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ABSTRACT. Initial boundary value problems for nonlinear first order partial functional differen-
tial equations are transformed by discretization in space variables into systems of ordinary functional
differential equations. A method of quasi linearization is adopted. Sufficient conditions for the con-
vergence of the method of lines and error estimates for approximate solutions are presented. The
proof of the stability of the differential difference problems is based on a comparison technique. Non-
linear estimates of the Perron type with respect to the functional variable for given functions are
used. Results obtained in the paper can be applied to differential integral problems and equations

with deviated variables.
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1. Introduction

We are interested in establishing a method of approximation of solutions to first
order partial functional differential equations with solutions of associated systems of
ordinary functional differential equations and in estimating of the difference between
the exact and approximate solutions. We investigate the question of under what con-
ditions solutions of ordinary functional differential equations tend to a solutions of the
original problem when a step size tends to zero. The systems of ordinary functional
differential equations mentioned above are obtained in the paper by using a discretiza-
tion in spatial variables of original problems, and they are called differential difference
systems or method of lines. The advantage of the method of lines is that it allows
to solve the problems for partial differential equations (often quite complicated) by
using the general-purpose methods and software that have been developed for numer-
ically integrating ordinary differential equations. It is easy to construct a differential
difference system which satisfies consistency conditions with respect to the original
problem on sufficiently regular solutions. The main question in these consideration
is to find sufficient conditions for the stability of the method of lines. The method of
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differential inequalities and comparison techniques are used in investigations of the
stability. There is an ample literature on the method of lines. The monographs [10],
[12], [21], [23], [24], [28] contain a large bibliography on theoretical investigations
and applications. The papers [5], [16] initiated a theory of the numerical method of
lines for functional differential equations. Nonlinear parabolic functional differential
equations with initial boundary value conditions were investigated in [15], [19], [29].
Results concerning the stability of the method of lines were obtained in these pa-
pers by using a comparison technique. The papers [1], [2], [6], [7], [14], [30] concern
equations with first order partial derivatives. Initial problems with solutions defined
on the Haar pyramid and initial boundary value problems were considered. Error
estimates implying the convergence of the method are obtained by using a method of
differential inequalities. It is assumed that given operators satisfy nonlinear estimates
of the Perron type with respect to functional variables. The monograph [13] contains
an exposition of the method of lines for hyperbolic functional differential problems.
The method is also treated as a tool for proving existence theorems for differential
problems corresponding to parabolic equations [22], [24]-[26] or hyperbolic problems
31, [4], 9], [18], [20].

The aim of the paper is to construct a method of lines for nonlinear first order
partial functional differential equations with initial boundary conditions. Our results
are based on the following idea. The original problem is transformed into a system
of quasilinear functional differential equations for an unknown function and for their
partial derivatives with respect to spatial variables. The numerical method of lines
is constructed for systems such obtained. All the results on the numerical method
of lines given in [1], [2], [5]-[7], [14], [15], [29], [30] have the following property. The
authors have assumed that given operators satisfy the Lipschitz condition or satisfy
nonlinear estimates of the Perron type with respect to functional variables and these
conditions are global with respect to all variables. Our assumptions on regularity
of given functions are more general. We assume nonlinear estimates of the Perron
type and suitable inequalities are local with respect to functional variables. It is clear
that there are differential equations with deviated variables and differential integral
equations such that local estimates of the Perron type hold and global inequalities are
not satisfied We use in the paper general ideas for functional differential equations

and inequalities which were introduced in [13], [27].

We formulate our functional differential problems. For any metric spaces X and
Y we denote by C(X,Y) the class of all continuous functions from X into Y. We use
vectorial inequalities with the understanding that the same inequalities hold between
their corresponding components. Write £ = [0,a] x [=b,b], Ey = [—bo, 0] x [—b, ]
where a > 0, by € Ry, Ry =[0,400), b= (b,...,b,) € R"and b; > 0 for 1 <i < n.
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For (t,x) € E we define
Dlt,z] ={(r,s) e R"": 7 <0, (t+71,0+5) € EyUE}.
It is clear that D[t,z] = [-by —t,0] x [-b — x,b — z|. For a function z: EyUE — R
and for a point (t,2) € E we define a function z4) : D[t,z] — R by
242y (T,8) = 2(t+ 1,2+ 5), (1,s) € D[t,x].

Then 2 ) is the restriction of z to the set (EyUE)N([—bo,t] xR™) and this restriction
is shifted to the set D[t, x].

Write B = [—by — a,0] x [-2b,2b]. Then DIt,z] C B for (t,z) € E. The
maximum norm in C'(B,R) will be denoted by || - ||5. Suppose that ¢q : [0,a] — R
and ¢ : B — R", ¢ = (¢1,...,0,), are given functions. The requirements on ¢, and
¢ are that 0 < ¢o(t) < t for t € [0,a] and ¢(t,xz) € [=b,b] for (t,z) € E. Write
o(t, ) = (do(t), ¢(t, x)) for (t,z) € E.

Suppose that = C R” is an open and bounded domain and £ C =. Set

Q=ZxC(B,R) x C(B,R) xR", 0yE =10,a] x ([-b,b] \ (—b,b)),

and suppose that F': Q — R, ¢ : Ey U JdyE — R are given functions. Let z be an
unknown function of the variables (¢, ), z = (x1, ..., x,). We consider the functional

differential equation
(11) atz(t> [L’) = F(ta T, Z(t,x)s Zp(t,z)s 8x'z(ta ZL’))
with the initial boundary condition
(1.2) 2(t,z) = (t,z) on Ey U E,
where 0,2 = (04,2, . .., Ox, 2).

We will say that F' satisfies condition (V') if for each (¢,z,q) € = x R"™ and for v,
w, U, w € C(B, R) such that v(r,s) = 0(r, s) for (7,s) € D[t,z] and w(T, s) = W(T, )
for (1,s) € D[p(t,z)] we have F(t,z,v,w,q) = F(t,z,0,w,q). Condition (V') means
that the value of F' at (¢,z,v,w,q) € 2 depends on (t,x,q) and on the restrictions of
v and w to the sets D[t,z| and D|p(t,z)] only. We assume that F satisfies condition

(V) and we consider classical solutions of (1.1), (1.2).

Sufficient conditions for the existence and uniqueness of classical or generalized

solutions to initial boundary value problems can be found in [8] and [13], Chapter 5.

