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ABSTRACT. In this article, we establish the results on the existence and uniqueness of positive
solutions of the three-point boundary value problem for the nonlinear singular multi-term fractional
differential equation with the lower derivative p € (0,a). Our analysis rely on the well known

Schauder’s fixed point theorem.
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1. INTRODUCTION

Fractional differential equations have excited in recent years a considerable inter-
est both in mathematics and in applications. They were used in modeling of many
physical and chemical processes and in engineering. In its turn, mathematical aspects
of fractional differential equations and methods of their solutions were discussed by
many authors, see the text books [4,7,9], the survey paper [2] and papers [1, 5, 6, 8,

10] and the references therein.

In this paper, we discuss the three point boundary value problem (BVP for short)

of the nonlinear singular fractional differential equation of the form
Dgu(t) + f(t,u(t), Dyu(t) =0, 0<t<l,l<a<2,
(1.1) lim,_o 2~ ®u(t) = 0,
u(1) = Bu(n),
where 3 € [0,00), n € (0, 1),
ative of order o (or ), u € (0, ), f defined on (0,1) x R X R and f may be singular
att=0and t=1.

D, (or Df,) is the Riemann-Liouville fractional deriv-

We obtain the existence and uniqueness results for BVP(1.1) by using the well
known Schauder’s fixed point theorem. The novelty of this paper is as follows: (i) 0 <
i@ < a, (ii) f may be singular both at ¢ = 0 and ¢t = 1, f may be a non-Caratheodory

function.
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This paper is motivated by [6] in which the authors studied the following bound-

ary value problem for fractional differential equation

{ Dou(t) + f(tu(t) =0, 0<t<l,

(12) u(0) = 0,u(1) =0,

where 1 < a < 2 is a real number, Df, is the standard Riemann-Liouville differen-
tiation, and f : [0, 1] x [0,00) — [0, 00) is continuous. By means of some fixed-point
theorems on cone, some existence and multiplicity results of positive solutions of
BVP(1.2) were obtained.

This paper is also motivated by [11]. E. R. Kaufmann and E. Mboumi studied

the following boundary value problem for the fractional differential equations

(1.3) { Du(t) +a(t)f(tu(t) =0, 0<t<ll<a<2,

u(0) =0,4/(1) =0,

by using the properties of the Green’s function of the corresponding BVP, the Leggett-
Williams fixed point theorem and the Krasnoselskii fixed point theorem. Under the

assumptions:
(A1) f:]0,1] x [0,+00) — [0,00) is continuous,
(A2) a € L™[0,1],
(A3) there exists a constant m > 0 such that a(t) > m a.e. t € [0, 1],
the authors in [11] proved that BVP(1.3) has at least one or three positive solutions.

One notes that f in [6, 11] is continuous on [0, 1] x [0, 00). While the existence
and uniqueness of positive solutions for the nonlinear singular fractional differential

equations have not been studied well.

In recent paper [12], the authors studied the following boundary value problem

for singular fractional differential equation

(1.4) { Dgiu(t) + f(t,u(t), Dgru(t) =0, 0<t<1,
u(0) =0,u(1) =0,

where 1 < a < 2,0 <p < a—1, Dy, is the standard Riemann-Liouville differentia-
tion, f:[0,1] x (0,00) x R — (0,00) is continuous and f(¢,z,y) may be singular at
x = 0. The existence of positive solutions of BVP(1.4) is obtained based upon the
fixed point theorem on cone, the regularization and sequential techniques. In [12],
w € (0,0 — 1] is supposed. But in (1.1), it is supposed that p € (0, «).

The paper is divided into three sections. In Section 2 we give some basic defini-
tions in Riemann-Liouville fractional calculus. The corresponding Green’s function
and its positivity is argued. In Section 3, by means of the contraction map principle,
the uniqueness results of positive solution are obtained, then some existence results

of positive solution are obtained by the use of the Schauder’s fixed point theorem.
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2. PRELIMINARY RESULTS

For the convenience of the readers, we present here the necessary definitions from
the fixed point theory and the fractional calculus theory. These definitions and results
can be found in the literatures [3, 4, 6, 7, 9].

Definition 2.1. Let X be a real Banach space. The nonempty convex closed subset
P of X is called aconein X ifar € Pforallz € Panda >0,z € X and —x € X
imply z = 0.

Definition 2.2. An operator T : X — X is completely continuous if it is continuous

and maps bounded sets into relatively compact sets.

