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ABSTRACT. In this paper, we study the energy decay rate for the one-dimensional linear
thermoelastic system of Timoshenko type. This system models the transverse vibration of a thick
beam, taking into account the heat conduction given by Green and Naghdi’s theory [6, 7]. First,
we establish a polynomial energy decay rate in the case of unequal speeds. Second, when the wave
speeds are equal, an exponetial type decay is obtained (similar to the result obtained by [20] for
other boundary conditions). Our proof is based on the frequency domain approach introduced in
[15].
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1. INTRODUCTION

In 1921, Timoshenko [28] introduced the following system:

pruy = K1(Uy — ©)g in (0,L) x R*
P2t = RoPryx + K’l(ux - QO) n (07 L) X ]R+,

(1.1)

to describe the transverse vibration of a thick beam, where ¢ denotes the time variable,
x is the space variable along the beam of length L, in its equilibrium configuration, u
is the transverse displacement of the beam, and ¢ is the rotation angle of the filament
of the beam. The coefficients py, ps, k1 and ko are positive constants and denote,
respectively, the density (the mass per unit length), the polar moment of inertia of a
cross section, the shear modulus and Young’s modulus of elasticity times the moment

of inertia of a cross section.

During the last few years, an important amount of research has been devoted
to the issue of the stabilization of system (1.1) and search the minimum dissipation

by which solutions of (1.1) decay uniformly to the stable state. To achieve this goal,

Received Novemeber 17, 2013 1056-2176 $15.00 Dynamic Publishers, Inc.



16 A. SOUFYANE AND M. AFILAL

several types of dissipative mechanisms have been introduced and several stability

results have been obtained. We mention some of these results.

In the case of a one feedback acting only on the rotation angle, the rate of decay
depends on the constants pi, ps, k1 and ko. Precisely, if % = %, the results show
that we obtain similar decay rates as in the presence of two controls. We quote in
this regard [1, 2, 4, 8, 9, 18, 22, 23, 24, 27]. However, if % #+ %, a situation which is
more interesting from the physics point of view, then it has been shown that (1.1) is

not exponentially stable even for exponentially decaying relaxation functions.

For Timoshenko systems coupled with the heat equation, we mention the pioneer

work of Rivera and Racke [21], where they considered the following system:

P1Pu — 0’(9093’ ,lvb):c = Oa in (Oa L) X R+
(1.2) pothu — by + K (0o +9) + 90, =0 in (0, L) x RT
p39t — K;exx + 7¢tz =0 in (0, L) X R+,

for 6 denoting the temperature difference. Under appropriate conditions of o, p;, b, K,
they established well posedness and exponential decay results for the linearized system
with several boundary conditions. They also proved a non exponential stability result
for the case of different wave speeds. In addition, the nonlinear case was discussed

and an exponential decay was established.

In the above system, the heat flux is given by Fourier’s law. Using the new theory
developed by Green and Naghdi [6, 7], Messaoudi and Said-Houari [20] considered a
Timoshenko-type system of the form

(1.3)
(,01%0tt — K(pz +v). =0, in (0,1) x R*
P2 — by + K(ps +¢) + 80, = 0, in (0,1) x R*
P304 — 0050 + Yrg — Kbigy = 0, in (0,1) x RT
©(+,0) = w0, @i(+,0) = 1,9(-,0) = tho, on (0,1)
Ye(+,0) =91, 0(-,0) = 6o, 0 (-, 0) = b1, on (0,1)
Lp(0,8) = p(1,8) =(0,1) =¥(1,¢) = 0,(0,¢) = 0,(1,t) =0, onRT

they proved an exponential decay in the case of equal-speed propagation. This sys-
tem models the transverse vibration of a thick beam, taking in account the heat
conduction given by Green and Naghdi’s theory where the dissipation is given by the
heat conduction, of type III. This result was later established for system (1.3), in the
presence of a viscoelastic damping of the form [° g(s)tue(2,t — s)ds acting in the
second equation by Messaoudi and Said-Houari [19]. Recently Ma et al. [16] proved
the exponential stability of (1.3) using the semigroup method.
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In this paper, we study the stability of the following system

