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ABSTRACT. This paper deals with the practical stability problem for impulsive functional dif-
ferential systems with finite delays in terms of two measurements. Some sufficient conditions which
guarantee the uniformly asymptotically practical stability of the addressed systems are derived by
using Lyapunov functions and the Razumikhin technique. Finally, two examples are given to show

the effectiveness of the obtained results.
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1. INTRODUCTION

Recently, special interest was paid to the practical stability of differential sys-
tems arising in engineering, economics and neural networks, see [24, 25]. In fact, the
desired state of a system may be mathematically unstable and yet the system may
oscillate sufficiently near this state and its performance is acceptable. To deal with
such situations, the notion of practical stability is useful. Based on the theory of im-
pulsive differential systems, see [1-17], some results for practical stability of impulsive

differential systems were obtained in the literature, see [18-27].

For asymptotical stability, in the sense of Lyapunov, the domain of attraction
ho(to, zo) < &, where ¢ is related to €, may not be large enough to allow the desired
deviations to cancel out. However, asymptotically practical stability requires the
given domain of attraction hg (o, z9) < u to be independent of €. Hence, in practice,
asymptotically practical stability is more useful. In [21-26], the authors obtained
some results for practical stability of ordinary differential systems or impulsive sys-
tems. Unfortunately, there are only a few results concerning uniformly asymptotically

practical stability of impulsive functional differential systems. The purpose of this
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paper is to establish some criteria which guarantee uniformly asymptotically practi-
cal stability of impulsive functional differential systems by using Lyapunov functions
and the Razumikhin technique. This work is organized as follows. In Section 2, we
introduce some basic definitions and notations. In Section 3, the main results are

presented. In Section 4, two examples are discussed to illustrate the results.

2. PRELIMINARIES

Let R denote the set of real numbers, R, the set of nonnegative real numbers,
R™ the n-dimensional real space equipped with the Euclidean norm || - ||, and Z,
the set of positive integers. For any interval I C R, set C(I,R") = {¢ : [ — R |
¢ is continuous}, and PO(I,R") & {¢: [ — R™ | o(t*) = ¢(t) for t € I, p(t™) exists
for t € I, p(t7) = p(t) for all but the points ¢, € I}, (t*) and ¢(¢t7) denote the
left limit and right limit of function ¢(t), respectively. For ¢ € PC([—7,0],R"), the
norm of ¢ is defined by [|¢[| = sup_,<4<o|©(0)|, where —oo < —7 < 0. The impulse
times ty satisfy 0 < 3 <ty < -+ <t < - -, limp_ oty = +00. Let RF = [—7,00).

Consider the impulsive functional differential system:

x(t):f(tv'rt)u tZto,t%tk,kGZ_H
(2.1) Ax(ty) = Li(t;, =(ty)), ke Zy,
x(to + s) = (s), s € [—T,0],

where 0 <ty < t1, p € PC([-7,0],R"), f € C([tx, ty+1) x D, R™), f(£,0) =0, D is an
open set in PC([—7,0],R"). For each t > ty, ; € D is defined by z4(s) = z(t + s),
s € [-7,0]. For each k € Z;, I, € C([—7,00) x R",R"), I(t,0) = 0, and for any
p > 0, there exists a p; € (0, p) such that x € S(p,) implies that =+ I, € S(p), where
S(ip)=A{x:]z|<p,xeR"}.

In this paper, we assume that f and [ satisfy certain conditions such that the
solution of system (2.1) exists on [tg, +00) and is unique [22]. We denote by z(t) =
x(t, to, p) the solution of system (2.1) with initial value (to, ¢).

For convenience, we define the following classes of functions:
K ={w e C(R,,R,) : w is strictly increasing and w(0) = 0};
Ki={we CR.,R,):w(0)=0and w(s) >0 for s > 0};
Ky ={¢Y € C(Ry,R,) : 9 is increasing and ¢(s) < s for s > 0};
" = {heCR, x R R,): V¢ € R, inf, h(t,z) = 0};
" ={h e CR xR"R,):Vt e R inf,h(t,z) =0}.
ho(t, ;) = SUp_, <p<g ho(t +0,2,(0)), where hy € I'?, , € PC([~7,0],R"), t € R,.

In addition, we introduce some definitions as follows:

Definition 2.1 ([16]). The function V : [-7,00) x D — R, belongs to class vy if
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(i) V is continuous on each of the sets [tx_1,tx) XD, k € Z,, and B - ) V(t,p) =
V(ty, ) exists;
(ii) V/(t,2) is locally Lipschitzian in x and for all ¢ > ¢y, V(¢,0) = 0.

