u) € Q,
(iil) gu(t,u) < 0 on Q. Then there exit monotone sequences {cv,(t)}, {5.(t)} which
converge uniformly to the unique solution of (3.1) and the convergence is qua-

dratic.

Proof. The assumption that f,(t,u) > 0, gu.(t,u) < 0 yield the following inequalities

(3.2) ftu) = f(t,0) + fult,v)(u—v),
(3.3) g(t,u) < g(t,v) + gu(t,v)(u —v),
for u > v.

From (ii) we have that f and g are Lipschitz. So choose Ly, Ly > 0 such that for
any ’Uo(t) S (%) S (A1 S wo(t), te J

|f(t,ur) — f(t, u2)| < Ly|ug — ual,
‘g(taul) - g(t7u2)‘ S L2‘u1 - Ug‘.
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Consider the system of fractional IVP
(3.4) °Diu = F(t, ap, Bo; u,v)
= f(t,a0) + fult,a0)(u — ag) + g(t, Bo) + gult, ) (v — Bo),  w(0) = up,

(35) ‘Div = G(t> Qp, ﬁOa v, U)
= f(t, Bo) + fult, ) (v — Bo) + g(t, o) + gu(t, ag)(u — ag), v(0) = ug.

We will show that ag and 3, are coupled lower and upper solutions of the system
(3.4) and (3.5). Equation (3.4) implies,

(36) CDqOé(] S f(t, Oé()) + g(t, ﬁo) = F(t, Qg, 60, Qg, 60)
Using (3.5), (3.2) and (3.3), we have
(37) ch/go > f(taﬁ()) + g(t7 Oéo)

> f(t,a0) + fu(t, a0)(Bo — o) + g(t, Bo) + gult, o) (o — Bo)
= F(t, ao, Bo; Bo, o).
Again from (3.4) and using (3.2), (3.3), we obtain
(3.8) ‘Diag < f(t, a0) + g(t, o)
< f(t,50)) + fu(t, o) (o — Bo) + g(t, ) + gu(t, ao)(Bo — o)
= G (1, ag, Po; @, Bo)-
Equation (3.5) implies
(3.9) DBy > f(t, Bo) + g(t, an) = G(2, o, Bo; Bo, o)
From (3.6) and (3.7) and using Theorem 2.12 there exists «aq, such that ay <
a; < fyp. From (3.8) and (3.9) and using Theorem 2.12 there exists 3y, such that

ap < (1 < fBo. Now we will show ag < 3 on J. Using (3.2) and (3.3), with g,, <0,
and (1 < [y it follows

(3.10) “Dicy = F(t, o, Bo; o, Br)

= f(t,a0) + fult, a0) (1 — o) + g(t, Bo) + gu(t, ) (61 — o)
< f(t,cn) +g(t, Br) + gu(t, Br)(Bo — Br) + gu(t, a0)(Br — Bo)
< [t an) + g(t, B1) + [gu(t, Br) — gu(t, a0)](Bo — Br)
< f(t,an) + g(t, Br).

Using (3.2) and (3.3), with f,, > 0, and 5 < [y, we obtain

(3.11) ‘DB = G(t, ao, Bo; Brs )
= f(t, B0) + fult,@0)(B1 — Bo) + g(t, ao) + gu(t, ap) (a1 — ap)



CAPUTO FRACTIONAL DIFFERENTIAL EQUATIONS 487

> f(t,51) + fult, B1)(Bo — Br) + fult, 0)(B1 — Bo) + g(¢, o)

< f(&,50) + g(t an) + [fult, B1) = fult, 20)](Bo — 51)

< f(t,B1) + g(t, ).
From (3.10), (3.11) and Theorem 2.14 we have a; < (3;. This proves that oy < a; <
B1 < Bo.

Consider the two system of fractional IVP

(312) “‘Diu = F(ta a1>ﬁl; u>'U)a U(O) = Uo;

(313) ‘Dl = G(ta a1>ﬁl; v, U), U(O) = Uo,

where F' and G are defined as earlier.