Definition 2.3. The Riemann-Liouville fractional integral of order ao > 0 of a func-

tion f : (0,00) — R is given by
1 t
I8 ft) == [ (t—5)""f(s)d
510 = g | =9 s
provided that the right-hand side exists.

Definition 2.4. The Riemann-Liouville fractional derivative of order a« > 0 of a

continuous function f : (0,00) — R is given by

IR S (©)
D f(t) = ———— —d
o (1) I'(n— a)dtr /0 (t — s)o—ntl %
where n — 1 < a < n, provided that the right-hand side is point-wise defined on
(0, 00).

The Gamma and beta functions I'(«) and B(p, q) be defined by

I(a) = /0 e e, Blpag) = /0 (1= 2yl
and .
lm|1 = /0 |m(s)|ds for m € L*(0,1).
Lemma 2.1. Letn—1<a<n, ue C°0,1)L'(0,1). Then
I8, Dg u(t) = u(t) + Crt* ' + Cot™ 2 + -+ 4+ Cpt™™",
where C; € R, 1 =1,2,...,n.
Lemma 2.2. Letn—1<a <n, ue C°0,1)L'(0,1). Then Dy I¢ u(t) = u(t).

Lemma 2.3 (Leray-Schauder Nonlinear Alternative [3]). Let X be a Banach space
and T : X — X be a completely continuous operator. Suppose S is a nonempty open
subset of X centered at zero. Then either there exists x € OS2 and X € (0,1) such that

x = \Tx or there exists © € Q such that . = Tz.
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Lemma 2.4. Suppose that 1 # Bn®~t. Given h € C(0,1) satisfying that

(H1) there exist constants M >0, k > —1 and | € (u — «, 0] such that a« +1+k >0
and |h(t)] < MtE(1 —t)! for all t € (0,1).

Then u is a solution of

Dgu(t)+h(t) =0, 0<t<1,

(2.1) limy_o 2 u(t) = 0,
u(1) = Bu(n).
if and only if
1
(2.2) u(t) = / G(t,s)h(s)ds,
0
where
( _(t_s)a—l ta—l(l_s)a—l . Btafl(n_s)afl
e T T@ppe ™)~ M@y 5 SLSS,
_(t—S)a71 tozfl(l_s)afl
(23) Glts)={  T@ = T@imey nss=t
Y tozfl(l_s)afl B ﬁtafl(n_s)afl t < s <
Ta)(1-Br-1) — D@(-pne1) =85=1,
tafl(l_s)afl
t<s,s>n

\ T(a)(1=pn>—1)”

Proof. By the assumption, for ¢ € (0,1), we have

bt —s)ot \ds bt —s)ot
/0 ORI R A A v

< M/o %sk(l —5)lds < M/o %sk(t — s)lds

< |h(s)|ds

1
= Motk / (1 —w)* " rwkdw = Mt*™"FB(a+ 1,k + 1) < oco.
0
We may apply Lemma 2.1 to reduce BVP(2.1) to an equivalent integral equation

U(t) = — /0 7@ ;(2;_ h(S)dS + Clta_l + Cgta_z

for some ¢; € R, i=1,2.

From lim,_o #*~%u(t) = 0, one has ¢, = 0.

By u(1) = pu(n), we get

Therefore, the unique solution of BVP(5) is

u(t) = — /0 %h(s)dw 1_t;7a_1 /0 (1;(2; —h(s)ds

st M=)
1—/6770‘—1/0 (o) h(s)ds.
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For n < t, we can express u t)

(
e BT YT
ww = | ( o) +F(a)(1—ﬁ77“‘1) F(a)(l—ﬁn“‘l))h( )d

st o

1 ta—l(l S)oc—l
v/ (@)1 =B )

:/Gts

For n > t, we can do it similarly

(=gt et el gety
ut) = /( M) @)= B F(a)(l—ﬁna‘l))h( )d

D S V) L W
+Z GWMO—BW*) F@XL#M%Q)M)d

1 ta—l(l o 8)01—1
+/n (@)1 =g )%

1
= / G(t,s)h(s)ds.
0
Here G is defined by (2.3).