Definition 2.2 ([16]). Given a function V' € v, for any (¢,v¢) € [tx_1,tx) x D, the
upper right-hand Dini derivative of V (¢, z) along the solution of (2.1) is defined by

DTV (t,4(0)) = lim sup{V'(t + h, ¢ (0) + hf(t,4)) = V(t,4(0))}/h.

Definition 2.3 ([24, 25]). Given two constants u,v, 0 < u < v, and let hy € I'Z,
h € T™. Then, the impulsive functional differential system (2.1) with respect to (u,v)
is said to be

(S1) (ho, h)-practically stable, if given (u,v) with 0 < u < v, we have ho(to, zs,) < u
implies h(t, x(t)) < v, t > to for some ty € Ry;

(Sy) (ho, h)-uniformly practically stable if (S;) holds for every t, € R;

(S3) (ho, h)-asymptotically practically stable, if (S;) holds and for any ¢ > 0 there
exists T = T'(ty, €) > 0 such that hy(to, 2;,) < u implies h(t, z(t)) < €, t > to+T
for some ty € Ry;

(S4) (ho, h)-uniformly asymptotically practically stable if (S5) holds and the latter
part of (S3) holds for a constant 7' = T'(¢) > 0 only dependent on e.

3. MAIN RESULTS

Theorem 3.1. Assume that there exist functions o, 3, ¢,w € K, g € PC(Ry,Ry),
Y € Ky, V € vy such that

(i) 0 < u < v are given;

(i) ho € I, h € T™, h(t,z) < ¢(ho(t,x:)) whenever ho(t,z;) < u;
(iii) S(h(t, )) < V(t,x) < alho(t, x)) for (t,x) € [to — 7,00) x S(p);
) Ve, x(t) + Lty 2(8)) < OV, 2 (t));

) s)), s

PV (t,z(t))) > V(t+s,z(t+ € [-7,0], t € [tp_1,tx), k € Zy, implies that

(iv

(v
DTV (t,x(t) < g(t)w(V (¢t 2())),

where P(s) > 17Y(s), s > 0,
w(s) /t’“ w(s)

sup —— - sup g(s)ds + sup —= < 1,
s>0 S keZy Jty,_, s>0 S

and x(t) is a solution of system (2.1);

(vi) o(u) < v, a(u) <P(B(v)).

Then the system (2.1) with respect to (u,v) is (ho, h)-uniformly asymptotically prac-
tically stable.
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Proof. Let
1 —1
A& sup/ g(s)ds,nésupw—s),qé (supM> > 1.
k€Zy Jt,_y s>0 S s>0 S
Since ¢ € K,
-1
inf () >q
s>0 S

Then it follows from (v) that nA + ¢~! < 1, which implies that

@A+q_1§nfl+q_l<l, s> 0.

Thus
1 A
(e " S=q)

Now we show that Ing > 1 — ¢~ % Let F(t) =Int — (1 —¢'), ¢ > 1, and it can be
deduced that F'(t) = 5 > 0, F(1) = 0, and therefore, F(t) is nondecreasing. Thus
Ing>1—q ', ¢g>1.

For any ty > 0, let x(t) = z(t,to, ) be the solution of system (2.1) through
(to, ), where (t5,0) € Ry x PC([—7,0],R"), and h(to, z;,) < u. It suffices to show
that

s> 0.

h(t,z(t)) <v, t>t.
By conditions (ii) and (vi),
h(to, z(to)) < G(ho(to, 71,)) < B(u) < v.
Next we shall prove that
(3.1) V(t,z(t) < v Ha(u), tE€lto—T,+00).

For any t € [ty — T, o], there exists a s € [—7,0], such that ¢ =ty + s, and then from
the definition of Bo(t, xt), we know that for ¢t € [ty — 7, t¢]

ho(t, z(t)) = ho(to + s, x(to + 5)) = ho(to + 5, 24, (5)) < ho(to, Ty, ) < u.
Thus for all t € [ty — T, 2]
(32) V(t,z(t) < alho(t, z(t))) < a(ho(to, 1,)) < au) < ¥~ (a(u)).
Now we show that
(3.3) V(t,z(t) < v Ha(uw)),t € [to, t1).