We give examples of functional differential equations which can be obtained from
(1) by specializing given functions. Suppose that G : = x R? x R® — R and

Q90a Yo ¢ [O,CL] - R) (191’"'71971)7 (717"'7771) £ —R"
are given functions. Write

It ) = (9o(t),01(t ), . ... u(t.2)) and (£ ) = (o(t), 1 (t2), . . (t, T)).
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We assume that 0 < Jy(t) <t and 0 < yy(t) <t for t € [0,a] and I(t,x), y(t,x) € £
for (t,x) € E. Then ¥(t,x) — (t,z) € B and ~(t,z) — (t,x) € B for (t,z) € E.
Consider the operator F' defined by

'Y(tﬁv)_(t’w)
(1.3) F(t,x,v,w,q):G(t,x, /ﬂ(t . u(T, s)dsdT,w(0,0[n}),q) on (2,

where O, = (0,...,0) € R™. Then (1.1) is equivalent to the functional differential
equation

(t,z)
(1.4) Opz(t,x) = G(t,x,/ (7, s)dsdr, z(p(t, x)), 0p2(t, z)).

I(t,x)

For the above G we put

(1.5) F(t,z,v,w,q) = G(t,z,v(0,04),w(0,0p),q) on .

Then (1.1) reduces to the differential equation with deviated variables

(1.6) Oz(t,x) = G(t, x, 2(t,x), 2(p(t, x)), 02(t, x)).

Note that F' given by (1.3) and F' defined by (1.5) satisfy condition (V). It is clear

that more complicated examples can be obtained from (1.1) by specializing F' and ¢.

2. Differential difference problems

We will be denote by N and Z the sets of natural numbers and integers respec-
tively. Let M, , be the class of all n x n matrices with real elements. If W € M,,..,
then W7 is the transpose matrix. For 2,y € R", . = (z1,...,2n), ¥y = (Y1, -, Yn),
and W € Myxpn, W = [wi;]; j=1

.....

ToY = (zlyla s >$nyn) € Rn? roy = szyw ||Zl§'|| = Z |$Z|a
i=1 i=1

[2|0o = max {|z;| : 1 < i <n}, ||[W|pxn = max {Z lwij| 11 <i < n} :
j=1
We denote by C'L(B,R) the set of all linear and continuous real functions defined
on C(B,R) and by || - ||+ the norm in CL(B,R) generated by the maximum norm in

C(B,R). Write
A ={t,x) e E:x;=b}, A; ={(t,z) EFE:z;=-b}, i=1,...,n.

7

Suppose that ¢ € C(EyUdyE,R). Let us denote by U, the set of all z € C(EyUE, R)
such that z(t,z) = ¥(t,x) on Eqg U 0yE. The following assumptions on F', ¢, 1 are
needed in our considerations.

Assumption H[p]. The functions ¢, : [0,a] — Rand ¢ : E — R", ¢ = (¢4, ..., dn),

are continuous and

1) 0 < ¢o(t) <t fortel0,a] and ¢(t,z) = (¢po(t), ¢(t,z)) € E for (t,z) € E,
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.....

Q@ € R, is defined by the relation: ||0,¢(t, x)||nxn < @ on E.

Assumption H[F,|. The function F' : Q — R of the variables (¢, z,v,w,q), ¢ =
(q1,---,qn), satisfies condition (V') and

1) F e C(2,R) and the partial derivatives (0, F, ..., 0y, F)O0.F, (0.F,0,F,...,
Oy, F) = O,F exist on Q and 0, F, 9,F € C(Q,R"),

2) there exist the Fréchet derivatives 0,F(P), 0,F(P) and 0,F(P), 0,F(P) €
CL(B,R) for P = (t,z,v,w,q) € £,

3) there is & € (—=b,b), T = (Z1,...,Zn), such that

(2.1) (x—=2)00,F(t,x,v,w,q) > O for (t,z,q) € OE xR", v,w e C(B,R),

where Op,) = (0,...,0) € R,
4) for each x € [—b, b] the the function

sign 0, F' (-, x,) : [0,a] x C(B,R) x C(B,R) x R" — R"
is constant, where
sign 0, F' (-, x,-) = (sign Op F(-,x,-),...,sign 0, F (-, x, )),
5) ¢ : EgUJyE — R is of class C! and for z, Z € U, we have
F(t, 2, 2(t0), Zpt0): 4) = F(t, 2, Z40), Zpt0), ¢) for (t,z,q) € E x R",

6) the function x : OgE — R"™, x = (x1, .-, Xn), satisfies the conditions:
(i) for (t,z) € AJ UA; we have

(2.2 Xt ) = 0, (t,2) for j#i
and
(2.3) Dt x) = F(t, T, 2ty 2oy I, x))
where z € Uy, and
I0,(t, z) = <8x1(t, )y O (6 2), Xi(ty @), By (6, 2), - O (2, x)),
(ii) v € C(BE,R™).

Suppose that Assumption H[F,v] is satisfied. Let ¥ : Ey U OoF — R, ¥ =
(¥y,...,¥,), be defined by

(2.4) U(t,z) = 0.(t,x) on Ey and V(t,z) = x(t,z) on OyE.

We give comments on Assumption H[F,].
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Remark 2.1. If we assume that
(2.5) (x — &) 0 0gF(t,z,v,w,q) > O on €,

then condition 4) of Assumption H[F, ] is satisfied. Assumption (2.5) is typical in
theorems on the method of lines for Hamilton Jacobi functional differential equations,
see [1]7 [2]7 [5]7[7]7 [14]7 [30]

Remark 2.2. Relations 5) and 6) of Assumption H[F, ¢] are called the compatibility
conditions for (1.1), (1.2). Formulas (2.2), (2.3) can be considered as the definitions
of x.

The above compatibility conditions appear in the theorem on the existence and

uniqueness of solutions of (1.1), (1.2).