Reciprocally, let u satisfy (2.2). Then by

bt —s)ot
/0 Wh(s)ds

Since aw + 1+ k > 0, we have 2+ [ + k > 0. Then lim;_t*~*u(t) = 0, u(1) = Bu(n),

furthermore, use Lemma 2.2, we have D§u(t) = —h(t). The proof is complete. [

t2—a

1
S Mt2+l+k/ (1 _w)a—lwkdw'
0

Remark 2.1. f a = 2,y =1 k= -1 and | = -1, h(t) = t1(1 — )7, then h

29

satisfies (H1). But h & L'(0,1).

1
2

Remark 2.2. Suppose that 3> 0, 1 > #n*'. Then
ta—l

G(t,s) <

~ W, for all S,t € [O, 1],

and
G(t,s) > 0 for all t € [0,1],s € [0, 1].

In fact, one sees from (2.3) that

( tafl < <
=B D@ 5 t,s <m,
el
G(t,s) < aperE: 1S5t
Y - ta71
B @) =81,
tafl t < S’ . n
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ta—l

[(a)(1 = pnot)
On the other hand, we have from (2.3) that

(0 (1—s)* " —(A=Bn* ") (t=s)* 1t (n—sm)* "
T(a)(1—pn>=T) , s<t,s<m,
127 (1)1 (1B ) (t—s)
G(t,s) > D(a)(1-pn>=T) = n<s<t,
7 - e A=s)> gt (n—sy) ! t
T(e)(1-pn~~1) ) <
tafl(l_s)afl
\ T(a)(1-pn>~T)> t<s,s>n.
4 (1—5770471)[tozfl(l_s)afl_(t_s)afl}
F(az(l—ﬁna*) ) >Ls>,
Bt (t—s)* !
= T(a)(1-pn>=1)” n<s<t,
(1—pn> 1)t —1(1—g)o-1
T(@)(I—Bn~1) t<s<n,
ol (1=s)ent
\ I'(a)(1—Bn>—1)
> 0.

For our construction, we let

z € C°0,1], D,z € C°(0,1]
X =<x:(0,1] = R there exist the limits lim; o>~z (t)

limy o t+2- DY, a(t)

with the norm

l|lu|| = max{ sup 27 u(t)|, sup t”+2_o‘|D6‘+u(t)|}, ue X.
0<t<1 t€(0,1]

Then X is a Banach space. We seek solutions of BVP(1.1) that lie in the cone
P={ueX: :u(t) >0, 0<t<1}.

Define the operator T on P by

(Tw)(t) = /O G(t,5)f (s, u(s), D! u(s))ds .

Lemma 2.5. Suppose that 1 # 3n* "t and 0 < p < o — 1, and

(H2) f satisfies that
(i) t — f(t,t*2u, t**20) is continuous on (0,1) for each u € R,v € R;
(ii) (u,v) — f(t,t*2u, t*2v) is continuous on R x R for each t € (0,1);
(iii) for each r > 0, there exist constants M >0, k> —1 and | € (u — «, 0] such
that o +14+ k>0

|f(t, 1220, t7 P 20) | < MtP(1 =)'t € (0,1), |ul, |v] <7

Then z is a solution of BVP(1.1) if and only if x is a fixed point of T, T : P — P is

well defined and completely continuous.
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Proof. By Lemma 2.4, we see that = is a solution of BVP(1.1) if and only if = is a
fixed point of T'. By the definition of 7', we have
1
EoTu)t) = £ [ G(t,5)f(s,u(s), Diu(s))ds
0

2o tw s,u(s), DY u(s))ds
— [ ). D))

+ ! /0 (1= )" f(s,u(s), D u(s))ds

1 — pnot I(«)
e [ ). Dyt
It follows that
tDg (Tu)(t) =~ /0 t% f(s,u(s), Dl u(s))ds
o /0 1 %(; S_)C:)lf( u(s), Dl u(s))ds
e [ s ute). s

It is easy to see from Remark 2.2 that Tu € X and (Tu)(t) > 0 for all ¢ € (0, 1].
Hence T': P — P is well defined.

We divide the remainder of the proof into two steps.
Step 1. T is continuous.
Let {y,}o2, be a sequence such that y, — yo in X as n — co. Then we have
[yl = max { sup 27|y, (t)], sup "2 DXy, (1) p <7 <00, n=01,...
0<t<1 t€(0,1]

and

lim sup 2%y, (t) —yo(t)] =0, lim sup t****[Df,yn(t) — Dy, yo(t)| = 0.

n—0 4 (0,1] "0 te(0,1]
So there exist constants M > 0, k > —1 and | € (4 — «,0] such that a +1+ %k >0
and
£t yn(t), D yn(E)] = | f (£, 4728270y (8), £2 772027 DYy (1))
< MtF(1—t)'t e (0,1).
It follows that
27 (Tyn) () — (Tyo) (1)]

/0 G(t, 5) (5, yn(s), DLy yals))ds — / G(t, 5)f (5. yo(s), DL yols))ds

_ t2—0!

