Dynamic Systems and Applications 22 (2013) 591-612

ON SET-VALUED STOCHASTIC EQUATIONS
AND STOCHASTIC INCLUSIONS DRIVEN
BY A BROWNIAN SHEET

MACIEJ KOZARYN® AND MARIUSZ MICHTA®?b*

“Faculty of Mathematics, Computer Science and Econometrics
University of Zielona Gora, Szafrana 4A, 65-516 Zielona Goéra, Poland
Institute of Mathematics and Informatics, Opole University
Oleska 48, 45-052 Opole, Poland
m.kozaryn@wmie.uz.zgora.pl, m.michta@wmie.uz.zgora.pl

(*Corresponding author M. Michta)

ABSTRACT. In this paper we developed studies on set-valued stochastic integral equations in
the plane. We establish their connections with the theory of stochastic inclusions. We show that
every solution to set-valued stochastic equation possesses a continuous selection belonging to the
set of solutions of associated stochastic inclusion. We also present some applications to the study of

reachable sets of solutions to stochastic integral inclusions as well as their viability properties.

Keywords and phrases. Random Field, Set-valued Stochastic Integral Equation, Stochastic In-

clusion

2000 AMS Subject Classification. 60H20, 60G60, 26E25, 34A07

1. Introduction

The study of stochastic differential inclusions and set-valued stochastic differen-
tial (or integral) equations is inspired by the theory of stochastic controlled dynamic
systems (see [22], [23], [39] and references therein). Similarly as in the case of de-
terministic differential inclusions, stochastic inclusions appear as generalizations of a

family of stochastic equations
(11) dl’t = f(t,xt,ut)dt —l—g(t,xt,ut)dBt

dependent on a control parameter u belonging to the some set of controls U. Indeed,
taking set-valued mappings F'(t,x) = {f(t,2z(t))},cp and G(t,x) = {g(t,z(t))},c0

the equation (1.1) can be understood as a stochastic inclusion
dflft S F(t, ,Tt)dt + G(t, It)dBt
or

t t
(1.2) Ty — x5 € / F(r,z.)dr +/ G(7,z,;)dB;.
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Then solutions of (1.1) are those of (1.2). Thus any control problem (1.1) can be

transformed, by means of multivalued maps into problem (1.2).

Another different generalizations of stochastic systems can be developed in the
spirit of set-valued stochastic equations that are understood as a set-valued relations

of the type:
t t

(1.3) X = Xo + / F(r, X,)dr + / G(r, X,)dB,.
0 0

In a single-valued case both stochastic inclusions and stochastic set-valued equations
reduce to single-valued stochastic equations. But in general, these two approaches are
distinct. Indeed, every solution of (1.2) is always a single-valued stochastic process

while solutions of (1.3) are set-valued mappings.

Although there exist a wide literature on stochastic inclusions and their applica-
tions (see e.g. [1], [2], [3], [4], [5], [15], [19], [20], [21], [22], [23], [26], [28], [33], [34], [35],
[36], [37], [38], [39], [41], [42], [43], [44], and references therein), and intensive studies
on set-valued stochastic equations ([29], [30], [31], [32], [40], [47], [50]), it seems that

these two theories exist and are developed separately.

On the other hand in the deterministic case set-valued differential equations ex-
hibit a useful tool for investigations of the dynamic of solutions to both differential
inclusions and fuzzy differential equations (see e.g. [46], [27] and references therein).
More precisely, in a deterministic case one can show that under appropriate assump-
tions solutions to set-valued differential equations admit continuous selections belong-

ing to the set of solutions of associated differential inclusions.

The motivation of this paper is to establish similar connections between the well
developed theory of stochastic inclusions and investigations focused on set-valued sto-
chastic integral equations. In this paper we continue our study on set-valued stochastic
equations in the plane initiated in [25] and earlier in considerations given in [45]. We
consider stochastic inclusions and set-valued stochastic equations driven by a Brown-
ian sheet (two-parameter Wiener process). We show that every solution to set-valued
stochastic equation possesses a continuous selection belonging to the set of solutions
of associated stochastic inclusion. We also present some comments on reachable sets
of solutions to stochastic integral inclusions as well as their viability properties with
connections to solutions of set-valued stochastic equations. Such stochastic inclusions
and set-valued stochastic equations can be trated as a generalizations of stochastic
differential equations in the plane which have a wide range of financial applications.
set-valued stochastic equations can be treated as a generalizations of stochastic differ-
ential equations in the plane which have a wide range of financial applications. rates
(see e.g. [12], [16], [17]).

The paper is organized as follows. In Section 2 we recall some basic notions and

facts from the theory of stochastic and set-valued analysis, as well as the main results
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on set-valued stochastic integral equations driven by a Brownian sheet needed in the
sequel. It will be done on the basis of our main reference [25]. In Section 3 we present
main interrelations between solutions to set-valued stochastic integral equations and
solutions to stochastic inclusions. Finally in Section 4 we present some concluding

remarks on our results.

2. Preliminaries

Let I x J = [0,5] x [0,7] denote the parameter set together with the partial
ordering:
(s,t) X (s',t") if and only if s < §" and ¢ < t'.
We will also write

(s,t) < (s',t") if and only if s < &' and t < t'.

Throughout the paper we shall deal with a complete filtered probability space (€2, F,
{Fsi}spyerxs, P), where {Fy ¢} s pyerxs is a family of sub-o-fields of IF such that F,; C
Fy v, if (s,t) < (s',t'). We will assume that {Fy}(erx. satisfies the following addi-

tional conditions:

(i) Fo, contains all P-null sets,
(11) ]Fs,t = ﬂ(s,t)<(u,v) ]Fu,v for every (Sv t) S [07 S) X [07 T)v
(ili) for every (s,t) € I xJ, the o-algebras F, v and Fg, are conditionally independent

relative to [Fy ;.