Two types of assumptions are needed in theorems on the existence and uniqueness
of classical or generalized solutions for (1.1), (1.2). The first type conditions deal with
the regularity of given functions. It is assumed in a theorem on the uniqueness of
solutions that F' is continuous on and it satisfies nonlinear estimates of Perron type
with respect to the functional variables. The assumption of the second type are
connected with the theory of bicharacteristics and condition (2.1) is needed. Suppose
that z € C(Ey U E,R) and u € C(Ey U E,R"). Let us denote by g|z, u|(-,¢,x) the
solution of the Cauchy problem

W(T) = —8qF(T,w(T), 2(r(r))> z@(W(T)),u(T,w(T))), w(t) =z,

where (t,z) € E. The function g[z,ul(-,t,z) = (g1[z,u](-,t,2),. .., gnlz, ul(-, t, 2))
is the bicharacteristic of (1.1) corresponding to (z,u). Condition (2.1) states that
the function g;[z,u(-,t,x) is non decreasing if (¢,2) € A;and it is non increasing
if (t,7) € A |, where 1 < i < n. The uniqueness condition is a consequence of a
comparison theorem for functional differential inequalities (see [13], Chapter V) and
condition (2.1) is needed in these considerations.

The existence theory of classical or generalized solutions for (1.1), (1.2) is based
on the method of bicharacteristics. If Assumptions H|[p], H|[F, 1] are satisfied and
the functions 0,F, 0,F, 0,F, 0,F satisfy the Lipschitz condition with respect to
(x,v,w,q) then under natural assumptions on there exists a solution of (1.1), (1.2).
The solution is local with respect to t. Conditions (2.1), (2.5) are important in this
result.

Thus we see that Assumption H[F, ] is natural in the theory of initial boundary
value problems (1.1), (1.2).

Remark 2.3. Suppose that F'is given by (1.3). Then (1.1) reduces to (1.4). If we
assume that 9, v, ¢ satisfy the conditions

792(1; LE) == bi7 fyz(tf]:) = bi7 ¢Z(t7x> = bl fOI' (t7 'I) € A:—,
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Vi(t,x) = —b;, vi(t,x) = —=b;, ¢i(t,x) = —b; for (t,z) € A7,
where 1 < i < n, then condition 5) of Assumption H[F, ] is satisfied.
Suppose that F'is given by (1.5). Then (1.1) is equivalent to (1.6). If we assume
that
oi(t,x) =b; for (t,x) € AF, ¢i(t,x) = —b; for (t,x) € A,
where 1 < < n, then condition 5) of Assumption H[F, ] is satisfied.

Remark 2.4. Suppose that f: Z x C(B,R) x R* — R is a given function. Let us

consider the functional differential equation
(2.6) Oz(t,x) = f(t, 2, 21.2), 0u2(l, )).

The above equation is a particular case of (1.1). The functional differential problem

consisting of (2.6), (1.2) is an initial boundary value problem.

There are the following motivation for investigation of (1.1), (1.2) instead of (2.6),
(1.2). Differential equations with deviated variables can be obtained from (2.6) in the

following way. Suppose that G : Z x R? x R® — R is a given function. Set
(2.7)  f(t,x,v,q) = G(t,x,v(0,0[n]),v(ap(t,x) — (t,x)),q) on = x C(B,R) x R".

Then (2.6) is equivalent to (1.6). Note that Assumption H[F, ] is not satisfied for f
given by (2.7). More precisely, the derivatives (O, f,...,0s, f) = 0, f do not exist on
= x C(B,R) x R". With the above motivation we consider problem (1.1), (1.2) with

F' depending on two functional variables.

We define a mesh on EyU F in the following way. Suppose that (hq,...,h,) = h,
h; > 0 for 1 < i < n, stand for steps of the mesh. For m = (my,...,m,) € Z™ we

put 2 = (™) 2i™) =moh and

R ™ = {(t,z"™): t e R, m € Z"}.

Write
By, =BNR;", E,=ENR}",
Eon=EyNRT", OB, =0y NR; ™.

Elements of the set Eyj, U Ej, will be denoted by (¢,2™) or (¢,z). For functions
2: By UE, =R u: EypyUE, — R u=(ui,...,u,), we write 20" (t) = z(¢, (™)
and u(™ (t) = u(t, z™).

Let us denote by F.(Ey, U Ej, R) the class of all z : Ey;, U E;, — R such that
z(-, ™) € C([~by,a],R) for —K < m < K. In a similar way we define the space
F.(Ey,UE), R™). Solutions of differential difference equations corresponding to (1.1),
(1.2) are defined on Eyj U Ej. Since equation (1.1) contains the functional variables
Z(t,e) and 2y, which are elements of the spaces C(D]t, z],R) and C(D[p(t,z),R)
then we need an interpolating operator T, : F.(Ey, U E,R) — C(Eq U E,R). In
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the next part of the paper we adopt additional assumptions on 7},. For z : Ey, U
Ep, — R we write (T),2)(,m) instead of (Tjz)q ,omy and we write (1,2)(,m instead
of (Thz)w(t@(m)). Let us denote by A the set of all h = (hy,...,h,) satisfying the

conditions:

1) ||h|loc < min {b,,b*} where b, = min{b; — Z; : 1 <i <n} and
b =min{b; +7;: 1 <i<n},
2) there is K = (K1,..., K,) € N” such that K o h = b.

Suppose that Assumption H[F, )] is satisfied. For 2™ € (—b,b) we put
Iim]={ic{l,...,n}: 0, F(, 2™ ) >0},

I_[m]={1,...,n}\ Iy[m].
Write e; = (0,...,0,1,0,...,0) € R" with 1 standing on the i-th place. For functions
z: EgyUE, - R u: Ey,UE, — R" u = (ui,...,u,), and for (t,2(™) €
[0,a] x (—b,b) we write

1
6;2 (1) = " [z(m“i)(t) — ™) (t)} if i€ I.[m],
1
6;2M (t) = ™ [z(m) (t) — z(’”_ei)(t)] if i el _[m],
and
1
Su™(t) = " [u(m“i)(t) — u(m)(t)] if i € I.[m],
1
Siu™(t) = " [u(m)(t) — u(m_ei)(t)} if i € I.[m],
and we put ¢ = 1,...,n in the above definitions. Set
02 () = (0120 (F), ., 0,2 (1)), 6ul (1) = [Gu™],
Write

Plz,u)™(t) = (t, 2" (T32) ) (Ta2)gitym), u™ (1))
For uw: Eyp U E, — R" u= (uq,...,u,), and for P € ) we put

By F(P) % (Thw) o) = (O F(PY(Tt1 ) - - - » 0o F (P) (Tt o)
and

[0, F (P) % (Tht) it my] 0™ (1)
= Z@ F(P Thu] tm]&plgb(m (Z@ F(P Thuj tm]ﬁanb(m (t ))