<ive | %ms,yn( ). Digen()) = £ (5 90(5), Dieo(5))lds
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b Eé(1_@w_V@w&@J%wAQM—ﬂ&m@%D&m@DMS

1 — pnet I'(a)
t K (77 B S)a_l I I
+ 1 — ﬁﬁa_l 0 F(a) |f($, yn(s), D(]ern(s)) - f(S, yo(S), D0+y0(8))|d$
t t— s)a—l 1 1 (1 _ s)a—l
< 2—a ( ki1 o\l ki1 o\l
< 2Mt /0 T s"(1 —s)'ds + 2]\/[1 e /0 o) s"(1 —s)'ds
l T(p—s)t l
+ oM / s"(1 —s)'ds
Tl S Y R
t t— S)a+l—1 1 1 (1 o S)a-i—l—l
< 2Mt*@ / (7$de +2M / sfds
N 0 ['(a) 1—Bn=t Jg ['(a)
" " (p— s)H-l
+2M / s"ds
1—pn*=t Jo I'(a)
1 1 _ w)a+l—1 t 1 (1 _ S)a-l—l—l
= 2Mt2+l+k/ (Gl Fdw + 2M / kd
o T T gt )y T T 0
’)7a+l+kt /1 (1 _ ,w)a—l—l—l L
+2M w"dw
1—pn*=t Jo I'(a)
B(a+1,k+1) B(a+1,k+1) 1
<2M 2M
= M) T iogr T
oM 77a+l+k B(a + l, k+ 1)

1 — Bnet I'(a)
and
72 D, (Tyn) (t) — Dy (Tyo) ()]

< t,u—l—2—a/0 (tl_‘_(siw(s’yn(s), Dg+yn(8)) — f(s,y0(9), Dg+yo($))|d3

o —p)
t L1 —s)t p .
+1—6WVEA (a0 (5 n() Dgevn(5)) = £(5,90(s), Digeo())lds
t "(n—s)! p .
T, T 5 () D) = £, Dl s

_ s)a—,u—l

bt t (1 —s)t
< 2Mt“+2_°‘/ (—sk 1—s)ds+2M / s*(1 — s)lds
B o Tla—p) ( ) 0 ( )

1=pn*"Jy Dla—p)
n _ a—1
+2M ! / (n—s) sP(1 — s)lds
0

1=pn"Jy D(a—p)
t t _ a+l—pu—1 t 1 1 _ a+l—1
< 2Mt“+2_°‘/ Lskdsjtﬂ\/[ / (1—s) skds
o Dla—p) L=t )y T(la—p)
+2M t /77 (n — S)QH_I s*ds
L=pntJo Tla—p)

1 1 _ atl—p—1 t 1 1 _ a+l—1
= 2Mt2+l+k/ (1—w) wFdw + 2M - / C) sFds
0 [(a—p) L—pnot Jo T(a—p)
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a+k+1 1 _ a+l-1
+2M tn / (1—w) wkdw
1) Tla—p)

B — 1 1B 1 1
(a+1—pk+ )+2M (oz—l—l,kjlL )
I'(a — p) 1=pnt Dla—p)
a+k+l1 1
o : Ba+,k+1)
1—pne=t Dla—p)
From the Lebesgue dominated convergence theorem, we get

lim sup #*7*|(Ty,)(t) — (Tyo) (H)] = O,

n—0¢e(0,1)

and
lim sup 3 [D§ (Tyn)(t) — Dy (T'yo)(t)] = 0.

N0 e (0,1)
It follows that T is continuous.

Step 2. We prove that T is compact, i.e., for each nonempty open bounded sub-
set 0 of X, prove that T(Q) is relatively compact. We must prove that T(f) is
uniformly bounded, equi-continuous on each subinterval [a,b] C (0,1], and T(Q) is

equi-convergent as t — 0.

Let 2 be a non-empty bounded open subset of X. We have
(2.4) |z|| = max{ sup t°"*|z(t)], sup t*T*Y| Db x(t )\} =r < 400

te(0,1) t€(0,2)
for all z € Q. So there exist constants M > 0, k > —1 and | € (g — «,0] such that
a+l+k>0and
|f(t,a(t), Dy a(t)| = [ f(t, 7282 (t), 272270 DY (1))
< MtF(1—t)'t e (0,1).