;

prow — K(pe + ). =0, in (0,1) x R*
P2 — bbes + K (e + 1) + 80, = 0, in (0,1) x R*
(1.4) 030 — 00,0 + Yy — KBizw = 0, in (0,1) x R*
0(+,0) = @0, @i(-,0) = @1,9(-,0) = o, on (0,1)
Ue(+,0) = 1, 6(-,0) = 0o, 6:(-,0) = 61 on (0,1)
Lp(0,1) = o(1,t) = (0,t) =(1,t) = 0(0,t) = 0(1,t) =0 on RF

In order to exhibit the dissipative nature of the above system, we introduce the new
variables

o=, V=1
and using the following notation (¢', ¢',0") := (¢s, ¢s, 0,.), then we obtain:

( p1dy — K(¢' + ) =0,
Py — 0V 4+ K (¢ + V) + (6] = 0,
p3bi — 60" + ¥} — kO = 0,
¢(+,0) = do, ¢u(,0) = 1, ¥(-,0) = ¥y,
Uy (-,0) = Wy,0(-,0) =00, 0,(. - 0) = 64
L 9(0,t) = ¢(1,t) = ¥ (0,t) = ¥(1,t) = 6(0,t) = 6(1,t) = 0.

This paper is organized as follows. Well-posedness of the problem is analyzed in

(1.5)

section 2. Sections 3 and 4 are devoted to polynomial and exponential decay rate of

the system energy, respectively.

2. EXISTENCE AND UNIQUENESS

In this section, we prove the existence of the solution of (1.5). We define the

energy space H associated to problem (1.5)
(2.1) H = (H}(0,1))° x (L?(0,1))°.
The space H is equipped with the inner product which induces the energy norm
(2:2) (12115 == 71 lall® + 70 [0 + 0 [V)* + 7K |6+ |* + Bps [[w]|* + 85 [|¢/]]
for all z = (¢, ¥,0,u,v,w) € H, and |- is the L*(0,1) norm.

Next, we define the linear operator A by
u

(Y

(2.3) Az = P ,
o (@' + )
p%‘l’/,—%(¢,+‘1’)—p%w,

b Koo\ Y
(p3e+p3w) ps ¥




18 A. SOUFYANE AND M. AFILAL

with domain

(u,v,w) € (H§(0.1))? and (66 + rw) € H?(0.1)

Now, let u = ¢y, v = ¥y, and w = 6;. Then we can formulate the system (1.5) as an

evolution equation of the form
z=Az, 2(0)=2"ecH,
where z = (¢, U, 0, u,v,w).
Proposition 1. A generates a C°-semigroup e of contractions in H, and 0 € p (A).

Proof. First, we prove that A is a maximal dissipative operator on the energy space

H, and the conclusion will follow by Lummer-Phillips theorem (see [25]).

a- VzeD(A), it is easy to see that
(2.4) Re(Az, 2)y = — 5 ||w'||?,

which implies that A is a dissipative linear operator on H.

b- Let F' = (f1, f2, f3, fa, [5, f6) € H.

(2.5) Find z € D(A), such that Az = F,

which implies that

;

u= fi,v=fo,w=f,
K
E ((/J)l + \I])l = f47
(2.6) E\I]” _K (0" + W) — ﬁw' = f5,
P2 P2 I P2
<£9 + ﬁ) — o= Jo-
L\ /3 P3 P3

Let (¢, ¥.) € (H} (0, 1))? and using the above system (2.6) we obtain:

1 1
K/ (¢ +0)(4, + V.)dx + b/ UV dx
0 0

1 1 1
(2.7) = p1/ fa,dx — ,02/ fsV.dr — /6/ faW.dx.
0 0 0
Let us denote by

2.8) a((9, %), (6., 1)) = K [ (¢ + W)(G, + W.)dw +b [) ', da
' L((¢+, V.)) = ; fol J1¢.dx — ps fol f3¥.dz — 3 fol f3W.d.

Then (2.7) is equivalent to
(2.9) a((¢, ), (¢s; W) = L((9:, Ws)).
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Applying Lax-Milgram’s theorem we conclude that there exists a unique solution
(6,4) € (H3 (0,1))".
Using (2.6)2 and (2.6)3 we have

(2.10) " = %ﬁ — e L2(0,1),

1
(2.11) V- KU = (pofs + Bfs+ K¢') € L*(0,1),
subject to the boundary conditions

(2.12) p(0)=0¢((1)=¥(0)=¥(1)=0.
Using the classical elliptic theory [11] we obtain that

(6, W) € (H{ (0,1) N H?(0,1)).
Now, rewrite (2.6), as:
(2.13) { (00 + rw)" = p3fs +v' € L*(0,1)

0(0) =0(1) =w(0) =w(l) =0.