Set

Frolz,u] "™ (t) = F(Plz,u]™ () + 0,F (Plz,u]™ () o (62" (t) — u™ (1))
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and
Fp[z,u] ™ (t) = 0, F(P[z,u] "™ () + 0,F (P[z,u]™ (1)) % (Tht).m)
+ [0wF (Pz,u] "™ (8)) % (Tyw) iy, m)) 6™ (1)
+ 0, F(Plz,u)™ (1)) [6u™ (1))

We consider the system of functional differential equations

(2.8) L (1) = Byl )0,
(2.9) %u(m) (t) = Fplz, u](m) (t)

with the initial boundary conditions
(2.10) 2 = (1), wl™(t) = WM () on EgpUdoE

where vy, : Eop U OpE, — R and V¥, : Ey, UJyE, — R™ are given functions. The
above problem is obtained in the following way. We use a method of quasilineariza-
tion for (1.1), (1.2). It consists in replacing problem (1.1), (1.2) with the following
one. Suppose that Assumption H[F, ] is satisfied. Let (z,u), u = (uq,...,u,), be
unknown functions of the variables (¢t,z) € Ey U E. We introduce an additional un-
known function u = 9,z in (1.1) and we consider the following linearization of (1.1)

with respect wu:
(2.11) z(t,x) = F(T(t,2)) + 0,F (T(t, x)) o (Dp2(t, ) — u(t, z))

where Y(t,x) = (t,x, Z(t,x),ng(t,x),u(t,I))- We get functional differential equations

for u by differentiating equation (1.1). The result is the following
(2.12)  Qu(t,x) = 0, F(Y(t,x)) + 0, F(Y(t, %)) * ug,q)

+ [0 F (T(t,2)) % ty,0)) Do (t, 7) + O, P (X (t, 2)) [D,u(t, x)]
where

O F(Y(t,2)) *ult,x) = (0F(T(t, 2)) (1) 10, - - - » O F (L (t,2)) () 1,0))
00 F (Y (t, %)) * ty(r.a)) Db (t, )
— <Z@wF(T(t,x U])gp(t:c x1¢] t $ Za F u])gp(t,x)aﬂc7l¢j(tax))~

It is natural to consider the following initial boundary conditions for (2.11), (2.12):
(2.13) z(t,x) = Y(t,x), u(t,z)=¥(t,z) on EyUyE

where W is given by (2.4). There are the following relations between (1.1), (1.2) and
(2.11)—(2.13). Under natural assumptions on F', ¢, 1, we have
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(I) If (z,u) is a solution of (2.11)—(2.13) then J,z = u and z is a solution of (1.1),
(1.2).
(IT) If z is a solution of (1.1), (1.2) and u = 0,z then (z,u) is a solution of (2.11)-
(2.13).

Existence results for (1.1), (1.2) are obtained by using the above method of quasi
linearization (see [8] and [13], Chapter 5). Differential difference problem (2.8)—(2.10)
is obtained by the discretization of (2.11)—(2.13) with respect to the spatial variable

x.

3. Solutions of functional differential problems

In this Section we prove that there is a solution to (2.8)—(2.10) and we give
estimates of solutions of (1.1), (1.2) and (2.8)—(2.10). For functions z € C(EyUE,R),
u€ C(EyUER") and z, € F.(Eop U ER,R), up, € Fo(Ey, U E,, R") we define the
seminorms

|zl = max {|z(7,s)| : (1,8) € By UE, T <t}
[|ul]; = max {||u(T, s)||e : (7,8) € By UE, T <t}
lznllne = max {|zx(7,8)| : (7,8) € Eop U Ep, T < t},

[unllns = max {[[un(7, 8)lloc = (7, 5) € EonU By, 7 <1},

where t € [0, a].
Assumption H[T}]. The operator T}, : F.(Ey, U Ep,R) — C(Ey U E,R) satisfies
the conditions:

1) for z, Z € F.(Ep, U Ep,, R) we have

IThz = Thzlle <[z = Zllne, t € [0,0],

2) if 0, € F.(Eop U Ep,R) is given by 0,(7,s) = 0 for (1,s) € Eyp U E) then
(Th0)(7,s) =0 for (1,5) € Eg U E,
3) if 2: FyUFE — R is of class C! and z;, is the restriction of z to Eyj; U E), then
there is v, : A — R, such that
| Thzn — 2|t < 7 (h) for ¢t € [0,a] and liron Y(h) = 0.
—0pn]
Remark 3.1. The interpolating operator T}, given in [13] (Chapter VI) satisfies As-
sumption H[T}].

Assumption H[F,p, A]. The functions ¢ and F, ¢ satisfy Assumptions H|[yp| and
H[F, ] and
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1) there is p € C([0,a] x Ry x Ry, Ry) such that
10:F'(t, 2, v,w, )|l < o(t, max {|[v]s, [w]s}, 4ll) on @

and the function p is nondecreasing with respect to the last two variables,
2) there is A € Ry such that for P = (¢, z,v,w,q) € Q we have

104 F (P)lloc, 0 F(P)lls; (10w F (P)][ < A,
3) the constant Ay € R, is defined by the relation
‘F(t, X, 9, 9, O[n])| < AO, (t, $> ek,

where 6 € C'(B,R) is given by 0(r,s) =0 for (7,s) € B,
4) for each (u,v) € Ry xR, thereis on [0, a] the maximal solution (wo(-, p, v), w(-, 1, )
of the Cauchy problem

(3.1) g'(t) = Ao +24(E1) + k(1)),
(3.2) () = o(t,£(t), k(1) + A(L + Q)k(?),
(3.3) £(0) = p, k(0)=v,
5) ¥ EopUOoER — R, Uy, : Eyp UOgE, — R™ and there are o, o : A — Ry
such that

(3.4) |v(t,z) —Up(t, )] < ag(h), [|Y(t,x) — Yu(t, 2)||le < alh) on Egyp U dyEp,
and

(3.5) hl_l)ronw ag(h) =0, hgror[ln] a(h) =0.

Suppose that Assumption H[F, o, A] is satisfied. Let the constants fi, 7 € Ry are
defined by the relations

(3.6) Wt 2)| < i, |9t )|l <7 on By UdE,

(3.7) Wn(t, ) < i, |n(t,2)]|ee <7 on EonUdoEs.

