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ABSTRACT. Asresearchers and practitioners continuously search for good models to capture price
movements of financial assets, regime-Switching models have received increasing attention. Using a
regime-switching model, we study asset allocation problems with one risk-free asset and one risky
asset. One of the main features of the paper is that the switching process is not observable. Thus
we are in the framework of asset allocation under partial observation. We resort to Wonham filters
to recover necessary information required for optimal control of the problems under consideration.
After converting the partial observable controls to completely observable controls, we characterize
the associated value function in terms of solutions of a partial differential equation, the Hamilton-
Jacobi-Bellman (HJB) equation. Owing to its nonlinearity, it is difficult to obtain the close-form
solution of the HJB equation. Markov chain approximation methods are used to find solutions

numerically.
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1. INTRODUCTION

When an investor invests in various assets, she/he has numerous choices. All these
choices can be categorized into two types: risky investments or risk-free investments.
Risky investments such as stocks, bring the possibility for higher profits but exposes
more risk. Risk-free investments such as T-bond or money market, secure predictable
amount of profit but at a lower return rate. When making investment discussions, the
problem of balancing wealth between risk-free and risky investments such as bonds
and stocks, constantly comes up. The term “asset allocation” refers to the process of
spreading wealth across different types of financial asset classes. The modern financial
market offers unprecedented opportunity of moving money from one class to another.
Between the two types of investment, the price of a risk-free asset is easy to model,
which is often assumed to satisfy an ordinary differential equation for a continuous
compounding bank account. The modeling of the price for a risky asset such as a

stock is considerably more complex and difficult. This paper aims at deriving optimal
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strategies to dividing the proportion of these two different assets. To capture trending

markets, we adopt a regime-switching formulation.

As researchers and practitioners continuously search for better models to capture
price movements of financial assets, regime-switching models have received increasing
attention. Traditionally, a geometric Brownian motion (GBM) formulation has been
widely used in finance to capture the movement of stock prices because of its simple
structure. However, practitioners and researchers noted its short comings. One of its
main drawbacks is the constant return rate and volatility. To capture both longer
term market trends and shorter-term market uncertainty, an effective model is the
regime-switching diffusion, in which both the return rates and the volatility depend
on a Markov switching process. Regime-switching models assume that the market has
finitely many modes. Under different market mode, there are different sets of market
parameters such as the rate of returns, volatility or the risk-free interest rates. The
market movement from one mode to another mode over time is often assumed to
follow a Markov switching process. A simple case is a two-state Markov chain with
one state representing the bull market and the other bear market. Justification of
regime-switching models in marketplaces can be found in [21] and [19]; see also [6] and

[9] among others for empirical studies in connection with regime-switching models.

It is only until very recently, researchers and practitioners have recognized the
importance of regime-switching modeling in asset allocation. To name a few, we men-
tion the work [1] and [5]. When the underlying Markov process is observable. In [22],
a closed-form portfolio selection is developed using a mean-variance technique. For
a hidden Markov model of a special structure, an optimal trading strategy has been
presented in [10]. In [19], nearly-optimal asset allocation strategies were developed

to maximize the expected returns.

In a regime-switching model, the market mode is typically not observable. In
this case, its states need to be estimated using filtering techniques. Related work
can be found in [15], [10], and [14]. In [15], they considered a simple case of two-
state Markov chain with an absorbing state. Wonham filter is used to estimate the
conditional probability of the market mode. A selling rule was studied under this
framework. In [10], an unnormalized filter is used to derive an optimal investment
strategy in an asset allocation problem. In [14], similar asset allocation problem was
considered and classical probabilistic solutions are derived with a logarithmic utility

and a power utility function.

In this paper, we consider a regime-switching asset model that is modulated by
a continuous-time Markov chain. We assume that the modulating force, the under-
lying Markov chain, can only be observed indirectly through stock prices. To deal
with incomplete observation, we adopt the approach of [15] and [14] and use the

Wonham filtering techniques [17]. We consider general setting of the asset allocation
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and characterize the value function in terms of solutions of Hamilton-Jacobi-Bellman
(HJB) equations. We show that the value function is the only viscosity solution to
the associated HJB equations. It is difficult to obtain the close-form solution of the
HJB equation. For computational methods, a finite difference method is often used
to compute the solution. However, in our problem, due to the specific degenerate
feature of the stochastic differential equation, finite difference method is not directly
applicable. Instead of using the finite different methods, we use Kushner’s Markov
chain approximation methods to find numerical solutions of the problem; A Markov
approximation is based on a probabilistic interpretation of the stochastic differential
equations and leads to an approximation to the solution; see [12] and [13] for complete

treatment of the methods.

To summarize, our contributions in this paper include:

1. We use a regime-switching model for optimal asset allocation with partial ob-
servation. We use the Wonham filtering techniques to convert the partially
observable control problem into a completely observable one which allows to
treat the general asset allocation problem with terminal wealth.