Next we will prove that a; and (3 are the coupled lower and upper solutions of
(3.12) and (3.13). From equation (3.10) it follows

(3.14) ‘Dicy < f(t,on) +g(t, 1) = F(t,au, Brsan, Br).
From (3.11), (3.12) and using (3.2) we obtain

(3.15) ‘DB = f(t,51) + g(t,an)
> f(t,on) + fult,n)(Br — 1) + g(t, Br) + gu(t, an)(cq — Br)
= F(t, a1, Bi; Bi, 1).

and

(3.16) ‘Diay < f(t, 1) +g(t, B1)
< f(6B) + fult,on)(an = Br) + g(t, an) + gult, 1) (B — o)
= G(t, a1, Br; a1, Br).

From equation (3.11) it follows

(3.17) DIy > f(t,0) +g(t, 1) = F(t, a, Bi; Br, o).

This proves a; and [, are coupled lower and upper solutions of (3.12) and (3.13).
By Theorem 2.12; 3 unique solutions (as, 52) of (3.12) and (3.13) such that a; < as,

B2 < B1 on J.

Now we have,
“Dicg = F(t, o, fr; oo, Ba),
°D13y = G(t, a1, Br; o, v2).
Arguing as before, we can get
CDqOéQ < f(t, Oég) + g(t> ﬁ2)a
DBy = f(t, B2) + g(t, 02),
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which yields, as(t) < fa(t) on J. Therefore, ag < a3 < an < By < Gy < Gy on J. The

process can be continued successively to arrive at
(3.18) << Lo <G, < <6 <B onl
Here, a,(t), £,(t) are unique solutions of the system of fractional IVP

(319) CDqOérH-l = F(t, O, /Gnv Api1, ﬁn-i—l); an+1(0) = Uo,

(320) CDqﬂn-i-l = G(tv O, 6”7 6n+17 Oén_|_1>; ﬁTH'l(O) = Uog-

It can be shown that {a,(t)} and {5,(t)} are uniformly bounded on .J. Using Theo-
rem 2.13 it can be shown that {a,(t)} and {5,(t)} are equicontinuous on .J. Hence
by Ascoli-Arzela theorem, there exists subsequences that converges uniformly on J.
Since the sequence is monotone the entire sequences {a,}, {3,} converge uniformly

and monotonically to «,  respectively.

Using (3.19) and (3.20), @ and [ are coupled lower and upper solutions of (3.1)
on J. Hence o and [ will satisfy Dl = f(t,a) + g(t,5), D3 = f(t,3) + g(t, a).
This proves a < 3. We will use Lipshitz condition on f and g and Theorem 2.14 to
show that # < «. Hence this proves a = 3 = u, where u is the unique solution of
(3.1) on J.

Next we prove that the rate of convergence of these sequences is quadratic. For
this purpose we set p,(t) = u(t) — a,,(t) with p,(0) = 0 and ¢, (t) = u(t) — a,,(t) with
¢,(0) = 0. Then using (3.19), (3.20), the hypothesis (i) and the mean value theorem,
we obtain the following differential inequality:
°Dip,(t) =° Du(t) — Doy, (t)