Lemma 3.2. If Assumptions H[F, o, A], H[T}] are satisfied then there is a solution
(zn,up) : EgpUE, — RY w, = (Wpy, ..., upn), of (2.8)~(2.10) and

(3.8) 1Znllne < wolt, 71, 7), [lunllne < w(t, i, 0), ¢ €10, al,

where (wo(-, fi, V), w(-, i, ©)) is the mazimal solution of (3.1)~(3.3) for (u,v) = (&, 7).
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Proof. From classical theorems on ordinary functional differential equations [11] it
follows that there is € > 0 such that the solution (zj,u;) of (2.8)—(2.10) is defined
on (Epp U Ep) C ([=bo, €] x R™). Suppose that (z,,uy) is defined on (Ey, U Ej) C
([=bo,a) x R™), @ > 0, and it is non continuable. We prove that

|Znlne < wolt, i, 7) and [[up[]ny < w(t, g, v) for ¢ €0, a).

For ¢ > 0 we denote by (wo(-, a,v;e),w(-, i, v 5)) the maximal solution of the Cauchy

problem

(3.9) E(t) = Ag + 2A(E(t) + k(1)) + &,
(3.10) K (t) = o(t,&(t), k(1)) + A(1 + Q)k(t) + &,
(3.11) E0)=pn+e, k(0)=v+e.

There is g9 > 0 such that for 0 < € < gq the functions (wo(-, a,v;€),w(-, i, 5)) are
defined on [—by, a) and

(3.12) hnéwo(-, a,v;e) =wo(s, i, v), imw(-, g, v;e) =w(-,,v)

e—0

uniformly on [0,a). Set

En(t) = l1znllnt, mn(t) = [[unllne, ¢ —10,a).
We prove that
(3.13) En(t) <wolt,p,v;e) and kp(t) < w(t, i, v;¢€)

where t — [0,@). It is clear that there is # > 0 such that estimates (3.13) are satisfied

on [0,%). Suppose by contradiction that (3.13) fails to be true on [0,a). Then there
is t € (0,a) such that

En(T) < wolm, 1, 7;¢) and kp(7) < w(T, 1, 75¢) for 7€ [0,1)

and
gh(t) = wO(talaa D;E) or K’h(t) = w('nﬂ“a 77; 5)‘

Let us consider the case when k,(t) = w(t, fi, 7;€). Then we have
(3.14) D_kp(t) > w(t, i, v5€),

where D_ is the left hand lower Dini derivative. There are m € Z", — K < m < K,
and ¢ <t and j, 1 < j < n, such that k,(t) = |u§:7;)(ﬂ| If t <t then D_ky(t) =0
which contradicts (3.14). Suppose that ¢ = ¢t. Then we have (i) rp(t) = ug_'})(t)
or (ii) ku(t) = —ugz) (t). Let us consider the first case. We deduce from (3.7) that
2™ € (=b,b). Then we have

D_rip(t) < %ug?(t) = 8, F(Plzn, up) ™ () + 0, F(P[zn, up] ™ () (Thun; )

[r,m]
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+ > OuF (Plzn, w] ™ (6) (Thns) @, 0 () + 0 F (Pla, ua] ™ (1)) 0 30y (8).
It follows from conditions 3), 4) of Assumption H[F,] and from the definition of
sul™ (t) that

0,F (Plzn, up)™ (1)) 0 uf () < 0.

This gives
D_ry(t) < o(t,wolt, i, v5€), w(t, i, 73 €)) + A(l + Q)w(t, i, 7y e) + & = W' (¢, [i, 7€),

which contradicts (3.14). The case (ii) can be treated in a similar way.

The same proof remains valid for the case when &,(t) = wo(t, i, 7;€). Then
inequalities (3.13) are satisfied on [0, ). From (3.13) we obtain in the limit, letting ¢
tend to zero, inequalities (3.8) on (Egp U Ep) \ ([—bo, @) x R™).

We prove that there are the limits

szg )(t), lin@ugm)(t) for — K <m< K.
t<a t<a

Write
Onolt,t) :max{|z2m)(ﬂ —zgm)(t)| : —K<m< K}
En(t,B) = ma {0 () — uf () s —K < m < K)

where t,t € [0,a). We prove that

(3.15) Gno(t, 1) < |wolt, i, 7) — wo(t, 1, )|

(3.16) On(t, 1) < |w(@, i, v) — w(t, i, D)].

We consider (3.16). Suppose that ¢ > t. The are j, 1 < j < n, and m E 7",
~K <m < K, such that @(t, ) = u}") (F) —u}" (t) or @y (t, ) = —[u)") () —u}™ ()].

Let us consider the first case. Then we have

on(t,t) = / Oy, F (P [z, 1] "™ (7) d7‘+/ 0, F(Plzp, uy™ (1 ))(Thuh_j)[T’m}dT
+Z / D F (Plzn, w)™ () (Thwns) g0y 61 dT
i=1 1

t
+ / aqF(P[zh,uh]W(T))oaug’f})dr.
t

It follows from conditions 3), 4) of Assumption H[F, ] and from the definition of
sul™ () that

t
/ 0,F (Plzy, uy) "™ (1)) o du"dr < 0.
t
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We thus get
t t

wh(t,f)S/t p(T,wO(T,,u,V),w(T,p,u))d7'+A(1+Q)/t w(r, i1, v)dr

t
_ / (7, 1, D) = Wl 7) — w(t, 1, D),
t

which proves (3.16). The case wy(t,t) = —[u%) () — u%)(t)] can be treated in a
similar way. The same considerations apply to (3.15). We omit details. It follows
from (3.15), (3.16) that there are the limits

limz™(t) =2/ (@), limul™ () =u™(@) for —K<m<K

<a i
Then the solution (z;,uy) is defined on (Ey, U Ep) \ ([—bo,a] x R™). If @ < a then
there is @ > a such that (zp,uy) is defined on (Ey, U Ej) \ ([—bo,a] x R™). This

contradicts our assumption that (z,uy) is defined on (Eyp, U Ep) \ ([—bo,a) x R™)

and it is non continuable.

It follows from the above considerations that (z,uy) is defined on Ey;, U E), and

estimates (3.8) are satisfied. The proof of the lemma is completed. O
Now we give estimates of solutions of (2.11)—(2.13).