2. We derive the associated HJB equation for the converted completely observable
control problem and demonstrate that there is a unique solution.

3. Owing to the lack of close-form solution of the HJB equation in the general case,
we resort to numerical methods and use Markov chain approximation techniques
to obtain the convergence of the numerical algorithm.

4. We study a separable case which allows us separate the time variable and the

state variables so as to achieve the reduction of the overall computation.

The rest of the paper is arranged as follows. Section 2 begins with the problem
formulation. Section 3 recalls the notion of Wonham filters, and derive such filter
for our problem. After converting the partially observed control to that of complete-
observation control, we characterize the value function in Section 4. Section 5 device
numerical approximation based on Markov chain approximation techniques. Section 6
considers a separable case. Section 7 provides a numerical example. Finally, Section 8

concludes the paper.

2. PROBLEM SETUP

In this paper, we consider a continuous-time market setting with one risk-free
investment and one risky investment. Their prices are denoted by P;(t) and Ps(t),
respectively. The risk-free investment P;(f) pays a constant interest rate of r > 0.

The risky investment P() is modeled according to a regime-switching model, namely,
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Pi(t) and Py(t) satisfies
dPl(t) = Pl(t)’f’dt,

(2.1) dPy(t)
= a(t))dt + odW(t),
) = e ()
where a(t) € M ={1,2,...,m} is a continuous-time Markov chain that governs the

market mode, and p(i) is the return rate of the stock when the market mode is i.
Note that this is a model where the rate of return follows the market trend, but the
volatility is assumed to be constant. This is mainly needed to meet the Wonham
filter conditions. Such assumption is acceptable in asset allocation problems because

the dependence on volatility is not as crucial as in derivative pricing.

Let £(t) denote the wealth of the investor at time ¢ and wu(¢) to portion allocated
to risky investment. That is, at each time ¢, u(f)£(¢) is put into risky investment
and (1 —u(t))&(t) is put in risk-free investment. We will assume self-financing, which
means {(t) equals to the sum of the values of the above investments and no external
funds are transferred to it or from it. There is no cash inflow or outflow and no short

sell. Therefore, we must have

(2.2) %’? = (1 — u(t))rdt + u(t)(ula(t))dt + odW (t)).

Suppose the initial time is s, and the initial wealth is £(s) = y. We assume the
investor did not consume any amount of the investment. The investor’s objective
is to dynamically adjust u(t) over time to maximize the expected a utility function
(¢(T)).

This type of asset allocation with regime switching have been studied extensively
in the literature. Nevertheless, most of the research is concerned with completely
observable models, which is far from reality. In this paper, we aim at the partially

observed cases and develop a method for this type of asset allocation problems.

Note that u(t) is a feedback control. Denote the filtration generated by Py(t) as
Fi. A control u is admissible if u is progressively measurable with respect to {F;}
and u(t) € [0, 1] for all ¢t € [0, T]. Denote the set of admissible control by .A.

In this paper, the price of the stock is observable but the market mode «(t)
cannot be directly observed. For example, in a two-state Markov chain case, it is
not possible to label the market mode to be either ‘bull” or ‘bear.” In view of this,
a(t) is often considered as a “hidden Markov chain.” In this case, one viable way of
solving the problem is to come up with some form of estimation of «(t) based on the

observation P(t) so as to extract needed information.

Note that P,(t) is a function of a(t). To estimate the state of «(t), we use the
Wonham filter; see [17]. The Wonham filter enables us to compute the conditional
probability of a(t) given the past observation F; = {Py(r),s < r < t}.



ASSET ALLOCATION 43

3. WONHAM FILTER

Let «a(t) be a continuous-time Markov chain having finite state space M =
{1,...,m}, and generator ) = (g;;) € R™*™. Consider a function y(t) of the Markov
chain that is observable with additive Gaussian noise. Let y(t) be the observation

measurement given by
(3.1) dy(t) = fla(t))dt +odW(t), y(0) =0,

where o is a positive constant and W(t) is a standard Brownian motion. Let p;(t)

denote the conditional probability of a(t) = i given the observations up to time ¢, i.e.,
pi(t) = Pla(t) =i|y(s) : s < 1);

fori =1,...,m. Let p(t) = (p1(t),...,pm(t)) € R>*™. The Wonham filter is given
by

32 dplt) =p)Qat— (Z f(z')p,(t)) PO + —p(O) AWDy()

p(0) = po, being the initial probability, where

m

At) = diag(f(1), ..., f(m)) = > f(D)p(t)],

i=1
and [ is the m x m identity matrix.

Define y(t) = log(P»(t)). Then it is easy to see that

dy(t) = [,u(oz(t)) - “;] dt + odW (t).