If it does not hold, then there exists a r € [tg,t;), such that V(r,z(r)) > ¢~ (a(u)).
Let ro = inf{t : V(t,z(t)) > v (a(u)),t € [to,t1)}. Since V(tg, x(tg)) < v~ a(u)),
it is clear that

ry>ty,  V(ra,x(ra)) = ¢ (a(w)).
Let m =sup{t: V(t,z(t)) < a(u),t € [to,r2)}. Thus

V(ry,z(r)) = a(u),a(u) < V(t,zt) <y Ha(u), ter,mr)
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By (3.2), we obtain that for any ¢ € [ry, ro]
P(V(t,z(t) > v (V(t,2(t) > ¥~ a(w) > V(t+s,2(t +5)), s€[-7,0].

Using condition (v), the inequality DYV (¢, x(t)) < g(t)w(V (¢, z(t))) holds for all
t € [r1,72]. Hence we obtain

V(ra,z(r2)) ds T2 t1
(3.4) / —§/ g(t)dtﬁ/ g(t)dt < A.

V(r1,z(r1)) QJ(S) to

On the other hand,

/V(rz,m(rz)) ds /wl(a(u)) s
V(r,z(r1)) w(s) B alu) w(s)

which is a contradiction with the inequality (3.4) and thus (3.3) holds.

Then it follows from condition (iv) that
Vit a(ty) + Lt =(t)) < (VI 2(E))) < a(u).
Next, we claim that
(3.5) V(t,z(t) <v Ha(u), tEeEti,ts).

If this assertion is not true, then there exists a r € [t1, ), such that V(r,z(r)) >
v a(u)). Let ry = inf{t : V(t,z(t)) > ¥ a(u)),t € [t1,t2)}. Since V(t1,z(t1)) <
a(u) <Y~ a(u)), we have

Ty >t Vi(rg, x(ry)) = v au)).
Let r3 = sup{t : V(t,2(t)) < a(u),t € [t1,74)}. Thus
V(rs, 2(r3)) = a(u), a(u) < V(t,x(t) <o~ (a(u)), € [rz,ra].
Considering (3.2) and (3.4), we obtain for any ¢ € [rs, 74]

P(V(t,z(t)) > ¢ (V(t,2(t) 2 ¢ (a(u) 2 V(t +s,2(t +5)), s € [-7,0].
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Using condition (v), the inequality DYV (¢, x(t)) < g(t)w(V (¢, z(t))) holds for all
t € [rs,r4). Hence

Ay < Ul

A
<1

V(ra,a(ra)) g
< Sy 507
V(rs,z(rs)) W(S)

[ g(t)dt

< A

IN

which is a contradiction and thus (3.5) holds.
Then from (iv), we get
Vs, 2(ty) + Lty 2(ty)) < O(V(ty, 2(ty))) < alw).
Similarly, it can be deduced that
V(t,z(t)) <y Halu), tE [tats).
By simple induction, we can prove that
V(t,x(t) <y~ (alu) t € [t trar), k€ Zy,
and
V(trsr, 2(t) + Ten (G, 2(80)) < (Vg 2(t5,) < alu) < 7 (a(u).
It follows from condition (izi) and (vi) that
V(t,z(t) < v~ (a(u) < B(v),

hit, () < BTVt x(t) < B7(B) = v, t =t
This inequality implies that the system (2.1) with respect to (u,v) is (hg, h)-uniformly
practically stable.
Next, we show that the system (2.1) with respect to (u,v) is (hg, h)-uniformly

asymptotically practically stable. For any €, 0 < € < v, there exist numbers a =
a(e) >0, 0 < d < a, such that

P(s) >y~ (s) + a7 (s) +a> 47 (s +d), s € [Be), v (au))).

Let N = N(e) satisfy 8(e) + (N —1)d < ¢~ a(u)) < B(e) + Nd, and T = (N — 1)\,
where A > 1. We shall prove that

V(t,x(t) <o '(Ble), t>to+T.
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In order to do this, we first prove that there exists a T} > tg, such that
(3.6) V(Ty,z(T7)) < B(e) + (N — 1)d.

If (3.6) does not hold, then for any t > to, V(¢t,2(t)) > B(e) + (N — 1)d. Note that
for s € [—7,0]

P(V(t,xz(t)) > ¢ (V(t,z(t) +a>¢ " (B(e) + (N —1)d) +
> Y7H(B(e) + Nd) > ¢ Ha(u) > V(E+s,z(t+5)).

Thus
DTV (t,2(t) < g()w(V(t x(t))), t > to,

which implies that

(3.7) /t DV (s, 2(s)) < /t g(s)w(V (s, 2(5)))ds.