Using again the classical elliptic theory, we deduce that (2.13) admits a unique solu-
tion:
(2.14) (60 + kw) € Hy (0,1) N H?(0,1),

which implies that # € H} (0,1). Using Lumer-Phillips theorem [25] we conclude that

A generates a C%-semigroup e of contractions in H. O

3. LACK OF EXPONENTIAL STABILITY AND POLYNOMIAL
STABILITY IF - #

P2

In this section, we will prove the lack of exponential decay and the polynomial
decay rate of the solutions of (1.5). Following the method introduced in [15] we will
obtain the polynomial energy decay rate (3.16).

3.1. Lack of exponential stability. To prove the lack of exponential stability in

b

o, We use the following result.

the case of p—[i

Theorem 1 (see [14] and [26]). Let et be a C° semigroup of contractions in H.
Then e is exponentially stable if and only if,

(3.1) iR Cp(A),
and
(3.2) | (And — A)_ch(H) < C, for every A\, € iR

Our result in this subsection is stated in the following theorem
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Theorem 2. If > # p%, then the semigroup corresponding to system (1.5) is not
exponentially stable.

Proof. For \, € p(A) and F,, = (0,0,0, f4,0,0)" € H, we consider

(3.3) Mzn — Az, =F,,

where z, = (¢n, ¥y, On, Up, Un, wy). To prove our result we need to show that ||z,||,,

is unbounded.
Using (2.3), then (3.3) will be written as
K

b K
(3.5) AW, — =0+ — (¢, + T,,) + “59' =0,
P2 P2 P2

0 An
(3.6) 20, — <— + ﬁ) g 2Ty — .

P3 P3 P3
Differentiating (3.5) and using (3.4), we get

o \2 1" npl 2 o bpl 1"
, A2 An
(3.8) A2 b — (8 4+ Mk) 0+ Ay 2P Nyt = 2nP T
K K
Let us take
(3.9) fule) = £ = M) LG (ena)
' T ™ ’
Taking into account the boundary conditions in (1.5), one can assume that
(3.10) on(x) = Apsin(nrz), and 0, (z) = D, sin(nrx),
then (3.7)—(3.8) will be written as
(3.11)
2 2
4 P1P2 9 P2 | P1 2 4 B A3 (1) _ ()" p1
N 2 (B (B2 By (an)?) + (en)) A, Dy =

An (A%% (m n)z) A+ [N2p3 + (m)* (5 + KA,)] D, = )\n%_

Now, we choose A, solution of

4 P1P2 2 (P2 | P1 2 4
(3.12) N L (b +K)(7rn) + () =0,

since = 7& = we obtain
(3.13) A = —(mn)® —,

as a solution of (3.12).
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Using the value of A, in (3.11), we obtain

bp (5p1—Kp3)—m\/—( n) 0157
(6p1 — Kps)* + Kpys? (Wn)z
p. 1PV Ep (kV/Epi (n) +i (0p1 — Kps)?)

! (6p1 — Kps)* + Kp1s? (wn)”

A = p

(3.14)

as n — 0o, we get
b
Finally we have
12alls = o1 lunll* = o1 [Aadull* = 7 (70)” K || A, sin(nmz)||* — oo,

which yields the conclusion. O

3.2. Polynomial Stability. In this subsection we will prove the polynomial decay
of the solutions of system (1.5) using the method introduced in [15]. Our main result

in this subsection is stated as follow:

Theorem 3. If 7& = then, for all positive m € N*, there exists a constant C,, > 0
such that:

Int
(3.16) Y Uy € D(A™), Yt>0, |10 <Cn (r; ) It {|Uo|l pgm) -

Proof. Following Liu and Rao in [15], the following conditions are necessary and

sufficient for the polynomial energy decay rate (3.16).

