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ABSTRACT. This work is concerned with the oscillation of a second-order neutral retarded dy-
namic equation on time scales. Some new oscillation criteria are presented that improve and com-

plement those results reported in the literature.
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1. Introduction

Following the development of the theory of dynamic equations on time scales
[1, 3, 4, 6], there has been much research activity concerning the oscillatory properties
of neutral dynamic equations; see, e.g., [2, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] and

the references cited therein. Assuming

> At
(1.1) /to rlT(t):OO’

Agarwal et al. [2] and Saker [10] established some oscillation criteria for the second-

order neutral dynamic equation
(1.2) (r()(((t) + p()a(t —7))2))% + ¢()2"(t = 6) = 0,

where v is a quotient of odd positive integers, r, p, and ¢ are real-valued positive rd-
continuous functions defined on T, some of which we present below for the convenience

of the reader.
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Theorem 1.1 (See [2, Theorem 3.4]). Assume (1.1) and let 7 > 0, 6 > 0, and
0 < p(t) < 1. Suppose also that v > 1, r® > 0, and there exists a positive rd-

continuous A-differentiable function o such that

limsup/t [a(s)q(s)(l—p(s—@)'y—(( “())" ( ) As = oo,

t—00
where (a®(t)); := max{0,a®(t)}. Then (1.2) is oscillatory.

Theorem 1.2 (See [10, Corollary 3.1]). Assume (1.1) and let 7 > 0, 6 > 0, and
0 < p(t) < 1. Suppose further that v > 1 and there exists a positive rd-continuous
A-differentiable function o such that

(02 (5))2)7*r(s — 6)
G+ () o

§ = 00,

s | t a(6)a(s)(1 = pls — )" -

t—o0

where (a®(t)); := max{0,a®(t)}. Then (1.2) is oscillatory.

Following this trend, to develop the qualitative theory of neutral dynamic equa-
tions on time scales, in this paper we shall consider the second-order nonlinear neutral

dynamic equation

(1.3) (r(®)((@(t) + pa(t = 7))2)")% + q(t)2"(5(1)) = 0

on a time scale T. We will assume that the time scale T under consideration is not
bounded above, i.e., it is a time scale interval of the form [ty, 00)r = [tg,00) N T.
Throughout, we always suppose that 0 < p < 1 is a constant, v > 1 is a ratio of
odd positive integers, r and q are real-valued rd-continuous positive functions defined
onT, 7 >0, {t—7:1t¢€ [to,00)r} = [to — T,00)1, 6 € Cwa(T,T), 6(¢) < ¢, and
limy o 0(t) = o0.

Let z(t) := z(t) + pz(t — 7). By a solution of (1.3) we mean a nontrivial real-
valued function z which has the properties z € Cly[t,, c0)r and r(22)Y € CLy[t,, oo)r,
ty € [to,00)r and satisfying (1.3) for all ¢ € [t,,00)r. Our attention is restricted to
those solutions of (1.3) which exist on some half line [t,, 0o)r and satisfy sup{|z(t)| :
t € [t1,00)7} > 0 for any ¢; € [t;,00)r. As customary, a solution of (1.3) is said to
be oscillatory if it is neither eventually positive nor eventually negative; otherwise,
it is called nonoscillatory. Equation (1.3) is called oscillatory if all its solutions are

oscillatory.

The aim of this work is to derive some new oscillation criteria for equation (1.3).
This paper is organized as follows: In Section 2, we present some basic definitions

concerning the calculus on time scales. In Section 3, we will give the main results.
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2. Some preliminaries on time scales

A time scale T is an arbitrary nonempty closed subset of the real numbers R.
Since we are interested in oscillatory behavior, we suppose that the time scale under
consideration is not bounded above and is a time scale interval of the form [y, 00)r.

On any time scale we define the forward and backward jump operators by
o(t) :=inf{s € T|s >t} and p(t):=sup{s € T|s < t},

where inf () := sup T and sup( := inf T, () denotes the empty set.