Suppose t € [t;,t111),1 € Z,, so from (3.7) and nA + ¢~! < 1, it can be derived that
t
V(t,z(t)) < V(to,x(to)) +/ g(s)w(V (s, z(s)))ds
to
+ Y Vit a(t) = Vit (b))

to<tp<t

ti+1

+Z/ L z(s)))ds
+ > WVt () = V(g x(ty)]

IA

< v a(w) +w<w-1<a<u>>>i / " g(o)d
+t0§<tV(t,§,x(t,§) ¢é(( x((';;)-u
< w7 a() + ol @)+ DA+ o) bup Y -1
< oot + o ey 2 s a1 el -

v () + v (@l)n(l+ DA+ 7 a)g ™ — 1
v a(w) + v ()l (nA+ 7 = 1) + v (a(w)nA

—00, as | — 400,

IN A

!

which is a contradiction. Thus, there exists a T} > t¢, such that (3.6) holds.

Next we prove that

(3.8) V(t,x2(t)) < Y B(e) + (N —1)d), t>T.



628 C. LIU, X. LI, AND D. O'REGAN
Let m = min{m € Z, : t,, > 11}, and we show that
(3.9) V(t,z(t)) < ¢~ (B(e) + (N = 1)d), t € [T1,tn).
If (3.9) does not hold, then there is a r € [T}, 1,,) such that
V(r,a(r)) > 47 (B(e) + (N = 1)d).
Let r* = inf{t : V(t,z(t)) > ¥~ (B(e) + (N — 1)d),t € [T3,t,)}. Since
V(Th, 2(Th)) < Ble) + (N = 1)d <97 (8(e) + (N = 1)d),
we have
r* >, Vs, 2(r*)) = v 1 (B(e) + (N — 1)d).
Let 7 =sup{t: V(t,z(t)) < B(e) + (N —1)d,t € [T},7*)}. Note
V(r*,z(rt)) = ¢~ (B(e) + (N = 1)d) > B(e) + (N — 1)d.
Thus
r<r*, V(rz(r) = pF()+ (N —1)d,
Ble) + (N = 1)d < V(t,x(t)) < ¢~ (B(e) + (N = 1)d), tel[r,r].
Thus for any ¢ € [, 1]
P(V(t,z(t) > v (V(t2(t) +a >~ (8(e) +
>y (B(e) + Nd) = 47 a(u)) 2V
Using condition (v), the inequality DTV (¢, z(t)) < g(t)w(V(t,x(t))) holds for all

t € [r,r*]. Hence we obtain

—1)d) +
t+s,z(t+s)), se[-70].

/\/_\

A A Y1 (Ble) + (N —1)d)
<
A<1_ —Ing < 1_q_lln (e) ( ~ 1y
A /w HHOHN-1) g
1= Jsorv-na) 5

V(r*z(r*

) ds
viary @)
/ T g(t)dt
A

which is a contradiction and thus (3.9) holds.

IA

<

Then from condition (iv), we get

Vitm, 2(t) + I (b, 2(t,,))) S O(V (2, 2(8,)) < Be) + (N = 1)d.

Similarly, it can be deduced that
V(t,z(t)) < ¢ (B(e) + (N = 1)d), € [tm, tms)-
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By simple induction, one may derive that
Vt,z(t)) < HB(e) + (N —1)d), tE€E [tp,trp1), k>m,
and

Vit a(tr) + Dot 2(t,0)) < 00V (s (t5,))) < B(6) + (N = 1)d.
Thus (3.8) holds.
Now we prove that there exists a T, > T} + A7, A > 1, such that

(3.10) V(13,2(T2)) < f(e) + (N — 2)d.

If (3.10) does not hold, then for any ¢t > T7 + A7, V (¢, x2(t)) > B(e) + (N — 2)d. Note
that for s € [—7,0]

P(V(t,z(t)) > 7 (V(ta(t) +a= ¢~ (Be) + (N = 2)d) +a
> N (Be) + (N —1)d) > V(t+s,z(t + 5)).
Hence, it follows from condition (v) that
DYV (t,z(t)) < g)w(V(t,z(t)), t>T)+ AT,

which implies that
t

(3.11) /T | DW(sa(s) < / o(s)w(V (s, 2(5)))ds.