(3.17) iRCp(A),
and
o] — 1
(3.18) sup [Ge 8A) H < +o00
la|>1 o

First, we will check the condition (3.17). To do this, let b # 0 be a real number and
let z € D(A), with

(3.19) Az = ibz

Taking the inner product with 2z in ‘H, we deduce that

using Poincare’s inequality we obtain
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Now, (3.19) is equivalent to

p

u = ibop
v = bW
w = bl

3.20
(3.20) pﬁl(gf)' + U) = ibu
R A

(p%@ + p—”;w)” — plgv’ = ibw

w' = ibv

\
From (3.20)3 and the fact that b # 0, we deduce that = 0, and then from the last
equation in (3.20) we obtain v' = 0. Using Poincare’s inequality, we have v = 0.
Using (3.20), then we have ¥ = 0.

From (3.20)5 and applying again Poincare’s inequality, we obtain ¢ = 0, and from
(3.20; we get u = 0. Hence z = 0, which implies that iR C p (A).

Now, suppose that the condition (3.18) is false. Then there exist a sequence
a, € R and a sequence z, = (¢, ¥py, O, Up, U, wy,) € D (A) such that

(3.21) | 2nlls = 1,
(3.22) nEIEOO a, =0,
(3.23) lim o || (it — A) 2|5, = 0,

i.e. in L?(0,1), we have the following convergence:

(3.24) a® [z’anun — % (on, + \Ifn)'] — 0,

(3.25) ol [zanvn —— (b, — K (¢, + V) — ﬁw;)} — 0,
3.26) ay [(iandn —un)' +ia, ¥, — v,] — 0,

(3.27) o [(i0, ¥, — vy,)'] — 0,

(3.28) ad licw, — é (66, — o), + mu;;)] — 0,

(3.29) ol [(iob, — w,) ] — 0.

Our goal is to derive a contradiction with (3.21). For clarity, we divide the proof into

several steps.

Step 1. Taking the inner product of a8 (ic, I — A) z, with z, in H, we get:
(3.30) Re (o ((iod — A) 2, 2p)y) = Ok Hozflw,'lﬂz :
from (3.23) and (3.30), we have

(3.31) |anws|| — 0,
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applying Poincare’s inequality, we get
(3.32) |apwn|| — 0.
Step 2. Using triangular inequality, we obtain that
(3.33) [0, < [l (ieat — ) | + [l |
From (3.29) and (3.31), we have
(3.34) |al6y| — o.

Step 3. Multiplying (3.25) by = a7, we obtain that

1 v K
(3.35) i, — (b— —— (¢, +0,) — ﬁw'n> — 0.
P2 Qp, n On
Now, from (3.21) and (3.31) and using again the triangular inequality, we deduce that
Wll
(3.36) < — ) is uniformly bounded.
O neN
Multiplying (3.28) by -7 and using (3.27), we get
1 1
(3.37) iw, — —(— (00, + Kw,)" —iyV!) — 0,
pP3 Qp

using the triangular inequality and the fact that ||z,|,, = 1, we deduce that

1
(3.38) <||— (00, + Kwy]" ||) is uniformly bounded.

Qn neN
Step 3. Taking the inner product of (3.37) with o2¥!, in L?(0, 1), we obtain

<za Wy — — ([59 + rw]" — ia,yV},) ,\If;@>
P3
/2 | 1 2 2 ol )12
(339) =1 <anwn7 \I]n> +—{a, [5‘9n + ’%wn] )t _HaTL\IInH
P3 O, P3

— p—13 [an (06, + Kwn]'\lf_n']; — 0.

To estimate the boundary term in (3.39), we proceed as follow

n i La
||—||2+||‘1’ ||||—||

Qi

U (00, + Kw,] Ty (2 )) <C

(3.40) 1
(60, + rw,) II} 2

A

[Hav% (60 + w1w,)' ||* + [l (865 + Kwn) ||
now, using (3.31), (3.34), (3.36) and (3.38), we obtain
(3.41) O, [00,, + Kwy] T, (:)3)’ — 0.
Then using (3.41) into (3.40) we get
(3.42) lon ]| — 0,
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applying the triangular inequality, we have

(3.43) [onl] = oy, — dom W || + [licn W],
then (3.42) implies that

(3.44) v

nll — 0, and [lva]| — 0.