The corresponding Wonham filter for «(t) is given by the following SDE:

(33) dplt) = pl1)Qdt — <Z - % p,-<t>> P+ p() ADy()
where p(0) = pg is the initial probability, and
A(t) = ding <u(1) T ) %) -y [ua) - %] P01
= diag(u(1), ... () — D w1

2

Denote a(t) =Y ", [u(z) — %} pi(t). We have

Aplt) = pQt — &AW + —5p(r) A1)y (1)

(3.4) = p(t)Qdt + Md@(t),



44 L. YU, Q. ZHANG, AND G. YIN

where
dlog(Py) — adt
gy = dloells) —adt =0

o

is the innovation process.

We may rewrite the stock price equation of P in terms of the innovation process

as follows:

dP2 ~ 0'2 ~

Note that both &(t) and do are observable.

Because
- a . o G o?
30 = [t = G| n0 = L utmto - 5.
i=1 i=1
we can simplify our notation and obtain
P.
dP Q(Ef)) — a(t)dt + odd (D),
2

by letting

m

at) =Y u(@pi(t).

i=1
Now the dynamic of the wealth function £(t) can be reformulated by

W) _ 11— w(@)lrdt + ()@ + odo (1)),

§(t)
(3.5) = [(1 —u(t))r +u(t)a(t)|dt + u(t)odo(t).
The objective is to find an optimal control u to maximizes

where T is a finite time and ® is a utility function.

Denote Z(t) = log&(t) and z = logy. Then we have

dZ(t) = [(1 —u(t))r + u(t)a(t) — (1/2)(u(t)o)?]dt + u(t)odd(t),
Z(s) =z,

ap(t) = p)Qae + XA gy
p(s) =p.

Then, we have
J(s,2,p,u(-)) = Es.(®(exp(Z(T)))).

The value function is given by

U(S>Zap) = Sup J(S,Z,p,U(‘))-
u(-)eA
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Let Y(t) = (Z(t) : p(t))’, where A" denote the transpose of the matrix (or vector)
A. Then

[ @ = u@)r Fut)at) - (1/2)(u(t)o)? ut )
Y (t) = < Oty )dt+ A tl};(t) do(t).
Let
) = (1 —u)r +ud — (1/2)(uo)?
f(t7 Y? ) < Q/p(t)/ )
and
u(t)o
Z(tv Y7 u) = A t)p t)/
Then ’
AY (t) = F(t,Y (1), u(t))dt + S(¢, Y (1), u(t))do(t).
Define
(3.6) HY.P.G) = fP+ %u{(zz’)a}

where P is an 1 x (m + 1) vector and G is an (m + 1) x (m + 1) matrix. Here, fP

should be understood as the inner product of two vectors.

Formally, the associated HJB equation is given as follows:
v ov v
3.7 — H|Y — — | =0
(3.7) 95 P < ’8Y’8Y2)
with the boundary condition v(T), z,p) = ®(e*), where z = logy, y is the initial
wealth, and p is the initial probability vector.

4. PROPERTIES OF THE VALUE FUNCTIONS

An analytical solution to equation (3.7) is difficult to obtain (if not impossible).
It is not even clear if equation (3.7) has a classical solution. In this paper, We use

viscosity solution to characterize the dynamics of the system.

The theory of viscosity solutions applies to partial differential equations of the
form F(x,u, Du, D*u) = 0 where F : RY x R x RY x S(N) — R and S(N) is
the set of symmetric N x N matrices. The notion of viscosity solutions was first
introduced by Crandall and Lion for solving first-order Hamilton-Jacobi equations.
The user’s guide by Crandall, Ishii and Lion [7] offers a complete treatment of this
topic. Readers are referred to [8] for applications to deterministic and stochastic
control theory. Viscosity solution is also useful for characterizing numerical solutions
of partial differential equations of the form F(z,u, Du, D*>u) = 0 where Du is the
gradient vector of u, D?u is its Hessian matrix. The condition on F' is that it has to

be proper defined as follows.
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Definition 4.1. Function F' is proper if it satisfies
F(z,r,p,X) < F(x,s,p,Y) whenever r <s and ¥ < X.

Definition 4.2. Let Q be an open subset of RY, ' be proper and u : Q — R.
(a) u is a viscosity subsolution of F'(x,u, Du, D*u) = 0 in Q if it is upper semicontin-

uous and for each ¢ € C?(2) and local maximum point x¢ of u — ¢ we have

F(xo, u(xo), D(x0), D2(x0)) > .

(b) u is a viscosity supersolution of F(z,u, Du, D*u) = 0 in € if it is lower semicon-

tinuous and for each ¢ € C?(2) and local minimum point xy of u — ¢ we have

F(xo, u(xo), D(x0), D2(x0)) < 0.

(c) u is a viscosity solution of F(z,u, Du, D*>u) = 0 in € if it is both viscosity subso-

lution and supersolution of F(z,u, Du, D*u) = 0.