Ty +AT
Suppose T1 + AT € [ta_1,t3), 0 € Zy, t € [tayi—1,tasi), @ € Z, so from (3.11) and

nA+q~! < 1, it can be derived that
t

V(t,x(t)) < V(Th+ M1, z(Ty + A1) +/T+)\ g(s)w(V (s, x(s)))ds

+ ) Vit a(t) = Vg, 2(t)]
ThiHAT<tp <t

Hat)+ Y [ geulVis.a(s))as

=0

IA

Y BV ) - V(G2 ()]
ThHAT<tp <t

v @)+ et a@) Y [ glois
vVt a(t7)
Vo (t,)

VAN

+ Y Vit aty))l

ThiHAT<tp <t

_1]

IA
<
£}
£
+
£
<
£}
£
~
_I_
=
a~
_I_
~
§
£}
£
7N
=
e}
|

=

IA
<
£}
£
+

%
£}
£
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v () + ¥ @)l + DA+ i (aw) g — 1]
N a() + v a@)i(nA+ g7 = 1) + ¥ a(w)nA,

—00,as | — +00,

IA A

}

which is a contradiction. Therefore, there exists a T > T} + A7 such that (3.10)
holds. Next we shall show that

(3.12) V(t,z(t) <o (Ble) + (N —2)d), t>Tb.

Let n = min{n € Z, : t, > T}, and we claim that

(3.13) V(t,x(t) <y HB(e) + (N —2)d), t€ [Ty ty).

If (3.13) does not hold, then there is a 7 € [Tb,t,,) such that
V(t,x(t) > 7 (B(e) + (N — 2)d).

Let 7 = inf{t : V(t,z(t)) > ¥~ (B(€) + (N — 2)d),t € [Ty, t,)}. Since V(Ty, x(Ty)) <
€) + (N — 2)d, we have

7> T, V(F,x(r) =~ (B(e) + (N — 2)d).
Let 7 =sup{t: V(¢t,z(t)) < B(e) + (N — 2)d, t € [T5,7)}. Note
V(F,2(F)) = ¢~ (B(e) + (N = 2)d) > B(e) + (N — 2)d.
Thus
T <7 V(7 x(F) = B(e) + (N — 2)d,
Ble) + (N —2)d < V(t,z(t) < ¢~ (B(e) + (N = 2)d), t€[F7].
Thus for any ¢ € [F, 7]
P(V(t,z(t)) > v (V(t,a(1) +a = (Be) + (N —2)d) +a
> Y B(e) + (N —1)d) > V(t+s,2(t+s)), s€[-,0]
Using condition (v), the inequality DYV (¢, z(t)) < g(t)w(V (¢, z(t))) holds for all

t € [7,7]. Hence we obtain

A4 a(w)

A
A< l <
TS T W)
A /¢1(a(U)) ds
< —_
L—=q7" Ja) s

VEa®) gy,

< -
/V(F,:c(f)) w(u)

/:g(t)dt

< A

IN

Y

which is a contradiction and thus (3.13) holds.
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Then from condition (iv), we obtain

Vtn, x(t,) + In(t,, 2(t,))) < V(L 2(t,))) < B(e) + (N —2)d.

Similarly, we have

V(t,x(t) <o (B(e) + (N = 2)d),  t€ [tn, tusa).

By simple induction, one may derive that
V(t,z(t) <y (B(e) + (N = 2)d), tE€[trten), k=n,

and

Vit a(tp) + It (s (i) < OV (0 2(tr,)) < B@) + (N = 2)d).

Thus (3.12) holds. Similarly, we can prove that there exists a T3 > Ty + A1, A > 1,
such that

V(13,2(T3)) < B(e) + (N = 3)d,
and
V(t,z(t)) <o (B(e) + (N = 3)d), t =T
By simple induction, we can prove, in general, that
V(Ty,2(13)) < B(e) + (N — j)d,
and
Vit x(t) <o (Ble)+ (N —j)d), t>T,, j=12,...N.

Therefore, when choosing j = N, we obtain

V(t,a(t) <y '(Be), t>Tw,

where Ty >ty + (N — 1)A7. Therefore

ht,x(t)) < B~ (7 (B(e), t>to+T,

where T'= (N — 1)Ar.
The proof is complete. O

Theorem 3.2. Assume that there exist functions a, 3,¢ € K, w € C(R.,R,), P €
K.,V € vy such that

(i) 0 < u < v are given;
(11) ho €T, h e T, h(t,x) < ¢(ho(t, ;) whenever ho(t, z;) < u;
i) S(h(t, ))<V(tif) a(ho(t,x)) for (t,x) € [to — 7,00) X 5(p);
) V(te, o(t) + In(ty, 2(8;)) < L+ BV (, x(ty)), where B 2 0,3 57 Br < 00;
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(v) P(V(t,z(t))) > V(t+ s,xz(t+s)), s € [-7,0], t € [tk_1, tx), k € Z, implies
that
with P(s) > Ms, s >0, M = [];2,(1 + k) < oo, where z(t) is a solution of
system (2.1);

(vi) ¢(u) <v, Ma(u) < B(v).