A point t € T is said to be left-dense if p(t) = ¢ and ¢ > inf T, right-dense if
o(t) =t and t < sup T, left-scattered if p(t) < ¢, and right-scattered if o(t) > ¢. The
graininess p of the time scale is defined by u(t) := o(t) — t.

A function f : T — R is said to be rd-continuous if it is continuous at each
right-dense point and if there exists a finite left limit in all left-dense points. The set
of rd-continuous functions f : T — R is denoted by C,q(T,R).

Fix t € T and let f : T — R. Define f2(¢) to be the number (provided it
exists) with the property that given any £ > 0, there is a neighborhood U of ¢ (i.e.,
U= (t—96t+0)NT for some § > 0) such that

I[f(o() = f(s)] = fAD)[o(t) —s]| <elo(t) —s| forall selU.

In this case, f2(t) is called the (delta) derivative of f at t. f is said to be differen-
tiable if its derivative exists. The set of functions f : T — R that are differentiable
and whose derivative is rd-continuous function is denoted by Cl,(T,R). If f is differ-
entiable at ¢, then f is continuous at £. If f is continuous at t and ¢ is right-scattered,

then f is differentiable at ¢ with
Ay _ Slo(t) — f(t)
PO=""uw

If ¢ is right-dense, then f is differentiable at ¢ iff the limit

Let f be a real-valued function defined on an interval |a, b]y. We say that f is in-
creasing, decreasing, nondecreasing, and nonincreasing on [a, b]r if t1, t5 € [a, b]T and

ty >ty imply f(t2) > f(t1), f(t2) < f(t1), f(t2) = f(t1), and f(t2) < f(t1), respec-
tively. Let f be a differentiable function on [a, b]r. Then f is increasing, decreasing,
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nondecreasing, and nonincreasing on [a, b]y if f2(t) > 0, f2(t) < 0, f2(t) > 0, and
fA(t) <0 for all t € [a,b)r, respectively.
We will make use of the following product and quotient rules for the derivative

of the product fg and the quotient f/g (where g(t)g(o(t)) # 0) of two differentiable
functions f and g

(f9)2(t) = F2()g(t) + Flo()g(t) = F(t)g™ (1) + F2(t)g(o(t)),

S W) — g 0)
(g) O = ety

For a, b € T and a differentiable function f, the Cauchy integral of f2 is defined
by

| a0 - fa)
The integration by parts formula reads
[ rAwsnat = o) - f@g@ - [ g oa

and infinite integrals are defined as
o] t
/ f(s)As :tlim/ f(s)As.

3. Main results

In this section, using the Riccati transformation technique we obtain new oscilla-
tion results for equation (1.3). In what follows, all functional inequalities are assumed

to hold eventually, that is, for all sufficiently large ¢.

Firstly, we give two lemmas which we will use in the proofs of the main theorem.

Lemma 3.1 (See [3, Theorem 1.90]). If 2 € CL4(T,R), then

(22 (t) = WZA(t)/O [h27(t) + (1 — h)z(t)}%ldh.

Lemma 3.2 (See [3]). Assume supT = oo and let v € C!y([ty,0)1, T) be a strictly

increasing function and unbounded such that v([ty,00)r) = [v(ty),00)r. Then

(3.1) (y(w(®))> = y>(W(t)v>(t) for t€ [to,00)r,

where y € CL([to, 00)1, R).

Now we establish the main results.
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Theorem 3.3. Assume (1.1) and let r € CLy([tg, o), R), 72 >0, and

(3.2) / TS (Bgt)AL = o

to
If there exist a positive rd-continuous A-differentiable function n and a constant ¢ €
(1,00) such that

(3.3) “?li‘jp/t: KHIPC)W(SM(S) (@)w
L @)™ o

(y+ 1)+ 1 (s)
where (N> ()1 := max{0,n*(t)}, then (1.3) is oscillatory.

5 = 00,

Proof. Suppose to the contrary that z is a nonoscillatory solution of (1.3). Without
loss of generality, we may assume that there is a t; € [tg, 00)r such that x(t) > 0,
xz(t —7) >0, and z(d(¢)) > 0 for t € [t;,00)r. From (1.3), we see that

(3.4) (r(2%))2(t) = —a(t)2"(8(1)) < 0.