Let

2
F(Y,v, Dv, D*v) :supH( v 0 U).

Yoy ave
We consider
v, + F(Y,v, Dv, D*v) = 0,

. . . . . 2
which is a classical parabolic equation. Here Dv = 22 and D% = 25,

We need the following condition for the utility function ®.
[@(y)| < K(L+ [logy|™ +y* +y7),
for y € (0, 00), for some nonnegative constants K, k;, i = 1,2, 3.
Moreover, for any y;,y2 € (0,00) and some K; > 0, either
[D(y1) — ©(y2)| < Killogyr — logys|

or, for some v < 1 and v # 0,
[D(y1) — P(y2)| < Kilyl — ysl.

These conditions are needed so that the value functions have certain growth rate;

see [19] for related estimates.

Lemma 4.3. v(s, z,p) is continuous with respect to s, z, and p.

Proof. (1) v(s,-,p) is continuous with respect to z.
Fix (s,p). For given 2, 2z and u define

1

R(t) = / t {(1 — u(2))r + u(z)é(z) - §(u(at)a)2] dz + / t u(z)odi(x).
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Let Z;(t), i = 1,2, be defined as Z;(t) = z; + R(t) then Z1(t) — Z5(t) = 21 — 2o

and

IA

|U(87 Z17p) - U(S7 227p)‘ sup ‘Eq)(ezleR(T)) — Eq)(ezzeR(T))‘
sup |[E{[®(e*) — ®(e?)]efiT)}

K1|Zl — ZQ|E(6R(T)).

IA

IA

IA

|U(87 Z17p) - U(S7 227p)‘ sup ‘Eq)(ezleR(T)) — E®(622€R(T))‘
sup |E{[®(e**) — ®(e)]eT}|

e il
= K| — er2|E(e7RT),

IN

IA

It suffices to show the boundedness of E(e?™)).

By Ito’s differential rule, we have

2
detBO) — AR(T) {ydR(t) + %(u(t)a)Zdt} :

Taking expectation on both sides yields
t
Ee ) <14 C’/ Ee"@) gy

for some constant C' > 0. Then the Gronwall inequality implies
Ee R0 < ec(t_s), s<t<T.

(2) v(-, z,p) is continuous with respect to s.

Fix (z,p). For a given s, As > 0, and u define

Z(t) = Z(t — As),
u(t) = u(t — As),
p(t) = p(t — As),
= i w(i)p(t — As).
Write Z(-) in terms of @(¢):
t+As i+As
Z(t)=z+ /+A (1—a(x))r+a(z)a(z) — %(ﬂ(x)a)zdx + /+A u(z)odo(x).
Let
Z(t)=z+ /+A (1—a(x))r+a(x)a(z) — ! (a(x)o)*dr + /+A u(z)odo(x)
Then

J(s+ As, z,p,0) = Ed(e Z(t)
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Moreover,

+ /tt+As w(z)odo(z),

| T(5, 2, p,u) — J(s + As, 2,5, )| = |[E®(?D) — ED(20)]
either < K E|Z(T) — Z(T) < K1v/As
or < K|E(e7%T) — 2D,
Note that E(e??M) < K.
By the Cauchy-Schwarz inequality, we have
|E(e72T) — evZ(T))‘2 < E(ev(Z(T)—Z(T)) — 1) < KAs.
The last inequality follows by Ito’s rule.
(3) v(s, z,-) is continuous with respect to p.

Fix (s, z). For given py, po and u, define
t 1 t
Ri(t) = / {(1 —u(x))r + u(z)d;(x) — §u2(x)02} dx +/ u(z)odo(x),
where &;(z) =Y, p(k)pi(z), i = 1,2.

Since Zz(t) =2z + Rz(t),l = 1, 2, then Zl(t) — Zg(t) = Rl(t) — Rg(t) Either

‘J(Sv Zuplvu) - J(Sv Z, P2, u)‘ = ‘E(I)(6Z1(T)) - E®(6Z2(T))‘
— |E(I)(ez+R1(T)) N E®(62+R2(T))|
< KiE|Z\(T) — Zo(T)| = K7\ E|R(T) — Re(T')],

or
|J(s,2,p1,u) — J(s,2,p2,u)| = |Eq>(621(T)) _ E(I)(eZz(T))‘

= |Eq>(62+R1(T)) _ E(I)(ez+R2(T))|

< K1E|(62+R1(T))'y _ (ez+R2(T))-y|

— Kle’YZE‘e“/Rl(T) _ e’YRz(T)"

<|lp1 — p2||-
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O

Theorem 4.4. The value function v(s, z,p) is the unique viscosity solution of HJB

equation (3.7).

Proof. The proof can be found in [18]. O

5. MARKOV CHAIN APPROXIMATION

In the previous section, we have shown that the value function v is the unique

viscosity solution of the HJB equations

ov ov 0%
5.1 —+H(Y,—,— ) =0
(5:1) Os ( )% 8Y2)
with the boundary condition v(T), z, p) = ®(e*).