A stochastic process (or random field) z : I x J x 2 — R is said to be
{F,}-adapted, if 7, : Q — R? is an [, ;~-measurable random vector for every fixed
(s,t) € I x J. Let {B;;}(s,nerxs be a two-parameter real valued {F,;}-Wiener pro-
cess (Brownian sheet). It is a two-parameter, continuous Gaussian process such that
EB;; = 0 and E(B; By y) = min{s, s’} - min{t,t'} for every s,s' € I and t,¢' € J
(c.f. [8]). Let NV denote the o-algebra of nonanticipating sets in I x J x €, i.e.,

N:={AeB(IxJ)oF: A € F,, forevery (s,t) € I x J},

where A%t = {w € Q : (s,t,w) € A}. A stochastic process z : I x J x Q — R is
nonanticipating if it is an N -measurable mapping. It is easy to see that a stochastic
process x is nonanticipating if and only if it is B(/ x J) ® F-measurable and {F;,}-
adapted. By the A%f, (x) we denote the increment of z over the rectangle [, s| x [t', t]
le.
Azrty (X) =Xst — Typ — Tsp + Ty pr

for (s',t') < (s,t) and (¢,t'), (s,t) € I x J. Denote by A the Lebesgue measure on
the o-algebra B(I x J) of Borel sets in I x J. For the sake of convenience we shall use
the notations: L3(A x P) := L*(I x J x QN , A x P;RY), L2, := L*(Q,F,,;, P;R%)
and L% := L*(Q,F, P;RY).
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Let X be a separable Banach space. By a K°(X) we denote the family of all
nonempty closed and bounded subsets of X while by K°(X) we mean those of elements

from K°(X) that are also convex subsets of X.

The Hausdorff metric Hy in K*(X) is defined by:
Hx(A, B) := max{Hx(A, B), Hx(B, A)},

where Hx(A, B) = sup distx(a, B), distx(a, B) := gngHa —bl|x and || - ||x is a norm in
acA €

X (see e.g. [14]). Let r > 0 and V(A,r) := {x € X : distx(x, A) < r}. Then from the
above definitions it holds:

(2.1) Hx(A,B) =inf{r >0: ACV(B,r)}
and
(2.2) Hx(A,B)=inf{r >0: ACV(B,r)and B CV(A,r)}.

Moreover we have:
Hx(A+ B,C+ D) < Hx(A,C) + Hx(B, D)

and

for A, B, C, D € K’X), where A + B denotes the Minkowski sum of A and B. By
Theorem 1.5 and Corollary 1.9 in Chapter I in [14] (K°(X), Hx) is a complete metric
space and K’(X) is its closed subspace.

For A € K°(X) we set [|A]| := Hx (A, {0}) = sup|lax. If A,B € K’(X) then
acA
A © B denotes the Hukuhara difference (if it exists) between the sets A and B, i.e.,
the set C € K’(X) such that A= B+ C.

Let F': I x JxQ — K’(R? be a given set-valued mapping. It is called a two-
parameter nonanticipating set-valued process if it is A/-measurable in the sense of
set-valued analysis (c.f. [14]). It is called L3,(\ x P)-integrally bounded set-valued

stochastic process if

IFIl € L2(1 x T x QN A x P;Ry).

For such a mapping, by Kuratowski and Ryll-Nardzewski Measurable Selection

Theorem (c.f. [14]) the set of its nonanticipating and square integrable selections
SY(FAX P):={feLi(Ax P): feF\x P-ae.}

is nonempty. Then for every f € S3-(F, Ax P) the Ito stochastic integral [ [ f,,dB..,

is well defined (see [8]). Moreover, the integral process ( I fu,vdBu,v)( Delxs is a
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continuous square integrable two-parameter martingale with respect to the filtration

{Fsi}(s,t)erxs and it satisfies It6’s isometry:

2 s rt
(23) —E [ [ IfuulBardu, dv)
R4 s /

wdBy

for all (s,t),(s',t') € I x J with (s',t') =< (s,t). In view of Doob’s maximal inequality

for two-parameter martingales we have (c.f. [8]):

[ [ fusdb

For F,G : I x JxQ — K?(R?) being set-valued and L%,(\x P)-integrally bounded

nonanticipating processes we define the following set-valued stochastic integrals in the

(2.4) ( sup

st)elxJ

S rT
><16E/ / o l2aA(du, dv).
0 0

plane.

Definition 2.1 ([25]). By a two-parameter set-valued stochastic Lebesgue integral
of F' and by a two-parameter set-valued It0’s integral of G, we mean the following

sets contained in L% ;-

/Os /OT FouoA\(du, dv) := {/05 /OT fuwA(du, dv) : f € S3(F, \ x P)}

and

S T S T
/ / GuvdB,, = {/ / GuwdBu, g € sz\/(G, A X P)}
o Jo o Jo

respectively. Similarly, we define:

/ / F oM (du, dv) / / Lo s (1 v) FuwA(du, dv)
t,
and
s rt S T
/, Gu,vdBu,U = / / 1[5’,s]><[t’,t] (U,’U) Gu,vdBu,U
s Jt

for every (s,t),(s',t") € I x J with (s',t') =< (s,t).

In [25] the following properties of set-valued stochastic integrals have been proved.