Lemma 3.3. If Assumption H|[F,p, A] is satisfied and (z,u) : Fy U E — R
u=(qy,...,q,), is a solution of (2.11))—(2.13) then

(3.17) 2]l < wolt, i, 7). [[ull; < w(t, @, v), tel0,d,

where (wo(-, fi,7),w(-, i, 7)) is the mazimal solution of (3.1)~(3.3) with (u,v) =
(7, ).
Proof. Let us denote by (wo(-,ﬁ, vie),w(-, i, v; 5)) the maximal solution of (3.9)-

(3.11) where € > 0. There is €y > 0 such that for 0 < & < gy the above solutions are
defined on [0, a] and conditions (3.12) are satisfied on [0, a]. Set

E(t) = |lzll,, #(t) =[lull. ¢ €[0,a].

We prove that for 0 < ¢ < g9 we have

(3.18) £(t) <wolt, 1, ;) and & < w(t, i, v;e),

where t € [0,a]. It is clear that there is £ € (0, a] such that inequalities (3.18) hold on
[0,%). Suppose by contradiction that estimates (3.18) are not satisfied on [0, a]. Then
there is ¢ € (0, a] such that

E(1) <wo(T, 1, 75¢) and R(7) < w(T, @i, 7;¢) for 7 €10,t)

and

E(t) = wolt, 1, 5¢) or R(t) =wl(t, i, v;€).
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Suppose that #(t) = w(t, i, 7;€). Then we have
(3.19) D_k(t) > W'(t, 1,75 €).

There are (t,x) € E, t <t,and j, 1 < j < n, such that #(t) = |u;(¢,x)|. If £ <t then
D_FR(t) = 0 which contradicts (3.19). Suppose that ¢ = ¢t. We deduce from (3.6) that
x € (—=b,b). This gives 0,u;(t,z) = Op. It follows from (2.12) and from Assumption
HIF, p, A] that
D—’%(t) S |atuj(ta ZIZ')| < Q(t7 (.U()(t, ﬁ? 77; 5)7 (U(t, :D“a v, E))
+ A+ Q)w(t, i, ;¢) + & = W'(t, i, i €),
which contradicts (3.19).

The case when £(t) = wy(t, [i, 7; €) can be treated in a similar way. Then estimates
(3.18) are satisfied on [0, a]. From (3.18) we obtain in the limit, letting ¢ tend to zero,

inequalities (3.17). This is the desired conclusion. O

4. Convergence of the method of lines

We will assume nonlinear estimates of Perron type for 0, F, 0,F, 0,F, 0,F on a
subspace of 2. Now we construct this subspace. Suppose that Assumptions H[F o, A]
and H|[T},] are satisfied and (fi,7) are defined by (3.6), (3.7). Set ¢ = wy(a, i1, V),
¢ =wl(a,p,v), C=(¢¢c) and

QT ={{t, z,v,w,q) €Q: |v][p<¢ |lwlp<¢ |lallo < e}
Write
E, ={(t,2™) e E,: —-K <m < K}.
Assumption H[F,o]. The functions ¢ and F, 9 satisfy Assumption H[F, o, A] and

1) 0 :[0,a] x Ry — R4 is continuous and it is nondecreasing with respect to the
second variable,

2) for each ¢ > 1 the maximal solutions of the Cauchy problem
W'(t) = clw(t) + o(t,w(t)], w(0)=0,

is w(t) =0 for t € [0, al,

3) the expressions

||8mF(t,x,v,w,q) - 8$F(t7x7/l_]7qu)||7 ’|8qF(t,.Z’,U,U),Q) —8qF(t,x,17,1D,(7)||,

||8UF(t,l',U,'lU,C_I) _avF(txa@aEU(j)H*’ ||awF(t,[L',U,'lU,Q) _awF(t7l"@7w>Q)H*’

are estimated on Q[C] by o (¢, max {[jv — 0|/, |[w — @[5} + l¢ — qll)-
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Remark 4.1. It is important in Assumption H[F, o] that we have assumed nonlinear
estimates for 0,F, 0,F, 0,F, 0,F on Q[C]|. There are differential equations with
deviated variables and differential integral equations such that Assumption H[F, o]
is satisfied and global estimates for 0, F', 0,F, 0,F, 0,F are not satisfied. We give

comments on such equations.
Set Qp = = x R x R” and suppose that the function G : ) — R of the variables
(t,x,p,r,q) satisfies the conditions:

1) G is continuous and for each ¢ € [0, a] the function G(t,-) is of class C?,
2) there is A € R* such that

0,G(P), 10:G(P), [[0,G(P)lloc <A, P=(t,z,p,7,q) €,
3) Ap € R, is defined by the relation
|G(t,2,0,0,04,))] < Ay for (t,z) € E,

and there is ¢ : [0,a] x Ry x Ry — R such that condition 4) of assumption
HI[F, o, A] is satisfied and

10:G(t, 2, p, 7, q)|l0 < o(t, max{|pl, |r[}, [lqllcc) on Q.
Then there is L € Ry such that

(i) the operator F' given by (1.3) satisfies Assumption H|[F, o] for o(t,p) = Lp,

(ii) the operator F' given by (1.5) satisfies Assumption H[F, o] for o(t,p) = Lp.
It is important that we do not assume that the partial derivatives of the second order
of G(t,-) are bounded on €. It follows that the main assumption is satisfied for a

large class of differential equations with deviated variables and differential integral

equations

Remark 4.2. It is assumed in [1], [6], [7], [30] that right hand sides of differential
function equations satisfy global estimates of Perron type. It follows from our con-
siderations that local estimates are sufficient for the convergence of the method of

lines.

Lemma 4.3. If Assumptions H[T},] and H|[F, o] are satisfied then the solution (zy, uy,)
of (2.8)—(2.10) is unique.

Proof. Suppose that (zp,uy,) and (z;, 0y,) are solutions of (2.8)—(2.10). Set

M(t) = |1z — Znllne, G(t) = [[wy — Wpllns, t € [0.4],

and @, = A\, + fh. It is easy to prove that there is ¢, > 1 such that the function @y,

satisfies the differential inequality

D_ay(t) < cp[@n(t) + o(t,on(t)], te€(0,al,
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and @y, (0) = 0. It follows from condition 2) of Assumption H|[F, o] and from classical
theorems on differential inequalities [17] that @p(¢) = 0 for t € [0, a] and the lemma
follows. O

Now we formulate the main theorem of the paper.