A common choice to compute the value function is to use finite difference approx-
imation. But finite difference method is not applicable in this problem. The obstacle
is due to the fact that the matrix a(u, p) = 3 is not diagonally dominant. To apply
finite difference method, one needs

aii(u,p) = Y lai;(u,p)| > 0.
JigF#
We can see that this is not the case in this paper. For example, if p(t) is 2-

dimensional,

ADP@) = M a 0 pi®) \ _ [ (= @)p
0 fz — & p2(t) (2 —&)ps )

it follows that

uo uo
St,Y,u) = A@pi)y | = 2(u—a)p
o (12 — &)p2
Thus
oY = | 1(m —a)p (UU ;(,Ul — Q)p ;(Mz - d)m) :
%(Mz —Q)py
u?o’ u(p — &)p u(po — &)py
XY = u(p — a)py L — @)*p? L — @)p1(p2 — @)po
u(piy — &)y U%(Ml — a)p1(p2 — &)po U%(Mz - 07)2]93

In order to have

aii(uap) - Z |a'ij(u>p)| Z 07

Jig#i
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we must have
uo® > |y — &lpy + |2 — élpo
%(Ml — &)*p7 > ulpuy — Gy + ! 5 (1 — @)pi(p2 — Q)pa
i2(#2 — &)°p3 > ulps — d&lps + 1 5 (11— @)p1(p2 — &)pa.

Suppose p1 > po, hence p; —a& > 0, us — & < 0. We then hope to have

uo® > (p — &)p1 + (& — pi2)pa,
(11 — &)p1 > uo® + (s — &)po,
(2 — @)p2 < uo® + (1 — @)p1.

The third condition holds. To satisfy the first two condition, we must have

= (1 — &)p1 + (& — pa)p2.

However, u is the control function that is allowed to take value 0.

To find numerical solutions, we apply Kushner’s Markov chain approximation
method see [12]. The main idea is: Based on probabilistic methods, we construct a
Markov chain with specified transition probabilities leading to the approximation to
the cost function, and the value functions etc. We refer the reader to [16] for Markov
chain approximation to regime-switching diffusions using relaxed control setup and

weak convergence approach.

One of the key requirements in finding the proper Markov chain approximation is
to verify the “local consistency conditions,” which basically means that the approxi-
mating chain should have local properties that are consistent with that of the original
chain. Recall that we denote Y'(t) = (Z(t) :p(t))’, and Y (¢) evolves according to the

stochastic process
dY (t) = f(t, Y (t), u(t))dt + X(t, Y (t), u(t))do(t).

So the approximating chain Y (¢) should satisfy the following local consistency con-

ditions:
Elt AYF = f(t,Y(t), u(t) At (Y, u) + o( A" (Y, u))
covit AV =S(t, Y (t),u(t))S(E, Y (1), u(t)) At"(Y,u) + o(At"(Y, u))

If we can find approximating chain Y”(¢) whose transition probability P*(Y, Z |
u) and time step functions At"(Y,u) satisfy the “local consistency conditions” then
we can use it to compute the value function v"(s, Y") for the approximating chain.

For a detailed discussion of this method, see [12].
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The value function is
v(s, Yo) = sup E[®(exp(Z(1))) | Y (s) = Yol,
where Yy = (z,p) is the initial condition. By the principle of dynamic programming,
v(s — At" Yy) = sup E[u(s, Y (s)) | Y (s — At") = Y.
The approximation function v” should have the same property
(s — At Yy) = sup Eu"(s, Y (5)) | Y (s — At") = Y.

The degenerate structure of the noise covariance matrix suggests that the part of the
transitions of any approximating Markov chain which approximates the effects of the
“noise” would move the chain in the directions £%(s,Y,u). Let the state space S,
be such that

Y +h¥(s,Y,u) € Sy, forY €5,

and
Y +eheS, forY es,,

We use the following steps to choose a set of transition probabilities P*(Y, Z | )
and time step functions At"(Y,u) to satisfy the “local consistency conditions.” First

we consider the stochastic process
dY (t) = f(t, Y (£), u(t))dt + X(t, Y (2), u(t))do(t)
as having two different components, represented respectively by
dY (t) = X(t, Y (t),u(t))do(t)
and
dY (t) = f(t, Y (1), u(t))dt.
We choose two different sets of transition probability and time step functions, so
these two SDE’s individual “local consistency conditions” can be satisfied. Then we

combine them to obtain a choice that can satisfy the “local consistency conditions”

for the original state Y'(¢). The idea of this construction can be found in [13, p. 118].