Theorem 2.2 ([25]). Let F: [ x J x Q — K%(R?) be a set-valued and L3,(\ x P)-

integrally bounded nonanticipating process. Then

a) Sy (F,\ x P) is a nonempty, closed, bounded, convex, decomposable and weakly
compact subset of L (A x P).

b) The integrals [3 [, FyoA\(du, dv) and [ I F,,dB,,, are nonempty, closed, bounded,
conver and weakly compact subsets of L2, for every (s,t), (s',t') € I x J with

(s, 1) = (s,1).
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Theorem 2.3 ([25]). Let F,G : I x Jx§Q — K°(R?) be the set-valued, nonanticipating
and L3;(\ x P)-integrally bounded stochastic processes. Then

S t S t
12, ( / / Fy oM du, dv), / / Gwv)\(du,dv)) <
s Jt s’ Jt

<(s—s)(t—t) / H2: (F,G)d\ x dP

[s/,s]x [t t] x Q2

s t s t
H12/2 (/ / Fu,vdBu,va/ / Gu,vdBuﬂ)) <
s J s Jt

< H2,(F,G)d\ x dP.

[s,s]x [t/ ] x Q2

for every (s,t),(s',t') € I x J, (s',t') 2 (s,1).

and

In view of these we have the following result ([25]).

Corollary 2.4. Let F : [ x J x Q — K’°(R%) be a set valued, nonanticipating and

L3, (A x P)-integrally bounded stochastic processes. Then the correspondences
s rt
IxJ53(s,t) / / FyoMdu, dv) € K*(L?)
0o Jo

and .
IxJ> (S,t) = / / FumdBu,v € KS(L2)
0 JO

are continuous set-valued mappings with respect to the metric Hyz.

Using the notions of above defined set-valued stochastic integrals one can consider
a multivalued stochastic integral equation driven by two-parameter Wiener process.
Namely, let F be a separable o-field with respect to probability P. Hence L? is a
separable Banach space. Let F, G : I x J x Q x K!(L?) — K’(R?) be given set-
valued mappings. Let A : I x J — K’(L?) be a continuous mapping. By a set-valued
stochastic integral equation generated by a triple (F,G, A) we mean the following

equation considered in the metric space (Ké’(LQ), H L2)
s rt
(25) X&t + A070 = A&O + A07t + / / F(u, v, Xu,v))\(du, d’U)
0 Jo

s rt
+ [ ] G, Xy ) dBu,
0 JO

for every (s,t) € I x J.
Thus the equation (2.5) is thought as an abstract relation in the hyperspace

of nonempty, bounded, closed and convex subsets of the space L?. Note also that
for F,G and A being single-valued maps, the multivalued equation (2.5) reduces to

single-valued one considered in [49], [48], [51].

Definition 2.5. By a solution to equation (2.5) we mean an H2-continuous mapping
X : 1 x J— KP’(L?) such that (2.5) is satisfied.



STOCHASTIC EQUATIONS AND STOCHASTIC INCLUSIONS 597

Below we formulate main assumptions imposed on set-valued mappings F, G and
A:

(A1) for every U € Kb(L?) the mappings
F( - U), Gy U) i I x J x Q — KY(RY)

are nonanticipating set-valued two-parameter stochastic processes.
(A2) there exists a constant L > 0 such that

max{ Haa(F(s,t,w,C1), F(s,t,w,Cy)), Haa(G(s,t,w,C1), G(s,t,w,Cy))}

< LH?. (04, Cy),
for every (s,t) € I x J, every C1,Cy € K’(L?), and P-a.e.
(A3) there exists a constant K > 0 such that
max{ Hpa(F(s,t,w,C),{0}), Hra(G(s,t,w,C),{0})} < K(1+ Hr2(C,{0})),

for every (s,t) € I x J, every C € K!(L?), and P-a.e.

(A4) the mapping A : I xJ — K?’(L?) is assumed to be continuous with respect to the
Hausdorff metric H;» and such that the Hukuhara difference (A5 + Aot) © Ao
exists for every (s,t) € I'xJ, and sup(, pyerx s Hp2((Aso + Aor) © Ao, {O}) < 0.

The symbols 6 and © denote the zero elements in R? and L2, respectively. We

recall the following results from [25], needed in the sequel.

Theorem 2.6. Let F, G: I x J x Q x K*(L?) — K"(RY) and A: I x J — K(L?)
satisfy conditions (A1)—(A4). Then equation (2.5) has a unique solution.

Theorem 2.7. Under assumptions of Theorem 2.6 the solution X to equation (2.5)

satisfies:
Hi2(X(s,1),{0})

<[3 sup Hja(Aso+ Aoy, Ago) + 6K 3st(st + 1)) exp{6Kst(st + 1)},
(s,t)elxJ

for every (s,t) € I x J.

3. Stochastic integral inclusions and set-valued

stochastic integral equations

Let us assume that set-valued mappings
Fi,Gy: I xJxQxL?— K'(RY
satisfy the following conditions:

(B1) Fi(+m), Gi(s,+m) : I x J x Q — K’RY) are nonanticipating set-valued
stochastic processes for every n € L2,
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(B2) there exist L > 0, such that P-a.e. for every (s,t) € I x J and every 7y, 1, € L?
it holds:
max {Hﬁd (Fi(s, t,w,m), Fi(s, t,w,m)) , Hea (G1(s,t,w,m), Gi (s, t,w, 772))}
< Lilm — ol
(B3) there exists a constant K > 0 such that
max{ Hga(Fi(s,t,w,1),{0}), Haa(G1(s,t,w,n), {0})} < K(1+ [|nl[2)
for every (s,t) € I x J, every n € L?, and P-a.e.