Step 4. Taking the inner product (3.25) with % in L?(0, 1) and using (3.24), we get
: 2 b I ! K I /6 I
(3.45) illanva|® + — (¥, v} + — (@), + @V, vn) + — (), v,) — 0.
P2 P2 P2
But from (3.26) and (3.27), we have
(3.46) i@, —u, — 0,

then (3.45) becomes

b K K

(3.47) i|lanvnl|* + <—an\11'n — Z—un, U;L> + — (Y, vp) + s {anw),, v,) — 0.
P2 P2 P2 P2

Using (3.31), (3.42), (3.44), and taking into account that ||z,||y = 1, we obtain

(3.48) | on|| — 0,

from (3.27) and (3.48), we get

(3.49) lag @, || — 0.

Now, from (3.25) and (3.48), we obtain

(3.50) (H\If;H)neN is uniformly bounded.

Step 5. Taking the inner product of (3.25) with — in L*(0, 1), we deduce that
an

b K
(invn, @) — — (U, 0,) — — (d), + U, @), ) + 2 (wy,, ¢),)
P2 P2 P2

) b (bn b . 1
3.51 = nUn, O - R G | T
(3.51) i (o ¢n>+p2<a nan> wad],
K . K | g,
+ [ nl* + — (W, 6,) + — (W, 8p) — 0.
P2 P2 P2
However, from (3.24) and (3.42), we have

(3.52) <|| —= ||) is uniformly bounded.
Qn neN

Now, the estimation of the boundary term in (3.51) is given by
1
3

(353)  |(v.6.) @) jz[||¢—g||2+||¢;||||a—"||] (B AR ATTAT

Qp
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Then from (3.42), (3.50) and (3.52), we have

(3.54) |(W,01) ()| — 0,

using (3.42), (3.48), (3.51), (3.52), and (3.53), we deduce that
(3.55) ¢l — 0, and [|¢;, + Wy || — 0.
Step 6. From (3.26) and (3.27), we get

(3.56) (i ¢p — anuy,) — 0,

by Poincare’s inequality, we deduce

(3.57) i g, — anu, — 0.

Using (3.24) and (3.57), we obtain

(3.58) i g, — z‘% (¢, +0,) — 0.
Taking the inner product of (3.58) with ¢, in L?*(0, 1), we have

(3.59) illannll + 17 (6 + %,) . 6,) — .
From (3.55) and (3.59), we have

(3.60) len@nl — 0.

Step 7. Finally from (3.57), we have

(3.61) 10 Gy — U, — 0.

Taking the inner product of (3.61) with w,, in L*(0,1), we get
(3.62) i (A, Un) — [Jun]|* — 0.

By using (3.60) and (3.62), we obtain

(3.63) |lun|| — O.

Now, using (3.32), (3.34), (3.42), (3.44), (3.55) and (3.63), we deduce that

(3.64) [ 2a]] — 0.

Hence, we obtain the contradiction with (3.18).

25
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4. EXPONENTIAL DECAY RATE IF % =t

P2

In this section, we will prove the exponential stability of the system (1.5) in the
K
1
and [26] instead of using the multipliers techniques as in [20].

case of the same speed of propagation = = p%. Our method of proof is based on [10]

Theorem 4. If pﬁl = p%, then the C°-semigroup e is exponentially stable, i.e. there

exist constant M and o« > 0 independent of 2° such that

(4.1) HetAzOHH < Me™® ||z t>0.

0

e
Proof. Following the results in [10] and in [26], the following two conditions
(4.2) iRCp(A),

(4.3) ilég |(iad — A)7| < +oo,

are necessary and sufficient for the exponential stability.

The condition (4.2) was already verified in the last section. Now, assume that
the condition (4.3) is false. Then there is a real sequence (a,),.y and a sequence
(#n)pen € D (A), such that

(4.4) lznlly = 1,
(4.5) o, — 400,
(4.6) lirf | (itnd — A) 25|, = 0,

i.e. in L? (0, 1), we have the following convergence:

(4.7) {Zoznun - g (0, + \Ifn)'] — 0

(4.8) {ianvn — i (b0, — K (¢, + V) — ﬁw;)} —0
(4.9) [(indn — up)' + i, ¥y, — v,] — 0

(4.10) (i, ¥, — v,)] — 0

(4.11) Wy, — % (66 — ~yvy, + mu',;)} — 0

(4.12) [(in, — wy)'] — 0.

In the following, we will check the condition (4.3) by finding a contradiction with
(4.4). Our proof is divided into several steps.