= f(t,w) + g(t,u) = [f(t, an-1) + fult, an-1)(an — an1) + g(t, Bn-1)
+ Gu(t, 1) (Bn — Ba-1)]
= fult; O)Pn—1 — gu(t, 0)Gn-1 — fult, tn-1)(—Pn + Pn-1)
= Gu(t, an-1)(gn — Gn-1)
< [fult, )pn1 — fult, an1)pn—1] + fult, n1)pn + gu(t; n-1)Gn—1
= 9u(t,0)tn-1 — gu(t, 1)
< fuu(t,&0)P5 1 4 fult, ne1)pn + Guu(t, 01) (-1 — Bac1) — gult, n1)dn
< fuut, €151+ Gun(t, 1) (Pr1 + 1) @n1 + fult, n1)Pn = Gu(t, n1)gn
< Nipa_y = Gua(t,01) (Bre1 — @n1)@u—1 + Mipy + Mags,
< Nipiy 1 — No(pno1 + Gn-1)gn-1 + Mipy + Magy,
< Nipi g + No(gsy + Pr—i1Gn-1) + Mip, + Mag,
< Nipa_y 4 NoGa_y + Nopu—1Gn-1 + Mip, + Mg,
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2 2 Py +ahy
< Nipp—q + Nogpq + sz + Mipy, + Mgy,
So we have
1 3
(3.21) ‘Dip,(t) < (N1 + §N2)pi_1 + §N2q,21_1 + Mipy, + Mgy,

where a1 < § < wu, u <0 < By, o <& < u, ap < o < By, and
max| fuu(t, u)| < Ni, max|gy,(t, w)] < No, max|fy(t,u)| < M, max|g,(t,u)] < Ma.
Similarly,
“Digy(t) = DBa(t) —° Dlu(t)
= [f(t, Bn1) + fult, 1) (Bn — Bn-1) + g(t, 1)
+ gu(t, an—1)(an — an_1)] — f(t,u) — g(t, u)
= fu(t,; §)qn-1— gu(t, 0)Pn—1 + fult, n-1)(qn — Gn-1)
+ gu(t, n—1)(=pn + Pp—1)
< [fult, &) = fult, an—1)lgn—1 + gu(t, 0)Pn + gu(t, Qn—1)Pn—1
+ fults 1)@ — gu(t, n—1)pn
< fuu(t,€0) (Bt = 1) n-1 = Guu(t, 01)D5 1 + Fult, n1)dn — Gu(t, an1)pn
< Ni(pn—1 + Gn-1)Gn—1 + Napis_y + Mig, + Mapy,
< Nipn-1qn-1 + Nagi_y + Nopiy ) + Mg, + Map,,
(Pi—l + %21—1)

<N 5 + Ni¢2_y + Nopis_y + Mgy + Mop,.
So, we have
3 1
(3.22) “Digy(t) < B Gy + (5 1+ No)p_y + Mign + Map,,

where u < § < Bho1, apey <0 < w, g <6 < By, apn < oy < u, and
maX|fuu(t7u)| S Nla maX|guu(t>u)| S N2a maX|fu(t>u)| S Ml> maX|gu(t>u)| S MQ'
Adding (3.21) and (3.22), we have

‘DU (pp+ qn) < (N1 4+ No)pi_y + 3Nage_y + (My + Ma)p, + (My + Ma)gy
S (Nl + Ng)pi_l + 3N2q3_1 + (Ml + MQ)(]Dn + qn).

Using the corresponding inequality estimates of (2.4), we have

t
Prnt @ =0+ / (t — )7 Egq(My 4+ M) (t — $)7)[(Ny + Na)pi_y + 3Nag_4]ds
0

< (Vs + No)p2 ] + 3Nag? | / (t — )7 By (My + Ma)(t — 5)7)ds

E 1 (M + M)t9)
(M + My)

< [(Ny+ Nopy, | + 3N, ]

< K|(N, + Nz)Pi_ﬂ + K|3N2q121—1|a
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_ Ega (M1+M>)t9)
where K = W

< M|ps 1| + Nlgp 4|,
where M = K|(N1 + NQ)‘,N = K|3N2|

< Lllpnal + lanal),
where L = max{M, N}

S L‘pn—l + Qn—1|2-

Using this we have, max;|p, +¢,| < Lmax;|p,_1+¢n_1|*, which proves the quadratic

convergence. ]

The next theorem is proved under the weaker assumption on g(¢,u). However,
the sequences {a,} and {f,} in Theorem 3.1 are solutions of two coupled linear
system of Caputo fractional differential equations. The computation of the solution
of coupled linear system of Caputo fractional differential equations is not easy. In
order to compute the solution of the system, we decouple the coupled system. This
is achieved by dropping the terms g, (t, ) (v — Bo) and g, (¢, ag)(u — Bo) in (3.4) and

(3.5) respectively. And we obtain a superlinear convergence of the solution.