Let £: 1 x JxQ — R?be an {F,,;}—adapted and square integrable stochastic

process. We assume that £ : I x J — L? is a continuous mapping such that &, € L2,

for every (s,t) € I x J. By a stochastic differential inclusion generated by (Fi, Gy,
€) in a plane driven by a two-parameter Wiener process B we mean the following

relation:
AL () € 5 [E F(u, v, ma0) Mdu, dv) + 5 [5G (u, v, 2y.) dBu,
(3-1) Tot = §o,t
Tso = fs,o
for every (s',t), (s,t) € I x J, (s',t') =< (s,1).
Definition 3.1. By a solution to stochastic integral inclusion (3.1) generated by (F7,

G4, €) we mean a continuous stochastic process x : I x J x 2 — R? which has the

following representation:

s t s t
Lt — 50,1‘/ - 53,0 + 5070 = ‘/0 /0 fl(ua U>)\<du7 dU) + /0 ‘/0 gl(uu U)dBu,vu

for some f; € S} (Fy ox), g1 € Si(Gyox) where (Fy o x)(s, t,w) = Fi(s,t,w,Ts,),
(Grox)(s,t,w) =Gi(s,t,w,zs,) and (s,t) € I x J.

Denote by SI(Fy, Gy, &) the set of all solutions to stochastic inclusion (3.1). Then

every element x € SI(Fy, Gy, €) can be understood as a continuous mapping:
x:IxJ— L

Moreover it holds z,; € L2, for every (s,t) € I x J.

Now, our aim is to introduce a notion of a set-valued stochastic integral equation
generated by stochastic integral inclusion (3.1). First let co(U) denote the closed
convex hull of the set U C R?, i.e. it is an intersection of all closed convex subsets of
R? containing U. Similarly by co(U) we denote the convex hull of the set U. One can
show the following relation (see Lemma 2.1 in [18]):

(3.2) @(U) = cleo(U),
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where cl denotes the closure operation. We will also recall the well-known Carathéodory’s

theorem.

Theorem 3.2 ([18]). Let A be a subset of R, Then every point x € co(A) is the

convexr combination of at most d + 1 points in A.

Let us consider now the mappings:
Fy,Gy: I x JxQx KY(L?*) — KY(R?)

defined as follows:

(3.3) Fy(s,t,w,C) :=7co <U Fi(s,t,w, c)) ,

e}

(3.4) Go(s,t,w,C) =70 <U Gi(s,t,w, c))

ceC
for (s,t,w,C) € I x J x Q x K’(L?).

By a set-valued stochastic integral equation associated with a stochastic integral

inclusion (3.1) generated by (Fy, Gy, &) we mean the following relation in L*:
s ot
(3.5) Koo+ Ago = Ao+ Aog+ [ [ Falu,0,X,)A(du, dv)

s t
+ / / G2(U>U7Xu,v)dBu,v>
0 0

for every (s,t) € I x J, where A : [ x J — K°(L?) is a continuous mapping satisfying
(A4).

Moreover we assume that the following condition on £ and A is imposed:
(B4) o+ &0 — 0,0 € (Aso + Aoyt) © Aoy, for every (s,t) € I x J.

Proposition 1. Assume that Fy, Gy : [ x J xQ x L* — K°(R?) satisfy the conditions
(B1)—(B3). Then Fy, Gy : I x J x Qx K°(L?) — K’(R?) defined as in (3.3) and (3.4)
satisfy (A1) and (A3).

Proof. Firstly, we show that Fy(-,-,-,C) is a nonanticipating set-valued stochastic
process for every C' € K’(L?). By Theorem 1.0 in [13] it is enough to show that
for every fixed C € K?!(L?) the mapping Fy(,-, -, C) possesses a nonanticipating
Castaigne representation. To ensure this, we recall that L? is separable. Therefore
every set C' € Kb(L?) is separable too. Then there exist a sequence {x, },>1 C C such
that clp2{z, :n>1} =C.

By (B1) the mapping (s,t,w) — Fi(s,t,w,x,) is nonanticipating for every n >

1. Hence by Theorem 1.0 in [13] there exist a sequence {vF}i>; of nonanticipating
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selections for Fi(-,-, -, z,) (i.e. Castaigne representation for Fj o z,) such that (Fj o
2,)(s,t,w) = Fi(s,t,w,x,) = clga{vF(s,t,w) : k > 1}. Then we have:

Fi(s,t,w,C) = Fi(s,t,w,clpz{x, :n > 1}) CclgaFi (s, t,w,{z, :n > 1})

= clga (U Fl(s,t,w,xn)) )

n>1

Thus:

clra (U Fl(s,t,w,xn)) = clpa (U clga{vF (s, t,w) : k> 1}) .

n>1 n>=1

Moreover we also have that

clra( | clga{vf(s,t,w) : k > 1}) = clpa(|J {0} (s,t,w) 1 k > 1}).

n>=1 n>=1

Hence it follows that
clpa By (s,t,w, C) = clpa{vF(s, t,w) : k> 1}.

Thus using Theorem 1.0 in [13] again we ensure that the mapping (s,t,w) — clgaFi(s, ¢,
w, (') is nonanticipating.

Now we will show that
(3.6) co(clgaFi(s,t,w,C)) =co(Fi(s,t,w,C)).
It is obvious that
co(clgaFy(s,t,w,C)) D clgaco(Fy (s, t,w,C),
for every (s,t,w,C) € I x J x Q x Kb(L?).
It remains to show that
co(clgaFy(s,t,w,C)) C clgaco(Fi(s,t,w,C),

for every (s,t,w,C) € I x J x Q x K°(L?).
For this, it suffices to prove that co(clgaFi(s,t,w,C)) C clgaco(Fi(s,t,w,C)),
because by (3.2) we have:

clraco(clgaFy (s, t,w,C)) = co(clgaFi(s,t,w,C))

and
clgaco(Fy(s,t,w,C) =co(Fy(s,t,w,C).

Let x € co(clgaFi(s,t,w,C)). Then due to Theorem 3.2 there exist wy,...,wqgs1 €
CclgaFy (s, t,w,C) and Ay, ..., Agp1 > 0, 241\, = 1 such that 2 = Y5 \w;.
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Since wy, . .., Wy € clraFi(s,t,w,C), it follows that for every i = 1,...,d + 1
there exists {u!},>1 C Fi(s,t,w,C) such that u!, — w;, for n — oco. Let us take a
sequence y" = A\jul + Xou? + - + )\d+1uff1. Then we have that

y" = A+ dogul >\d+1ui+1 — o= MNw, + w2 + -+ )\d+1wz+1.
Since for every n € N, y™ € co(F(s,t,w,C)) it follows that x € clgaco(Fi(s,t,w,C)).
Thus equality (3.6) follows.