Step 1. Taking the inner product of (i, I — A) z, with z, in H, we get:
Re {(ian] — A) 20, 22),, = =0k |[w|)?
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Using (4.6), we deduce that
(4.13) |w) || — 0 and ||w,| — 0.
Using the triangular inequality, we get

lan || < [ (G0t — wa)'|| + wy |l -
From (4.12) and (4.13), we deduce that
(4.14) |ty || — 0.

Step 2. Multiplying (4.8) by a—ln, we obtain
1 /U K
vy, — — (b—" —— (¢, + ¥,) — ﬁw'n) — 0,
P2 Qp, Ay, Ay,
now, using (4.13) and ||z,|,, = 1, then we deduce that

w

Qn

(4.15) <

) is uniformly bounded.
neN

Using (4.10) and multiplying (4.11) by a—ln, we obtain

, 1 ) K L
w, — — —0,+ —w, | —iy¥, | —0.
P3 Oy, Qp,

Applying the triangular inequality and ||z,|,, = 1, ¥ n = 0, we deduce that

1
(4.16) <||a_ (660,, + Kw,)" ||> is uniformly bounded.
neN

n

Replacing v}, by ia,, W] in (4.11), and then taking the inner product of the obtained

equation with i’—:j in L?(0.1), we get

i{wy, W) + k= <59;L + KWy, &>
P3

Qn

(4.17) i ((59; + rw)) - %) ()

Using the above estimates, we deduce that

(4.18) |P. || — O.
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Step 3. Taking the inner product (4.7) with ¥! and (4.8) with ¢!, + ¥, in L?(0.1),
and using the fact that p—fi = p%, we get

ian<un,@;>-+ian<vn,¢;+-@n>+—fgH¢¢-+<DnH2
2

r=1

ﬁ AN _5 'No(h U
+ o Lo 0 00 = S HO) - (B ) )y
(4.19) + ? ((p + W, U7) — (W7, ), + 0)) -
1

Using (4.9), (4.10), and (4.19), we obtain

K — 31 K
@l = = [0, 00, + W) | + =g, + W
1 0 P2

(4.20)

+ E <w'n, on+ W) + 5 (<¢'n + 0, U — (U 4+ 0,)) —

multiplying (4. 20) with 2 , we have

— 11
_H\I, H2_5 %(gbln_l'\ljn) + /6 <w| ¢;z+\lln>
(4.21) pron @ [, pen AT an
<z>'+\If

Now, using the fact that ||zn||H =1, V¥ n = 0 and multiplying (4.7) by «,, we deduce
that

o+ U,
(4.22) <|| <¢ il ) ||) is uniformly bounded.
neN

n

K | 1 1 |
I Gy (00 0 = (05,0, 4+ 00)) — 0

In addition, we apply the triangular inequality to estimate the boundary term in

(4.21), we get
 (Pn+Yn
I (0t ) () —
ay, ay,

Taking the real part of (4.21), using (4.13), (4.18) and (4.23), we deduce that
v 0y

(4.23)

(4.24) [ )

Step 4. Taking the inner product of v, —
in L%(0.1), we obtain

| | \Ij n
(4.25) mWW—£<@gﬁ>——<¢+ ,W>—ﬁ<@;i>_ﬁo
P2 (679 P (679 P2 Oy,

Using (4.10) and (4.18), we have

OV — K (¢}, + ¥,,) — fw),) with v,
QP2

Un
(4.26) [cap—
«

n
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From (4.13), (4.18), (4.24), (4.25), and (4.26), we obtain
(4.27) |va]] — O,
applying again the triangular inequality, using (4.10), and (4.27), we deduce that
(4.28) |an W, || — 0.
Step 5. Taking the inner product of (4.7) with u, in L*(0.1), we get
(4.29) flodu? + 2 (D ) + X (W up) — 0,

P1 P1
replacing u), by i, @), in (4.29), we get
(4.30) illadun? + z%uaéwz — g (U, u,) — 0.
From (4.18) and (4.30), we deduce that
(4.31) [tn]| — 0, and [|¢,[| — 0,
By Poincare’s inequality, we get
(4.32) |¥,|| — O.
Using the triangular inequality and (4.31), we obtain
(433) 16}, + Wl — 0.
Finally from (4.13), (4.14), (4.18), (4.27), (4.31) and (4.33), we deduce that
(4.34) |zn]| — O.

Therefore we get the contradiction with (4.4).
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