Theorem 4.4. Suppose that Assumption H[T},] and H|F, o] are satisfied and
1) z: EyUE — R is a solution of (1.1), (1.2) and z is of class C?,

2) u = 0,z and (zy,0y,) is the restriction of (z,u) to Eqp U Ej,.
Then

(i) there is exactly one solution (zn,u) : Eop U Ep — R of (2.8)-(2.10),
(i) there are By, B : A — Ry such that

(4.1) 1Zn — zallne < Bo(h), [[an — apllne < B(R) for t €[0,d],
and
(4.2) Jim () =0, lim 3(h) = 0.

Proof. The existence and uniqueness of a solution of (2.8)—(2.10) follows from Lem-
mas 3.2 and 4.3. Let 'y : E; — R, I'y, : Ej — R™ be defined by the relations

d _(m)

a2 () = Fholzn, w) ™ () + TV (1),

d —(m — — m m
S0 (6) = Fulzn, ) 7) + 177 (1),
There are vy, v : A — R, such that

T @] < vo(h), ITE ()] < ~(h) on Ej
and

lim ~o(h) =0, lim ~(h)=0.

h—>0[n] h—>0[n]
There is ¢, — R, such that
|022Z(t, )|l nxn < ¢ on E where 0.,z = [8%.%.2] -

It follows from Lemmas 3.2 and 3.3 and from Assumption H[T},] that for (¢, ™) € E},

we have

(4.3) |(Thzn)im) (7, 8)| < & |(Tnzn) i (72 8)| < € (7,5) € D[t, 2™,

and

(44) (D)o (r.8)] < & (D)o (r8)| 2. (7.5) € Dlp(t, ™))
and

(4.5) [ul™ ()] < & 0™ ()]l < &
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Let us denote by (wh,o(-, ), wn(, 5)) the maximal solution of the Cauchy problem

(4.6) &(t) = 2A(k(t) + £(1) + 280 (£, £(t) + K1) + (k) + &,
(4.7) K (t) = ao(t,£(t) + k(1)) + AL+ Q)k(t) + v(h) +e,
(4.8) £(0) = apg(h) +¢, k(0)=a(h)+e¢,

where a =1+ ¢(1+ Q) + ¢* and ap, a: A — R are given by (3.4), (3.5). Note that

the function wy (-, €) = wno(-,€) + wp(+,€) is a solution of the initial problem

(4.9) W'(t) = e[w(t) + o(t,w))] +v0(h) +v(h) + 2¢,

(4.10) w(0) = ag(h) + a(h) + 2,
where ¢ = max{A(3+ Q),2¢+a}. It follows from condition 2) of Assumption
H|[F, o] that there is 9 > 0 such that for 0 < ¢ < gy the functions (u)h.o(-, e),wn(+, 5))
are defined on [0, a] and
li_I)I(l)wh.o(t,é) = wp.o(t), l%wh(t,é) = wy(t),

where (wp, 0, wyp) is the maximal solution of (4.6)—(4.8) with ¢ = 0. Set

A(t) = 11Zn — znllne, CGu(t) = [[Un — upllne, t €0, 4]
We prove that for each 0 < £ < g9 we have
(4.11) M(t) < wpolt,e) and Cu(t) < wi(t,€)

where t € [0,a]. It is clear that there is # € (0,a] such that estimates (4.11) are

satisfied on [0, ). Suppose by contradiction that (4.11) fails to be true on [0, a]. Then
there is ¢ € (0, a] such that
M(T) < wpo(r,e) and (1) < wi(T,e) for 7€ 0,1)
and
)\h(t) = u)h.o(t, 6) or Ch(t) = u)h(t,é).
Suppose that A\, (t) = wpo(t,e). Then we have

(4.12) D_M(t) = w) ot ).

There are m € Z", =K < m < K, and I < ¢ such that \,(t) = |z™ (1) —z\™ (7).
If t <t then D_M\,(t) = 0 which contradicts (4.12). Suppose that ¢ = t. Then we
have (i) A (£) = 2™ (t) — 2™ (t) or (i) Ap(t) = — [zﬁlm)(t) —zm (t)]. Let us consider
the first case.

It follows from (3.4) that 2™ € (—b,b). We deduce from condition 3) of As-
sumption H[F, o] and from (4.3)-(4.5) that

||8qF(P[zh, uh](m) (t)) — 8qF(P[Zh, l_lh](m) (t))” S O'(t, wh_o(t, E) + wh(t, E))
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Then we have
DNlt) < 5 [70) - 247 0]

< 2A(who(t, €) + wi(t,€)) + 260 (t, who(t, €) + wy(t,€))

+ 0,F (Plzn, up]™ (1)) 0 6(zn — 1) ™ (t) + y0(h) + €.
It follows from conditions 3), 4) of Assumption H|[F, ] that

0y F (Plzp, up)™ (1)) 0 6(zy, — 21,) ™ (t) < 0.
Then we obtain
D_Xy(t) < 2A(who(t, &) +wi(t,e)) +2¢0 (t, wholt, €) +wn(t, €)) +70(h)+e = w) (t, ),
which contradicts (4.12). The case (ii) can be treated in a similar way.

Suppose that (,(t) = wp(t,¢) Then we have

(4.13) D_G(t) > wi(t.2).

There are m E 7", —K <m < K and t € (0,t] and j € {1,...,n} such that (,(t) =
|u (1) — uh J(D)]. If £ < t then D_(,(t) = 0 which contradicts (4.13). Suppose that
f = t. Then we have (i) ¢,(t) = uy™ (t) — @™ (¢) or (ii) Gu(t) = —[u}") () — @y (t)].
Let us consider the first case. It follows that (™) € (—b,b). We deduce from condition
3) of Assumption H[F, o] and from (4.3)—(4.5) that the expressions

10, F (P21, wp] ™ (t)) — 0, F(Plzn, w]™ (1)),
10 F (P2, un] ™ () — 0, F (Pln, 1] ™ (1))l
10w F (P2, un]™ (8)) — 00 F(Plzn, w] ™ (1))«

may be estimated by o (¢, wp.o(t,€) + ws(t,€)). Then we have

D_(u(t) < %[uﬁﬁ) (1) — 0y (t)] < ao(t,wholt,e) +walt,e)) + A(L + Q)wnlt,€)