Finally by Proposition 2.26, Chapter II in [14] we conclude that a mapping
(s,t,w) — @(Fy(s,t,w,C) = Fy(s,t,w,C) is nonanticipating, for every C € K°(L?).

Now we show that if Fj satisfies the condition (B2) then Fy satisfies (A2) with
some positive constant. Let C;, Cy € K°(L?). Then for every n € C} and every & > 0
there exist v € Cy such that

m — ’YHL2 < dist(n, Cy) +€ < sup dist(n, Ca) + €
neCy

= H2(Ch,Cy) + e < Hp2(Cy,Cy) +&.
Then by (B2) we get
Hya (Fy(s,t,w,n), Fi(s, t,w,7)) < LY |ln — 7| > < LY2Hp2(Cy, Cy) + LY.
Let us put r(¢) := LY2H2(Cy,Cy) + LY?c. Then by the last inequality above we
have
Fi(s,t,w,n) C V(Fi(s,t,w,v),r(e)) C V(Fi(s,t,w,Cs),1(e)),
for every n € ;. Hence
Fi(s,t,w,Cy) CV(Fi(s,t,w,Cy),r(e)).

Thus by (2.1) it follows that

Hyga (Fi(s,t,w,Ch), Fi(s,t,w,Cs)) < r(e).
Since € > 0 was arbitrary it follows that

Hyga (Fi(s, t,w,Cy), Fi(s,t,w,Cy)) < 1(0).
In a similar way one can prove that

Hyga (Fi(s,t,w,Cy), Fi(s,t,w,C})) < r(0).
Hence we have

Hyga (Fi(s,t,w,CY), Fi(s, t,w,Cy)) < r(0).
Therefore by Remark 1.19 in [14] we conclude that

Hga (Fy(s,t,w, Ch), Fy(s, t,w, Cy)) < LY?H 2 (Cy, Cy).

In a similar way as above one can show that F; satisfies also condition (A3), provided
F) attends (B3). O
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Before we formulate the main result of this section we establish a slightly more
general version of Carathéodory/Lipschitz Selection Theorem needed in the sequel.
Although its proof goes by using simillar argumentations as in the proof of Theo-
rem 9.5.3 in [6], we shall present it below for the readers convinience. For this aim we

recall first some notions (see [6] for details).
For A € K’(R?) by o(A,-) : RT — R,
o(A,p) :=sup{< a,p>:ac A}

we denote a support function of the set A. Then it is easy to see that for every

p1,p2 € R? one has

(3.7) |0(A, p1) — (A, p2)| < Hea(A, {0})]p1 — pal[pe-
Let s4: K’(RY) — R? be a Steiner Point, i.e.

0(A1)/2—0(A,-1)/2, ford=1

d [si-1 po(A, p)u(dp), for d > 2
where X971 denotes the unit sphere in R? and y is a measure on X¢~! proportional
to the Lebesgue measure and p(3%!) = 1. Then by Theorem 9.4.1 in [6], it fol-
lows that sy is a Lipschitz selection map, i.e. s4(A) € A for every A € K°(R?) and

|sa(A1) — sa(A2)||ga < dHga(A1, Ag) for Ay, Ay € K5(R?). Let (I, M, v) be a measure
space and X be a linear normed space. Assume that F: ' x X — K°(RY) satisfies:

(3.8) sa(A) =

(i) F(-,z) is M-measurable for every z € X,
(ii) F(v,-) is Lipschitz continuous, i.e. Hga(F(7,x), F(v,y)) < L ||z — yl|, for some
constatnt L > 0 and for every z,y € X
(ili) Hpa(F(v,2),{0}) < K(1+ ||z|lx) for K > 0 and for every z € X.

Then we have the following version of Carathéodory/Lipschitz selection property for
F.

Proposition 2. Let F' : T'xX — K°(R%) be a set-valued mapping satisfying conditions
(i)-(iii). Then there exist a function f : T x X — R? such that:

f(v.x) € F(v,2) for all (v,2) €' x X,

f(-,z) is M-measurable for each v € X,
1f(v.2) = (7, 9)llpa < Ld ||z — yllx, for ally €T and 2,y € X,
| f (7, 2)||lga < K(1+ ||z|lg) for every vy €' and x € X.

a)
b)
c)
d)

Proof. Firstly, let us note that by Proposition 2.32 in [14] a mapping v — o(F (v, x), p)
is M-measurable for every fixed # € X and p € R% On the other hand by (3.7) a
function p — po(F(v,x),p) is continuous and hence integrable on ¥4 with respect
to the measure pu. Moreover the mapping (v,p) — po(F(v,z),p) is M @ B(R?)-

measurable and by the assuption (iii) it is also integrable on I' ® X4~! with respect to
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the measure v x pu for every fixed x € X. Hence by the definition of Steiner Point and
by the Fubini Theorem the mapping v — s4(F (7, z)) is M-measurable for each x € X,
in the case when d > 2. The measurability of the mapping v — s;(F (v, x)) follows
directly by the definition of Steiner Point for d = 1 and again by Proposition 2.32
in [14]. Then by properties of Steiner Point and the assmumptions (i)—(iii) imposed
on set-valued mapping F' it follows that a function f(v, z) := sq(F(7, )) is a desired
selection of F. O

Now we formulate the main result of this section.