Theorem 3.2. Assume that

(i) o, By € CJ, R] with ag < By on J,
(i) f,g € C[R], fu,gu, fuu exist, are continuous and satisfy fu,(t,u) > 0 for
(t,u) € Q,
(ili) gu(t,u) < 0 on Q. Then there exit monotone sequences {a,(t)},{B.(t)} which
converge uniformly to the unique solution of (3.1) and the convergence is super-

linear.

Proof. The proof follows on the same lines of Theorem 3.1. Here we consider the

decoupled system of fractional IVP of the form
(3.23) °Diu = F(t, ap, fo; u,v)

= f(t, o) + fult, a0)(u — o) + g(t, Bo),  u(0) = uo,
(3.24) °Div = G(t, o, Bo; v, u)

= f(t, B0) + fult, a0)(v — Bo) + g(t, ap), ©v(0) = uo.

Similarly as in Theorem 3.1 we obtain sequences {a, }, {8,} as solutions of the system
of fractional IVP

(325) CDqO‘n—l—I = f(tv an) + fu(tv an)(an+1 - an) + g(tv 6n>7
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(3.26) DB = f(t,8n) + fult, an) By — Ba) +9(t, an).

We can prove ap < a3 < - < a,, < G, < --- < 1 < [y on iJ. Further applying
Ascoli-Arzela theorem, we can prove a,,; — « and 3,1 — (3, uniformly and
monotonically on J. Also we can prove «, 3 are coupled minimal and maximal
solutions of (3.1) on J such that « < § on J. Thus o and [ satisfy the system

‘Dia = f(t,a) +g(t,8), «(0)=1ug

‘DIB = f(t,0)+g(t,a), B(0)=uo.
Since f and g satisfy one sided Lipschitz condition, using Theorem 2.14 we can prove
a > (3. This proves a« = 3 = u, where u is the unique solution of (3.1) on J. In order
to prove superlinear convergence we let p,(t) = u(t) — o, (t) and q,(t) = 5,.(t) — u(t).
It is easy to see that p,(0) = 0, ¢,(0) = 0. On the same lines as in the proof of

Theorem 3.1 we can now prove,

(3.27) D, (t) < Nipa_y + Magu—1 + Mipy,

3 1
(3.28) “Dig,(t) < §N1qi_1 +5 Pa_q + Mapn_1 + Mig,.

Adding (3.27) and (3.28), we have

“DUpn + Gn) < =N1(pi_y + ¢o_y) + Ma(Puo1 + Gu-1) + Mi(pn + Gn)

< —Ni(puo1 + @uo1)? + Ma(pu1 + @) + Mi(pn + ).

N W N W

Using the corresponding inequality estimates of (2.4), we have p, + ¢, < L(|(pn_1 +
Gn1)>+|(Pn_1+Gn_1)|). Using this we have max;|p, + ¢,| < max;(|(pn_1+Gn_1)]*+
|(Pn—1 + @n—1)|) which proves superlinear convergence. O

4. CONCLUSION

In [9] we have developed numerical method to compute coupled lower and up-
per solutions to any desired interval using generalized monotone method and natural
lower and upper solutions. However the rate of convergence using the generalized
monotone method is linear. Now we can use Theorem 3.2 to compute coupled lower
and upper solutions to any desired interval using natural lower and upper solutions.
Tha advantage of Theorem 3.2 is that the rate of convergence of the sequences is
superlinear. Further we can develop Gauss-Seidel method for the sequences in The-
orem 3.2 to obtain a faster convergence compared with the superlinear convergence

we have already obtained.
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