+0,F (Plzn, wp)™ (1)) 0 8wy — 1) ™ () + 7(h).
It follows from conditions 3), 4) of Assumption H[F, ] that
Oy F (Plzn, u] "™ (1)) 0 8wy, ; — 1) ™ (t) < 0.
Then we obtain
D_¢u(t) < ao(t,who(t,e) + wi(t,e)) + Al + Q)wn(t,€) + v(h) + & = wj(t, )

which contradicts (4.13). The case (ii) can be treated in a similar way.
Then inequalities (4.11) are satisfied on [0, a]. From (4.11) we obtain in the limit,

letting € tend to zero, the following estimates

An(t) < who(t) and Gu(t) < wi(t), t € [0,al,
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where (wp.0,wp,) is the maximal solution of (4.6)—(4.8) with e = 0. It follows that
conditions (4.1), (4.2) are satisfied for Gy(h) = wno(a) and B(h) = wpy(a). This
completes the proof. O

Remark 4.5. Suppose that all the assumptions of Theorem 4.4 are satisfied with
o(t,p) = Lp, (t,p) € [0,a] x R, , where L € R,. Then we have

||Zh — Zh”h.t + Hﬁh — uh|]h_t < B(h) for t € [O,a],

(h) +~(h)

B(h) = (ao(h) + a(h)) exp {&(1 + L)a} + %é( g e e Dap -1,

The above estimates is obtained by solving problem (4.9), (4.10) with o(t,p) = Lp
and € = 0.

5. Examples

Put n = 2 and F = [0,0.5] x [-1,1] x [-1,1], By = 0 x [-1,1] x [-1,1]. We
consider initial boundary value problems for functional differential equations with
solutions defined on FE. We apply the Euler difference method or the Lax difference

scheme to solve numerically ordinary functional differential problems. Nodal point
on [0,0.5] are defined by ") = rhg, 7 =0,1,..., Np.

Example 5.1. Consider the differential equation with deviated variable

Oz(t,x,y) = x{?@xz(t, x,y) + sin [&Cz(t, x,y) — 2(t,0.5z, 0.5y)]}
+ y{20,2(t, z,y) + cos [9yz(t, x,y) + 2(t,0.5(z + y),0.5(z — y))] }
+ [t 2, y).

with initial boundary conditions
z(O,x,y) = 17 (xuy) S [_17 1] X [_17 1]7
2(t,—1,y) = 2(t, 1,y) = exp {t(1 —*)}, (t,9) €[0,0.5] x [-1,1],

2(t,z,—1) = z(t,x,1) = exp {t(z* — 1)}, (¢t,2) € ([0,0.5] x [~1,1].

where

f(t 2, y) = exp {t(z® — y*) Ha®—y?) (1—4t)—y cos { exp {tay} — 2yt exp {t(z* — y*)}}

—wsin { exp {t(z® — y*)} 22t — exp {—Zt(m2 -y} }
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The solution of the above problem is known, it is z(t,z,y) = exp {t(z* — y?)}.
Let us denote by (2, 2.z, Zn.y) approximate solutions of ordinary differential equation
corresponding to the above problem. They are obtained by using the explicit Euler
difference method. Set

(5.1) &\ = max {|(z — 2)(¢D, 2™y 20D 02 e 1 1), 0 <i <7},
and
(5.2) ) = max {|(9,2 — Z,) (t@, 2™y )| - 20D 0D e 1 1], 0 < i <r},

(5.3) ) = max {|(9,% — Zu) (t9, 2™, )| : 20mD YD ¢ [11), 0 < i < 7).

Let us denote by Z;, an approximate solution of (1.1), (1.2) which is obtained by using
the Lax difference scheme. Set

&) = max{|(z = 2,) (19, 2™,y "))+ 20Dy € [<1,1), 0<i < v
In the Table we give experimental values of the errors (e,¢ep.4,€ny) and é,. Note

TABLE 1. Table of errors, hg = 0.0001, h; = hy = 0.01

()

527”)

Ehr

ey

&y

0.30
0.25
0.40
0.45
0.50

0.000353
0.000464
0.000545
0.000698
0.000712

0.000836
0.001092
0.003375
0.005012
0.006413

0.001217
0.002091
0.003255
0.005301
0.005956

0.003378
0.007177
0.005060
0.007177
0.012831

that the errors of the classical difference method ég) are larger than the errors ob-
tained by discretization of the numerical method of lines 55;). This is due to the fact
that the Lax difference scheme has the following property: we approximate partial
derivatives of z with respect to spatial variables by difference expressions which are
calculated by means of previous values of the approximate solution. In our approach
we approximate the partial derivatives for the unknown function in (1.1), (1.2) by

using difference equations which are generated by the original problem.

Example 5.2. Consider the differential integral equation

2

Oyz(t, x,y) = x arctan [&Bz(t, z,y) + %/ 2(t, s, y)ds}
0

2 -y t
+y arctan [%z(t,x, y) — %/ 2(t, s,y)ds] — / z(7, x,y)dT + cos % cos %
0 0

with the initial boundary condition

z(t,z,y) =0 for (t,x,y) € Ey UOyE.
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The solution of the above problem is known. It is Z(¢, 7, y) = sint cos 5 cos % .
Let us denote by (2, 2., Zn.y) approximate solutions of ordinary differential equation
corresponding to the above problem. They are obtained by using the implicit Euler

difference method.
Let (€n,€ns,Eny) be defined by (5.1)-(5.3). In the Table we give experimental

values of the above defined errors.

TABLE 2. Table of errors, hg = 0.01, h; = hy = 0.005

Sl U B

0.30
0.25
0.40
0.45
0.50

0.001972
0.002213
0.002472
0.002792
0.002931

0.004665
0.006204
0.007900
0.008731
0.009243

0.004187
0.005626
0.006244
0.007028
0.008965

Two types of assumptions are needed in theorems on the convergence of functional
difference schemes for (1.1), (1.2). The first type conditions the regularity of given
functions. The second type conditions concern the mesh and they are known as (CFL)
conditions (see [13], Theorem 3.21)

The (CFL) conditions for the differential integral equation considered here have

the form:

2ho < hy, i=1,2.

Note the the steps hg = 0.01, hy = hy = 0.005 do not satisfy the above condition and

the classical Lax difference scheme is not applicable.

Results on the method of lines presented here have the potential for applications

in the numerical solving of first order partial functional differential equations.
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