It is easy to see that 22 > 0 due to condition (1.1). From r2 > 0, z2 > 0,
(r(z2)")2 < 0, and Lemma 3.1, we obtain z2% < 0. By 2% > 0 and 22 < 0,

we have lim; ., 22(t) = a > 0, where a is finite. Define the function w by

(3.5) w(t) == n(t)w, t € [t1,00)r.
Then w(t) > 0 for t € [t;,00)r and
_ (r(=2)M)2()
WA(t) = ﬁ(t)W
ey 2O — @A)
(3. ()
It follows from (3.4), (3.5), and (3.6) that
" y A)),
A0 <~ e (T50) )
o) (3))7 (1) ()21
0 A7 (o0)
By Lemma 3.1 and 22 > 0, we have
(3.8) (27)2(t) = v2" "1 ()22(1).

From (3.2) and the proof of [11, Lemma 2.1], we get that

t
(3.9) ? is strictly decreasing eventually.
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Also by (r(z2)7)? < 0, we obtain

ro 1/~
(3.10) A > ( r((t))) Ao(t)).
Thus, from (3.5), (3.7), (3.8), (3.9), (3.10), we have
A JUAY z(0(t)) !
A< = 2000 (52) (a7 e —)
(3.11) + T(t)w () — rl/’Y(t)(;nEg)('y—i-l)/'\/ (W ()0t

Assume first @ > 0. Hence by Lemma 3.2, we get 2° > 0, and so
x(d(t)) B 1 1

> .
) + e —7) 14200 < T p

Assume now a = 0. It follows from z > 0 and z® > 0 that either lim; o 2(t) =b > 0

(3.12)

(b is finite) or lim;_,, z(t) = co. Hence we have
z(6(t) = 7)
2(6(¢))
for every constant ¢ € (1,00). Thus, we get
z(0(t)) B 1 1

- > .
2(0() +pr((t) = 7) 14 pHEHT T 14 pe

(3.13)

Using (3.11), (3.12), and (3.13), we see that

s - (1) wo (22)
(

UmQ)Er () L7 () GD/A
(3.14) Y e O e aern @O
Setting
. n(t) _ @)y .
= oo BT e o T
and applying the inequality
v+ /vy ol Bt
Bu— aut < e B A0,
we have
UnQ) I n(t) L7 (DA
ro < T ARmewEE )
L 0
R T

Substituting the latter inequality into (3.14), we get

o0 < - (1) nttato (22) 4+ A HOOCET

v A1) (1)

14 pc
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Integrating the last inequality from ¢; to ¢, we see that

[ () st (42) - M 5

1+pc s v+ m(s)

which contradicts condition (3.3). The proof is complete. O

From Theorem 3.3, one can establish different sufficient conditions for oscillation
of (1.3) by different choices of 1. For instance, if n(t) = t, then we get the following

result.

Corollary 3.4. Assume (1.1) and (3.2), and let r € CL;([to, 00)r, R), 7> > 0. If there

exists a constant ¢ € (1, 00) such that

fim sup /t: Kl Jrlpcy #4(s) <@)7 (7 +11)’Y+1 TS> As =00

then (1.3) is oscillatory.

As an application of the main results, we provide the following example.
Example 3.5. Consider the neutral dynamic equation
A
AA
(3.15) [z(t) + pz(t —7)]7 + t—2x(t) =0, tE€ [ty,o0)r,

where A > 0 and p € (0,1) are constants. Let v = 1, 7(t) = 1, ¢(t) = A\/t?, and
d(t) = t. Using Corollary 3.4, we see that equation (3.15) is oscillatory if A > (1+pc)/4
for some constant ¢ € (1,1/1 —p). Using Theorem 1.1 or Theorem 1.2, we obtain
that equation (3.15) is oscillatory if A > 1/4(1 — p). One can easily see that

1 1+ pc
>
4(1 —p) 4

for every constant ¢ € (1,1/1 — p), and hence our result improves those.
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