(1) One set of transition probabilities for a locally consistent chain for the com-

ponent represented by
dY (t) = X(t, Y (t), u(t))do(t)
is P(Y,Y £hX(s,Y,u) | u) = 1/2. With these transition probabilities, the covariance
of the state transition can be written as
> (Z-Y)NZ-Y)PNY,Z|u)=355'h".
z

Then, if we define the interpolation interval At (Y, u) = h2, P}(Y,Y +h3(s, Y, u) | u)

is locally consistent.
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(2) One possibility for the transition probability of the approximation to
dY (t) = f(t, Y (t),u(t))dt
is
P}Y,Y +eh | u) = f5(t,Y,u) x normalization,

where the normalization is

1 1

Q(Yow) — TSt Y )
ft =max{f,0}, f~ = max{—f,0}. Define

h
er:l_l i(t> Y> u)
The local consistency can be shown by the calculations

Ath(Y,u) =

N (Z=Y)PIY,Z | u) = [(t,Y,u) x Aty(Y,u),
Z
where Z € {Y £ e;h,i =1,...,m}, and
Y (Z=Y)Z=Y)PY,Z | u) = oAty (Y, w)).
Z
(3) Combine the above “partial” transition probabilities from the diffusion and
drift component to get
1

h _
PY Y, Y £hE(s, Y, u) [u) = 20" (Y )’

PWKYiun%;#@K@—JL—

Q"(Y, u)
where
m—+1
Q"(Y,u) =1+h>_|fi(Y,u),
i=1
and
h Y. h2
At = —.
W) = o)
To show that the local consistency is satisfied, we see that
h2
D (Z=Y)P'Y.Z|u) = f(t,Y.0) g,
= Q"(Y.u)
where Z € {Y £ e;h,i =1,Y £ h¥(s,Y,u),...,m}, and
h2
Z-YNZ-Y)P"Y,Z | u) = XY ———— + o(Ath(Y,u)).
Z( )( ) ( ) |U) Qh(Y,u) +O( t2( ,U))
ZeSh
The numerical scheme for the value function is
(5.2) V(s — A(Y,u),Y) =sup | > PMY, Z | up'(s, 2)

u ZeSy
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with
(5.3) (T, z,p) = ®(e*), (21p) € Sh.

For calculation purposes, it would be better if we can find a constant interpolation
intervals At". This can be done by defining

Q" = sup Q" (Y, ).
wp
Then the following are locally consistent:
Ath = 12 /Q",
PMY,Y £h¥(s,Y,u) | u) = 1/2Q",
P'Y,Y £ eh | u) = f(t Y, wh/Q",
PY,Y [u) = (@Q" - Q"(Y,u)/q".

Fi(@)(Y) =sup | > P"(Y,Z | u)$(Z)
u ZeSh
Then the scheme for computing the value function approximation can be rewritten
as
V(s Y) = Fp(wh(s+ At'(Y,u),))(Y),Y € S,
v"(T,z,p) = ®(e?),(zip) € Sh.
In order to use the Barles-Souganidis method [2] to prove the desired convergence,

we need to check the following condition:

Fn(d1) < Fin(da) if ¢1 < o (monotonicity).

For 0 < h < 1, there exists a solution v" to the computation scheme and a constant
K such that ||v"|| < K (stability).

For every “test function” w € CH?(R™*1),

ow
li hF t+h,- —w(t, :——I—H<Y,
A b))~ el = 5

hlO

ow 0w

e m) (consistency).

We have the consistency because

lim A Fu(w(t+ h,-))(q) — w(t, q)]

(t,q)h—l;)(svp)

sup,[>°, P'(q, Z | w)w(t + h, Z)] — w(t, q)

= lim
(t:0) — () h
(6) 7 (5:7) h
ow ow O*w
= — + HY,—, —).
s T HY gy aye)
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Since PM(Y, Z | u) > 0, the monotonicity is immediate.

IF60(Y) — Fld)M = ||sup | 3° PPV Z | 0)64(2) — (2] H
PES),
< sup > PUp,q)| llgr — ool
= sup o1 ~ o]

Therefore F, is a contraction mapping. The fixed point v" of this contraction mapping
is the solution of (5.2). This proves the stability.
Define
v*(5,Y) = limsup v"(t,2)

(t2) = (5.Y)

v.(s,Y) = liminf o"(¢, Z).

(t2) = (5.Y)

Lemma 5.1. v* is a viscosity subsolution of equation (5.1), and v, is a viscosity

supersolution.

Proof. In order to prove that v* is a viscosity subsolution, we suppose that ¢ is a
test function such that v* — ¢ has a strict local maximum at (s,Y’). Then there is a
sequence converging to zero denoted by h, such that v" — ¢ has a local maximum at
(tn, Yy) which converges to (s,Y) as h | 0.

Uh(th, Yh) — (ﬁ(tm Yh) Z Uh(th + h, Yh) — ¢(th + h, Yh),

¢(th + h, Yh) — ¢(th, Yh) > Uh(th + h, Yh) — 'Uh(th, Yh).

By the monotonicity we proved above,
Fnld(tn + ) (Ya) — ¢(tn, i) = Fu(0"(tn + h, ) (Ya) — v"(th, Y2).

Since v" is the solution of (5.2), the right side is 0. We divide by h and let h | 0. By

the consistency, we have

9¢
St (.

Therefore, v* is a viscosity subsolution.