Theorem 3.3. Assume that Iy and G, satisfy (B1)—(B3), and A satisfies (A4).
Moreover, let & and A satisfy condition (B4). Then there exists a solution X : I X
J — K5(L?) to the set-valued stochastic integral equation (3.5) and a solution x :
I x JxQ— R? to the stochastic integral inclusion (3.1) such that:

d'iStL2 (xs,ta X57t) = O,

for every (s,t) € I x J.

Proof. By Proposition 1 and Theorem 2.6 there exist a unique solution X to the set-
valued stochastic integral equation (3.5). Now, let as consider the set K (&, X) defined
by

K X):= {17 eC(IxJL?: Tot — &0 — ot + 0,0

_ /0 /Otf(u,v)k(du,dv)—i—/os /Otg(u,v)dBw Ppw.

for every (s,t) € I x J, and some f € S3.(Fy0 X), g € S}(G OX)}.

Notice that K (&, X) is a nonempty subset of C(I x J, L?). Indeed, by Proposition 1
and by the continuity of X it follows that the set-valued mappings FroX : I X JxQ —
K’(R?) and Gy0 X : I x J x Q) — KP’(R?) are nonanticipating. Moreover by (B3) and

again by Proposition 1 we have:
1(F © X) (s, t, ) e = [1Fa(5,t, w0, Xo) e < 2K (1 + Hia(Xos, {6})).
Consequently, due to Theorem 2.7 we get

sup  |(Fy 0 X)(s,t,w)|[2 < o0.
(s,t)elxJ

Thus the set S3,(Fy0X) is nonempty. In a similar way one can show the nonemptiness
of the set S3(Gy o X). It shows the nonemptiness of the set K (&, X). Next, let us
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note that if x € K (&, X), then for every (s,t) € I x J it holds dist 2 (xs, Xs:) = 0.
Indeed, by the definition of K (&, X)) and assumption (B4) we have:

S t S t
Tt = Got o= oo+ | [ fwolN@udo) + [* [ guv)aB,,
S t
€ Ao+ Ao © Ao + / / Fy(u, v, Xy ) A(du, dv)
0o Jo

s rt
+ / / G2(U, v, Xu,v)dBu,v = Xs,ta
0 JO

for (s,t,w) € I x J x Q.

Next we will show that the set K (£, X) is bounded.

Let x € K(£,X). Then there exist f € S3(Fy 0 X) and g € S3(Gs 0 X) such
that:

s rt s rt
Tei = oGt oo = | [ Fluo)Ndudo)+ [ [ g(u,0)aB,.
for (s,t) € I x J. Hence by (A4) and two-parameter [t0’s isometry (2.3) we have:

sup Bzl <3 sup B0+ o — Eo0llfe

(s,t)elxJ (s,t)elxJ
A(du dv)
(st YelIxJ Rd
g(u,v) dBuv
(st YeIxJ
< 3 sup HLz((A&Q + AO,t) &) A070, {@})
(s,t)elxJ
+3 sup stE/ / I £ (u, 0) |20 Mdu, dv)
(s,t)elxJ
g(u,v) dBM
(st YeIxJ
< 3 sup HLZ((A&O + AO,t) &) A070, {@})
(s,t)elxJ

S T
+3STE [ [ 15, 0)]2 Adu, do)
S T
2
#3E [ [ gl 0) 3 Aldu, dv).

On the other hand, again by (A3) and Theorem 2.7 for every (s,t) € I x J we infer:

1 (s, 0) e < MFa(s, b0, X ) [l
< [3 sup HLQ(A&(]—'—AQ’“AO’O)

(s,t)elxJ

+ 6K ?st(st + 1)] exp{6K?st(st + 1)} < oo

and

||g(57 tv w) H]?Qd < |||G2<87 tv w, XS,t>|||]?§d
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<[3 sup Hi:(Aso+ Aoy, Aop)

(s,t)elxJ

+ 6K 2st(st + 1) exp{6Kst(st + 1)} < .

Therefore

sup Bz yze < M
(s,t)elxJ

where M is a positive constant which does not depend on z.

In the next step we will show that K (&, X) is a closed subset of C(I x J, L?).
Let us take a sequence (z") C K(&, X) such that 2" — z for n — oo in the space
C(I x J, L*), where x € C(I x J, L*). For every n € N, 2™ belongs to the set K (&, X).

Therefore:

s rt s rt
th = G0+ or— oo+ [ [ FrwoMdudr)+ [ [ g, 0)dB,,

where f" € S} (Fyo0 X), g" € S3(Gy 0 X) for every n € N and (s,t) € I x J. By
Theorem 2.2a), due to weak compactness of the sets S3(F» o X) and S3/(G2 o X)
we infer that there exist subsequences (f™) and (¢") and also f € S%,(Fy 0 X) and
g € S%(G3 0 X) such that f™ — f and g™ — g weakly in L3,(\ x P). Therefore we
get:

(39)  &ottou—boot | [ (o)A (du, dv) + I g, 0)d By — oy

in L?, for k — oo, and (s,t) € I x J.
Let us define the linear operators Iy, : L3, (AxP) — L? and Jy, : L3, (AxP) — L?

as follows: )
— / / F(u, 0)\(du, dv)
0o JO

V= [ [ gtw )b

By It6’s isometry (2.3) and Doob’s maximal inequality (2.4) we infer that I, and J,,

and

are norm-to-norm continuous. Now by Theorem 3.4.12 in [9] we obtain that they are

also continuous with respect to weak topologies in L3,(A x P) and L?, respectively.