Then the system (2.1) with respect to (u,v) is (ho, h)-uniformly asymptotically prac-

tically stable.

Proof. For any ty > 0, let x(t) = x(¢,t9,¢) be the solution of system (2.1) through
(to, ), where (t5, ) € Ry x PC([—7,0],R"), and ho(to, z;,) < u. It suffices to show
that

h(t,x(t)) <wv, t>t.

By conditions (ii) and (vi),

h(to, (to)) < @(holto, 7)) < d(u) < v.
Next we prove that

V(t,z(t)) < Ma(u), tE€ [ty—T,+00).

noindent For any t € [ty — 7, ], there exists a s € [—7,0], such that t = ¢, + s, and
then from the definition of ho(t, x;), we know that for t € [ty — T, o]

ho(t,x(t)) = ho(to + S,LL’(tQ + S)) = ho(to + s, xto(s)) < };0(150, fL’tO) < u.
Thus for all ¢ € [ty — 7, %]

V(t,z(t)) < alho(t,z(t))) < alho(to, zy)) < a(u) < Ma(u).
In particular,
V(to, z(to)) < a(u) < Ma(u).
Now, we show that
(3.14) V(t,z(t) < alu), tEe [ty tr).
If it does not hold, then there exists a r € [ty, 1), such that
V(r,z(r)) > a(u).

Let ri = inf{t : V(t,2(t)) > a(u),t € [to,t1)}. Since V(tg,z(ty)) < a(u), it is clear
that
ry > to, V(ry, z(r)) = a(u), DTV (ry, z(r)) > 0.

Thus for s € [—7,0]
PV (ry,x(r1))) > MV (ri,x(r1)) > a(u) > V(ry + s, 2(r + 5)).
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By condition (v), we have that
D¥(V(ry, z(r))) < —w(V(ri, 2(r))) <0,

which is a contradiction. Thus (3.14) holds. From (3.14) and condition (iii), we

obtain
Vit z(th)) < (L+ SOV 2(t7)) < (1+ Br)a(u).
Next, we show that
(3.15) V(t,z(t) < (14 B1)a(u), tE€ [t,ts).
If this assertion is not true, then there exists a r € [t,t2), such that
Vir,z(r)) > (1 + 61)a(u).

Let 7o = inf{t : V(¢t,z(t)) > (1 + B1)a(u),t € [t1,t2)}. Since V(t1,2(t1)) < (1 +
B1)a(u), we get

re > t1,V(re,z(r2)) = (14 f1)a(u), DYV (re, x(r)) > 0.

Thus for s € [—7, 0]

P(V(re,x(r2))) > MV (12, 2(r2)) > (1 + fr)a(u) > V(rg + s, z(r2 + 5)).
By condition (v), we have that

DY (V(ry, z(r2))) < —w(V(rqe, x(r2))) <0,

which is a contradiction. Thus (3.15) holds.

Considering (3.15) and condition (iii), it can be deduced that

V(ta, 2(t2)) < (1 + B2)V(t5, 2(ty)) < (1+ i) (1 + B2)ev(w).
By simple induction, we have that
V(t,z(t) < (1+ )1+ B2) -+ (L + Br)a(u), € [ty tryr), k€ Zy,
which, together with (3.14) yields
Vt,z(t) < Ma(u) < B(v), t>to.
Therefore from condition (iii), we have that
Wt z(t) <v, t>t

Thus the system (2.1) with respect to (u,v) is (hg, h)-uniformly practically stable.
Next, we show that the system (2.1) with respect to (u,v) is (hg, h)-uniformly

asymptotically practically stable. For any €, 0 < € < v, there exists number d =
d(e) > 0 such that

P(s)> Ms+d, sc¢€ {%,Ma(u)] :
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Let N = N(e) be the smallest integer such that

B(e) + Nd

o 2 Mea(w),

and

v = inf w(s), h:max{

%SsﬁM&(u)

Moa(u)(1+ M) }

77— Y
v

where M =377 Bx. Let T'=T(e) = (2N — 1)h, and we shall prove that

V(t,x(t) < B(e), t>to+T.
To this end, we first prove that
(3.16) Vt,z(t) <ple)+ (N —=1)d, t>ty+h.