2
90 09N
oy’ oy?) —

Similarly, suppose that ¢ € C'? is a test function such that v, — ¢ has a strict
local minimum at (s,Y’). Then there is a sequence converging to zero denoted by h,

such that v® — ¢ has a local minimum at (¢,Y}) which converges to (s,Y) as h | 0.
Uh(th, Yh) — o(tn, Yn) < Uh(th +h,Y,) —o(th + h,Yy),

¢(th + h, Yh) — (ﬁ(tm Yh) S Uh(th + h, Yh) — ’Uh(th, Yh)



ASSET ALLOCATION 55

By the monotonicity we proved above,

Fn(@tn +h, ) (Yn) = d(tn, Ya) < Fu(0"(tn +h,))(Ya) — 0" (th, Ya).
Since v" is the solution of (5.2), the right side is 0. We divide both sides by h and let
h | 0. By the consistency, we have

o dp ¢
%+H(Yay ave ) =Y

Therefore, v, is a viscosity supersolution. O

Theorem 5.2. As h — 0 the solution v" of (5.2) converges uniformly on any compact
subset of [0,T] x R x [0, 1]™ to the unique continuous viscosity v of (5.1).

Proof. By Lemma 5.1, v* is a viscosity subsolution of equation (5.1). By comparison
result for viscosity solutions, v* < v. Similarly, v, > v. Since v, < v*, we have proved

lim "¢, Z) = v(s,Y).
w2 (SY)( ) =v(sY)

6. SEPARABLE CASE

In this section, we consider a special case in which the value function can be
written as the product of a function of (s,p) and that of z. Such a separation allows
us to reduce the complexity of the overall problem and leads to simpler HJB equations

for numerical solutions. We have proved that v is the unique viscosity solution of the
PDE

ov ov 0%

L H((Y. == 2~
55 THY 5y av2)
with the boundary condition v(7), z,p) = ®(e*), where z = Iny and y is the initial

(6.1) =0

wealth, and p is the initial probability vector. When the utility function is of the
form ®(x) = ¥, we can simplify the numerical solution even further by separation
variables.

Recall that
ov 0% 1 02

(1 —w)r + ua — (1/2)(uc)? ) |

Let
.f(t> Y, u) = ( Q'p(t)/

If we denote f(¢,Y,u) = (fu, fp)’, then
v v Ov
fa—Y - fu@ + fpﬁ_p’

where fp 5y is the inner product of the two vectors.
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Recall that

Y(t,Y,u) = ( A(g;(t)f ) :

g

We denote X(t,Y,u) = (cu, ). Then

Pv v
0*v el 922 920
ZZ — u U~p Z Z p
( )8Y2 <Cpcu C;DC;/n 021) 82’1}
opdz  Op®
So,
1 0*v 1/ ,0% 0 , 0% 1 v
5“{@2)83/2} 5( a2+“l’aa “’aa)+ tr<cpp8p)

The PDE becomes
Ov ov 0%
0= £+H<Ka—y’m)
—@—I-SU. f +f 1 Qi_‘_ 82U / 82U
= Bs “9 Pa Cugrz T pa 5z T “Y gL,
1 , 0%

+§tr Cpcpa—pz
CN +— 200 p O e, T L (O
T os P Jep g Pap C“&a rc“w ‘

Suppose that the value function has the form

v(s, z,p) = ykw(s,p) = ekzw(s,p).

Then
ov 0w
== kettu(s, p),
2z
B ow
0 B op’
8 v _ 2 kz
@ = ]{7 e ’LU(S p),
v 0%v . e OW
0z0p  \0pdz) op’
9% kza%u
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It follows that
v ov 0%
0= &+H<Y’a—y=m)

o 1
= ekz_w + sup {fukekzw(S,p) + §Cik2€k2w(57p)

Os
+fpekzaa—1; + cucpkekz%} + %tr (cpc’ e 882 : ) :
Therefore, if the value function has the form v(s, z, p) = y*w(s, p) = e**w(s, p), then
88_15 + sup {fuk:w(s,p) + %cikzw(s,p)
(6.2) + f,,g—l; + cucpkaa—Z} + ;tr (cp pf:f) —0.

This is a reduced PDE that only contains the variables s and p.

Theorem 6.1. If w(s,p) is the viscosity solution of the PDE (6.2), then v(s, z,p) =

eb*w (s, p) is the viscosity solution of the HJIB equation (3.7).

Proof. Suppose w(s, p) is the viscosity solution of the PDE (6.2), then

%, sup {fukw(s,p) + 1Cikzw(s,p)

0s
d¢ ¢ , P
< 0.
+j}[,8 +cucpkap +2t pap2 <0
for all ¢ € C? such that w — ¢ has a local minimum at (s, p). Then w(s, p) —¢(s, p) <

Suppose v(s, z,p) = e
at (s, z,p). That is,

(63) 6kzw(8ap) - ¢(S> Zap) < 6kxw(t> q) - w(ta z, Q)

for all (¢,z, q)in a neighborhood N (s, z, p).