I (f™) = //f"kuv (du, dv) //fuv (du, dv)
’“)ZZ/OS/Otg"’“(u,v)dBu,vé s // u, 0)d By,

when k — o0o. Thus
S t S t
&s0 T80t — 0,0 +/0 /0 J" (u, v)A(du, dv) +/0 /0 g"* (u,v)dBy,,
S t S t
~ ot o —Goot [ [ FwoNdudv)+ [ [ gu0)dB,

Hence

and
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in L?, for every (s,t) € I x J, for k — oo. This convergence and (3.9) allow us to

claim that:
s t s t
Tst = 58,0 + §O,t - 50,0 + /0 /0 f(u> 'U))‘(dua d'U) + /0 /0 g(u> 'U)dBu,v P—pW

Thus x € K(&, X) which proves the closedness of K (¢, X) in C(I x J, L?).

In order to finish the proof, we will show that there exist z € ST(Fy,Gy,€) such
that 7 € K(&, X).

Because I} and G satisfy (B1)—(B3), then by Proposition 2 there exist mappings
f.9:1xJxQx L*— R?such that:

(i) f(s,t,w,n) € Fi(s,t,w,n), G(s,t,w,n) € Gi(s,t,w,n), for every (s,t,w,n) €
I xJxQxL?

(ii) for every € L? the mappings f(-,-,-n), g(-,~~n) : I x J x @ — R are
nonanticipating,

(iii) there exists L > 0 such that for every (s,t) € I x J, w € Q, n1, no € L? it holds

max {“7(87 t, W, 771) - 7(57 t? W, 772>

<L ||7h - 772||i2 .

2
Rd’ ||§(Svt7w7n1> - g(svtawvlrh)”[%gd}

(iv)

ma {|[F(s, .0, 0|, . [90s, £, ) [ga } < K1+ 1] 2)

for every (s,t) € I x J, every n € L?, and P-a.e., with a positive constant K the

same as in (B3).

Then for every x € K (£, X) the mappings
IxJxQ3 (s,t,w) — f(s,t,w,1,;) € R

I xJxQ3 (s,t,w) —g(s,t,w, 1) € R?
are elements of L%, (Ax P). Moreover f(s,t,w,zs;) € Fi(s,t,w,zs;) and (s, t,w, z5;) €
Gi(s,t,w, zsy).
Let us define the operator V' : K (£, X) — K (&, X) as follows:

wm@w=gw@ffw+fA7WM@mxwdm+Kﬁ%mu%mww

for every z € K(¢,X) and (s,t) € I x J. Then V(z) € C(I x J,L?). For every
x € K(¢,X) we have

7(87 tku xs,t) € Fl(S, tku xs,t) - U Fl(svtawvn) C F2(87 t7w7 Xs,t)-
77€Xs,t

In a similar way we conclude the same relation for g, G; and Gs. Thus we get V(x) €
K (&, X) for every z € K(§, X).
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Hence it is sufficient to show that the mapping V' has a fixed point. Obviously,
such a fixed point will be also a solution to stochastic integral inclusion (3.1) generated
by a triple (F1, Gy, &). We will show that V' is a contraction under the metric

_ 1
play)i= sup e HTIE oy — gl

in O(I x J, L?). Indeed, for z,y € K (&, X) by properties of f, g and (2.3) we have:

P*(V(x),V(y))

2
<2 sup e 2LETHLst [ Fu,v,200) — Flu, v, Yuy)) A du, dv)
(SJ)EIX] R4
t 2
(E(u,v, xu,v) - E(U,'U, yu,v))dBu,v Rd‘|
_ 2
<2 sup e ZE(ST+Dst {ST E/ / Hf U, U, Tuw) — f (U, 0, Yun) |, Adu, dv)
(s,H)ElxJ R
8 [ [ 1500, 200) = 50,0, 002 A )|
— s rt
<OL(ST +1) sup e 2LET+Lstp / / E | Zu — ol 2 (du, dv)
(s,t)elxJ 0 JO
— — s rt — —
<OL(ST+1) sup 6—2L(ST+1)st/ / LT+ LT+ uo || yu,vH[%&d Adu, dv)
(s,t)elxJ 0 JO

<2L(ST+1) sup e 2HST+D st/ / [ e LTV ||z Yol 2 X
(s,t)elxJ (u,v) Os 1%[0,t]

6 L(ST+1) uv} )\(du dU)

— — S t  —
2L(ST + 1) sup 6—2L(ST+1)stp2 (ZL’, y) / / 62L(ST+1)HU)\(dU, d’l})
(s,t)elxJ 0 Jo
We put:
— — S t
W :=2L(ST+1) sup e‘2L(ST+1)Stp2(:c,y)/ / ALSTHIw ) (dqu, dv).
0o Jo

(s,t)elxJ

Let us note that

/ / L(ST+1) uvdu dv < /s (/t 62Z(ST+1)tvdu) dv
0 0

s 2L(ST+1)ts __
L 2L(STH)tw 7, (e 1)
< | t-e dv = —

0 2L(ST +1)

Thus the expression W is less or equal than:

02(1', y) sup (]_ — 6_2Z(ST+1)st).
(s,t)elIxJ

Therefore we get:

PA(V(2),V(y)) < (1— e 2FETHNST) 2(5 4y,
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Then applying Banach’s Contraction Principle we infer that there exists a unique
T € K(&, X) such that:

s rt__ s t
By = Euot oy — oo+ /0 /0 T, v, Fuo)Mdu, dv) + /0 /0 (1, 0, Tu)dBo-

Thus the proof is completed. O

4. Concluding remarks

Let X be a set-valued solution to equation (3.5) generated by (Fy, Gy, A) with
Fy, and Gy given by (3.3) and (3.4), respectively. Since X : I x J — K’(L?) is
continuous and closed convex valued multifunction it follows by Michael’s Continuous
Selection Theorem (see e.g. [6], [9]) that X admits a continuous selection i.e., there
exist a continuous mapping z : I x J — L? such that z(s,t) € X(s,t) for every
(s,t) € I xJ. By Theorem 3.3 it follows that the set-valued solution to equation (3.5)
possess also a continuous selection belonging to the set of solutions of an associated
stochastic inclusion (3.1). It reflects the situation known in the case of deterministic
one-parameter set-valued differential equations and inclusions (c.f. [46]). Let C'S(X)

denote the set of all continuous selections for X. Then we get:

Corollary 4.1. Under assumptions of Theorem 3.3 it holds

CS(X)N SI(Fy, G, €) # 0.