In fact, when t € [ty,ty + h], there exists a r € [, tme1) C [to, to + h], m € Zy, such
that
Ble) + (N —1)d
i .
If (3.17) does not hold, it is clear that for any ¢ € [to, o + A

Ble) + (N —1)d

(3.17) V(r,a(r)) <

V(t,z(t) > = ,
% < V(t,z(t)) < Ma(u).

Thus for s € [—7,0]

P(V(t,z(t)) > MV(t,z(t)) +d> [B(e) + (N —1)d+d = ((e) + Nd
> Ma(u) > V(t+s,2(t+3)).

It follows from condition (v) that
DV (t,x(t)) < —w(V(t,z(t)) < —v, tE€ [to,to+ h],

which implies that

t t
/ DV (s, z(s)) < / —vds, t € [to,to + h.
to to
Consequently, for ¢ € [to, to + h]

V(ta(t) < Vitoa(to) + Y [Vt a(t) = Vtg ()] =7t - to)

to<t <t
< Ma(u)+ Y BVt (t;) — At = to).
to<tp<t

< Moa(u) + MMa(u) —~(t — to).

In particular,

V(to+ h,z(to + h)) < Ma(u)(1+ M) —~vh <0,
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which is a contradiction. Hence when t € [to, tg + h|, there exists a r € [t,,, tmi1) C
[to,to + h],m € Z, such that

B(e) + (N — l)d.

Vir,z(r)) < 7

Then, we claim that

Ble) + (N —1)d
i , tE[r tmer).

If (3.18) does not hold, there exists a 7 € [r, t;,11), such that

ple) + (N - 1)d
7 :

Let 7 = inf{t : V(t,x(t)) > BN 4 e [ 4 )}, Since

ple) + (N - 1d
i ,

(3.18) V(t, (1) <

V(7 z(r)) >

V(r,z(r)) <

we have that

ple) + (N - 1d
M )

Noting that 2 < V(7 2(7)) < Ma(u), thus for s € [, 0]

F>r, V(FxF) = D*(V (7, z(F))) > 0.

P(V(f,x(f))) > MV(F,2(F) +d = B(e) + (N —1)d+d = B(e) + Nd
> Ma(u) > V(7 + s,z(7 + 5)).
It follows from condition (v) that
DY (V (7, z(7))) < —w(V(F,z(F))) <0,
which is a contradiction. Thus (3.18) holds.

Considering (3.18) and condition (iii), it can be deduced that

Be) + (N — 1)d

Vitmir, 2(tmi1)) < (U4 Bngn)V (G, 2(40)) < (1 Bnga) A

Similarly, we may show

ple) + (N - 1d

V(t, $(t)) S (1 =+ 6m+1) M )

t € [tms1stme2),

and

Vitmia, 2(tmi2)) < (140mi2) V(L e, 2(t10)) < (1+ﬁm+2)(1+ﬁm+1)6(6) +](\]4V — L4

By simple induction, we can prove in general that

Ble) + (N —1)d
M

Vit (0) < [J0+ B

S ﬁ(E) + (N - 1)d> te [tm+i>tm+i+1)> 1€ Z-i-'

Thus, (3.16) holds.
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Next, we prove that
(3.19) V(t,xz(t)) < Be) + (N —2)d, t>ty+3h.
In fact, when ¢ € [ty + 2h, to + 3h], there exists a 7 € [t,, tny1) C [to + 2h,to + 3R],
n € Z., such that
ple) + (N —2)d
i :
If (3.20) does not hold, then for any t € [ty + 2h,to + 3h]

B(e) + (N —2)d

(3.20) V(r,x(r)) <

V(t,z(t)) > i ’
% < V(t,2(t)) < Ma(w),

and thus for s € [—T, 0]
P(V(t,x(t) > MV(t,z(t)) +d > B(e) + (N —2)d+d > f(e) + (N —1)d
> V(t+s,z(t+s)).