*2w(s,p) and ¢ € C? such that v — ¢ has a local minimum

(1) Let t = s, =p, v = z+ Az in (6.3) we have
ew (s, p) — ¥(s, 2,p) < EHw(s, p) — Y(s, z + Az,p),
or,

(64) ’QD(S, z+ Azap) - ’QD(S, Zap) < ek(z—l—Az)w(s’p) - ekzw(s>p)'

Therefore,

_ k(z4+Az) _ _kz
Y(s, 2+ Az, p) — (s, 2,p) < ¢ < (s, p).
Az Az P
Letting Az — 0, we have

W _
(6.5) 9, = & at (s, z,p).
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Similarly, we have

(6.6) U(s, 2 — Az, p) — (s, 2,p) < 2 w(s, p) — e w(s, p).

Add (6.4) and (6.6). We have

U(s, 240z, p)=20(s, 2, p)+(s, 2= Az, p) < eFEHADy (s, p)+eFE A (s, p)—2eF2w (s, p).

Hence

V(8,2 + Az, p) — 20(s, 2,p) + (s, 2 — Az,p) _ ekE+A2) _ 9ekz 4 4 oh(z=Az)
< w(s,p).
(Az)? (Az)?

Letting Az — 0, we have

2
0 w Y at (s,2,p).

(6.7) 5.2 = 8 5

(2) Let x = z in (6.3). We also have

e w(s,p) — (s, z,p) < *w(t, q) — Y(t, z,q).

Fix z and divide both sides by e**, we have
U(s, 2, p)

6kz

Y(t, z,q)

< w(t7 Q) - ckz

w(s,p) -

)

for all (¢, q) in the neighborhood N (s, p). Because w is the viscosity solution of (6.2),

we must have

1 9 1,
ekz 08 + Sulg-l)) {fuk’UJ(S,Z,p) + icuk UJ(S,Z,p)

1 9 1 9 L1 (O
—l—fpekza + ¢y pk: = Bzgg}+2 —t <c]gc]ga—p2 <0.

Therefore,

o +sup { fuke®w(s, z, p) + 1c 2L w(s, 2, p)
0s u(-) 2

o N 0%y
+fp— +cucpka—p} + 2tr <cp ¥l <0.

This is true for all value of z. So

N v 1 ,0%
as o0 {fa_ 2°

a_
1
+fp_+cu } 5 P;Ua,lé})go
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TABLE 1. Different initial time

s w(s,log(1000),0.8)  MC

33.5278 33.8943
0.1 33.2449 33.4353
0.2 32.8735 33.2977
0.3 32.4707 32.4048
0.4 32.0480 32.1506

Consider (6.5) and (6.7). We have

N (& 0%y
Bs +su131)) {fu_ + = 8—

o oY >y
+fp8 +cucpk8p} + 2tr <cp 7’8]92 <0.

This proves that v(s, z,p) = ef*w(s,p) is a viscosity subsolution of (3.7). The proof

for supersolution is similar. O

Recall that the numerical scheme for the value function is

(6.8) V(s — ALY) =sup | Y P"(Y, Z [ u)"(s, Z)
u z

with

(6.9) vM(T, 2,p) = ®(2), z€ Sy

kz

Now with v(s, z,p) = e"*w(s, p) we can simplify this scheme and have

(6.10) w'(s — At,p) = sup > P'(p.q] U)é(Q)wh(&p)] :
with
(6.11) w'(T,p) = 1.

7. A NUMERICAL EXAMPLE

In order to test the numerical scheme in this paper, we compare the value function
from the Markov chain approximation and from the Monte Carlo simulation. To take

advantage of the separable case, we assume the utility function is ®(x) = 2'/2.

Assume T = 0.5, a half year time frame. With initial investment of $1000, the
value function v(s, z, p) for different initial time s compared with the data from Monte

Carlo simulation is shown in Table 1.
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TABLE 2. Different initial probability

p  v(0.2,10g(1000),p)  MC

0 32.5956 32.9894
0.1 32.5964 32.7831
0.2 32.5981 32.8393
0.3 32.6024 32.8257
0.4 32.6140 32.9907
0.5 32.6511 32.9886
0.6 32.6963 33.0124
0.7 32.7415 33.1261
0.8 32.7868 33.1319
0.9 32.8321 33.2506
1.0 32.8588 33.2377

With initial investment of $1000, the value function v(s,z,p) for different ini-
tial probability p compared with the data from Monte Carlo simulation is shown in
Table 2.

8. CONCLUSIONS

In this paper, we considered an asset allocation problem under the formulation of
geometric Brownian motion with regime switching. We focused on the problem with
partial observations. Wonham filter is used to estimate the conditional probability
of the market mode process. We used Kushner’s Markov approximation to solve the
problem. We also considered a separable case and showed that only a simpler HJB

equation is needed for the corresponding numerical solutions.

It would be interesting to extend our results to incorporate the case when the
volatility is Markov chain dependent. Nevertheless, this requires further study of ex-
tended Wonham filters or approximation methods for handling the associated infinite

dimensional filtering equations.
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