On the other hand Theorem 3.3 can be helpfull in analysis of reachable sets of
solutions to stochastic inclusion (3.1) generated by (Fy, Gy, &). Indeed, for (s,t) € IxJ
let A((s,t),&, F1,G1) be such the set, i.e.

A((S,t),g,Fl,Gl) = {.flfs,t € L2 T c S[(Fl,Gl,g)}

It means that it is the set of all possible values that are attained by trajectories
from SI(Fy,G1,€) at the point (s,t). Let A: I x J — K°(L?) be a given continuous
mapping. By C(A) we denote the set of all continuous functions & : I x J — L? such
that (B4) is satisfied. Let

A((s,1),C(A), F1,G1) = |J Al((s,1),& F1, Gh).

£eC(A)

Then we have:

Corollary 4.2. Let assumptions of Theorem 3.3 be satisfied and X : I x J — K?(L?)

be a unique solution to the equation (3.5). Then
A((S, t)> C(A)a F1> Gl)me,t 7& @

for every (s,t) € I x J.
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Let us note that the statement given in Theorem 3.3 can be also interpreted in the
spirit of viability property for solutions to stochastic inclusion (3.1). Here, the viability
property means that for a given family of sets K = {X(s,t) : (s,t) € I x J} CK!(L?)
there exists a solution & € SI(Fy, Gy,€) such that Z(s,t) € X (s,t) for every (s,t) €

I x J. Such a solution Z is said to be viable in K. Thus by Theorem 3.3 we have:

Corollary 4.3. Suppose that assumptions of Theorem 3.3 are satisfied. Let the family
K={X(s,t) : (s,t) € I x J} CK’(L?) satisfy equation (3.5). Then there exist a
solution T € SI(Fy,Gq,&) viable in K.

Finally we apply Theorem 3.3 to stochastic inclusions with expectations in the
coefficients. Let us consider set-valued random functions F, G : I x J x Q@ x R? x R! —
K%(RY) satisfying the following conditions:

(C1) F(-,-,-,x,u), G(, -, z,u) : I x JxQ — K’(R?) are nonanticipating set-valued
processes for every z € RY, and u € R',

(C2) there exist L; > 0 such that for every (s,t) € I x J, x,y € R and u,v € R it
holds:

maX{H]l%d(F(& t’ W, T, U), F(S, ta w, Y, 'U))’ Hﬂ%d(G(& ta w, T, U), G(S, ta w, Y, 'U))}
< Li(||lz — y||ge + |u — v|) P-a.e.,
(C3) there exist K; > 0 such that
max{ Hga(F(s,t,w,x,u),{O}), Hra(G(s,t,w, x,u),{O})}

|2 ga + [u]
2
for every (s,t) € I x J, z € R and u € RL.

< Kq(1+ ) P-a.e.

Let £ : I x JxQ — R? be an Fy;—adapted and square integrable stochastic
process. As previously, we assume that £ : I x J — L? is a continuous function. Let
us consider the following stochastic inclusion:

AYu(x) € [3 o Fu,v, B(xy), 2wl 22) AMdu, dv)
+ Jo Ji Glu, v, E(xu), |2l 22) dBuw,

Tot = o

Ts0 = &s0

for every (s',t'), (s,t) € I x J, (s',t') =< (s,t). It is easy to check that taking:

(4.1)

Fi,Gy: I xJxQxL?— K'RY
with
Fl(svtawvn) = F(87t7w7 ETI? ||77||L2)

and
G1(57t7w77]> = G(Svt7w7 En7 HIOHL2)
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it follows that these set-valued mappings satisfy conditions (B1), (B2) and (B3). Let
C € K°(L?) be given. Let us define:
Fy(s,t,w,C) :=7co( U F(s,t,w, En, |n|lrz2)),

neC

and
Galsst,.C) = w0( U st B )

neC
Thus by Proposition 1, Theorem 3.3 can be applied for stochastic inclusion (4.1) gener-
ated by (F, G, &) and for set-valued stochastic equation (3.5) generated by (Fz, Ga, A)
with Fy, Gy as above and A : I x J — K?(L?) being a continuous mapping satisfying
(A4), and £ and A satisfying condition (B4). Also Corollaries 4.1, 4.2 and 4.3 are

valid in this case.

It is also worth to note that in a single-valued case stochastic inclusion (4.1)

reduces to the stochastic integral equation with expectations in the coefficients

s rt
(42)  w—Go =S+ &o= [ [ F00. B, |2l \du,dv)

s t
_I—/O /0 g(uvv>E(Iu,v)> ||Iu,v||L2)dBu,v~

Stochastic differential equations described by special forms of (4.2) can be found as
models in finance. For example they were used in the theory of term structure of

interest rates (see e.g. [16], [17], [12] and references therein).

Finally, let us note that the same methods we have presented in this paper can by
applied to the study of interrelations between solutions of stochastic inclusions and
solutions of set-valued stochastic equations in one parameter case. Therefore, one-
parameter counterparts of Theorem 3.3 and Corollaries 4.1, 4.2 and 4.3 hold true.

Moreover in this case the one-parameter counterpart of equation (4.2) has the form:

{ dwy = f(t, E(zy), || 2| p2)dt + g(t, E(x), ||| 2)d By

1’025.

Such equations have a wide range of applications. For example in [7] they were used
in wildlife models. In [29] similar equations were applied for modeling of dynamics of

stock prices (see also [24]).
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