By condition (v), we have that
DV (t,z(t)) < —w(V(t,x(t)) < —v, € [to+ 2h,to+ 3h],

which implies that

t t

DtV (s, z(s)) < / —vds, t € [to+ 2h,ty + 3h).

to+2h to+2h

Therefore for any t € [ty + 2h, to + 3h]
Vt,z(t) < Vltosa(to) + D [V(tka(ty) =Vt z(tp))] =2t —to — 2h)

to+2h<ty <t

< Mo+ S BVt elt) -t — to - 20)

to+2h<t) <t

< Ma(u) + MMa(u) — y(t —ty — 2h).
In particular,
V(to + 3h, z(to + 3h)) < Ma(u)(1+ M) —vh <0,
which is a contradiction. Hence when t € [ty + 2h,ty + 3h], there exists a 7 €

[tn, tns1) C [to + 2h,to + 3h],n € Z,, such that

Ble) + (N —2)d
i .
Similarly, we can prove that (3.19) holds. By simple induction we have that

V(r, x(F)) <

V(t,x(t)) < Ble) + (N —i)d,t > tg+ (2i —1)h, i=1,2,---,N.
Therefore, when choosing i = N, we obtain

V(t,z(t) < B(e), t=to+T.
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From condition (iii), we have that

h(t,z(t)) <e, t>tg+T.

The proof is complete. O

4. APPLICATIONS

The following illustrative examples will demonstrate the effectiveness of our re-

sults.

Example 4.1. Consider the following impulsive functional differential system:

i(t) = t)+f” x(s)ds, t>to,t#ty, k€ Zy,
(4.1) o(ty) = ( k) ke,
x(to + s) = (s), s € [—,0],

where ¢ < 1, a € C(R;,R,), b € C(R,R), 7(t) € C([to, +o0), [0,7]), T is a nonnega-

tive constant. For convenience, we consider ho(z) = h(z) = ||z||.

Property 4.1. Given constants u, v satisfying © < qv, and a constant A > %. Then
the system (4.1) with respect to (u,v) is (ho, h)-uniformly asymptotically practically
stable if

tg
sup / g(s)ds <1 —gq,

keZy te_1

where g(t) = a(t) + A ftt_T b(s)ds.

Proof. Choose V (t,x(t)) = ||z(t)||, where z(t) is a solution of system (4.1). Let
a(s) = f(s) = s, P(s) = As, w(s) = s, ¥(s) = gs, s > 0, and then

DYV (t,z(t)) = ||a(t)x(t)+/t_ . b(s)z(s)ds||

IN

a(t)||=(8)]] +/t_ 1b(s)2(s)[|ds

IA

a(t)V(th(t)H/t_ 1o(s)[[V (s, z(s))ds

IN

at)V (¢, (1)) + /t_ 1b(s) |12V (2, 2(t)))ds
= a(t)V(t,z(t) + /t_ 1B(s) IV (£, 2(t))ds

= (a(t) + A /t_ [6(s) s )V (£, ()
= 9wV (t, 2(1))).

By Theorem 3.1, the above property can be easily derived. O
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Remark 4.1. It can be found that the system (4.1) is not asymptotically stable
without impulsive effects. However, under the impulsive control, the system (4.1) can
be asymptotically practically stable. Thus, our results are more useful and effective

in practice.
Example 4.2. Consider the following impulsive functional differential system:

;

t(t) = —cos(t)y(t) + sin(t)z(t — 1), t>to,t #tp, k € Zy,

(4.2) §(t) = cos(t)x(t) +sin(By(t—7), ¢ to,t £ty k € Zs,
(te) = qo(ty), ke,
Ly (te) = qy(ty,), keZ.,

where ¢ < 1, 7 is a nonnegative constant. For convenience, we consider ho(x,y) =
h(z,y) = 2%+ y*.

Property 4.2. We have given constants u,v satisfying u < qu, and a constant
A > %. Then the system (4.1) with respect to (u, v) is (ho, h)-uniformly asymptotically
practically stable if

(1+A) ig%?f{tk — 1} <1l-—gq.

Proof. Choose V(x(t),y(t)) = z%(t) + y*(t), where (x(t),y(t)) is a solution of system
(4.2). Let a(s) = B(s) = s, P(s) = As, w(s) = (L + N)s, ¥(s) = ¢s, s > 0, and then

DYV (t,x(t)) = 255(15) 0(t) + 2y(t)y(t)
= 2x(t ( — cos(t)y(t) + sin(t)x(t — 7'))

+2y<t>(cos< Ja(t) +sin(t)y(t 7))
= 2sin(t)x(t)x(t — 7‘) + 2sin(t)y(t)y(t — 1)

= sin(t) («(1) +x<t—7>+y2<t—7>)
— sin (wx + V(a(t =)yt - 7))
< |smt>||(v:zt>, )+ AV (a(0) y(t)))
= [Isin(®) (1 + NV (2(t), y(®))

= gVt 2(1),

where g(t) = || sin(t)|], w(V(t,z(t))) = (1 + N)V(x(t),y(t)). By Theorem 3.1, the

above property can be easily derived. O
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