It follows that

7| (T)(t)]

/0 G(t, 5)f (5. 2(s), D, x(s))ds

_ S)a—l

o [
< /OWW £(s), DP, x(s))|ds

A
* 1 —ﬁna—l/o () |/ (s, 2(s), Dy x(s))lds
t " =9
1 —ﬁna—l/o (@) |f(s,2(s), Dys(s))lds
< Mtz_a/o %sk(l — S)lds + Ml — ﬁlna_l /; (1 ;(Z))a Sk(l . S)lds

t T(n—s)T l
+M1—/6770‘—1/ o) s"(1—s)'ds
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t t— s)a—i—l—l 1 1 (1 _ S)a—i—l—l
< Mtz_a/ (751%15 + M / stds
0 [(a) 1L —Bn=t Jy [(a)

+ " (n — g)ot=1 .
+ M / s"ds
1= pn*=t Jo I'(@)

1 1 _ w)a+l—1 t 1 (1 _ s)a+l—1
= Mtk / (—wkdw + M / sFds
0 [(a) 1—pn>=t Jo [(a)

’)7a+l+kt /1 (1 _ ,w)a—i-l—l L

+M w"dw
1= pn*=t Jo (@)

Bla+1,k+1) +MB(a+l,k:—l—1) 1
() 1—pno=t T(a)
otttk Bla+1,k+1)

n
M
YT T

<M

and

t27| Df, (T) ()]

pt2-a t—(t_s)a_u_l s, x(s), DY, x(s))|ds
<oz [ (s, (o). Dfa(s)

t (1 —s)e! . .
T ) Ty 0, Dol

t

Ui Foa(s))|ds
Tt ) Ty (0. Pl
— S)Oc—u—l

t 1 a—1
< Mt“+2_°‘/ (t—sk(l —s)lds + M t - / (1—s) s(1 — s)'ds
o I'(a—p) L =Bt Jy Tla—p)

l T(n—s)" !
+M1—ﬁn”‘1/o la—p 0o

t t — s)a-ﬁ-l—,u,—l t 1 (1 _ S)CH-l—l
< Mo / (—3de + M / sFds
- o Ila—p) L—pBnet Jy Tla—p)

t n (7] _ S)oc-i—l—l .
+ M / s¥ds
L=pn*=t o Tla—p)

1 1— w)a-ﬁ-l—u—l ¢ 1 (1 _ S)oc-l—l—l
= Mtttk / ( wFdw + M / sFds
0 [(a — p) L—pBn=t Jy Ila—p)

tna-l—k-l—l /1 (1_w)a+l—l .

+ M w"dw
1=pn*t o Tla—p)

Bla+1—puk+1) Bla+l,k+1) 1
I'(a = p) 1—pnt Dla—p)
otk B(a+1,k+1)

n
+ M < 00.
1—pne=t Dla—p)

<M

It is easy to see that T'(Q) is uniformly bounded.
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Let t1,ty € [a,b] C (0,1] with ¢; <ty and u € Q. We have

[ (Tu) () — 157 (Tu) (t2)|

2—a ( 5)a1
< |2 / (s u(s). D) s

a)

2—a 2( 5)a1
= / B2 ). Dh)s

@)
ity —to] (1 —s)*t
1_57711—1/0 T(a) | f(s,u(s), Dju(s))|ds
=t " =
i [ . Dt

< =) [T o ats). Dt
rite [ “FS)Q (s u(s), Dl u(s)lds

- T(a)
o [Tt = 8) T = (ty — 5)*
e [ s () Do)
|ty — to /1 (I—s)" ! [ty — 1y /" (n—s)" , I
M 1—s)ds+ M 1—s)d
PTGt )y Ty C T MR | Ty )
—« —« 2 (t - S>a_1
< M — 2 \/0 %Tsk(l — s)ds
to (tg _ S)a—l
+ Mt2_a/ 78k 1 — S ldS
! t1 F(a> ( )
t a—1 a—1
_ Pty —8)* = (t1 — s) k !
+ Mt? O‘/ ( s"(1—s)'ds
2, (o) e
|ty — to /1(1—S)°‘+llk [ty — 1y /"(U—S)O‘_lk !
M ds + M — )
M et )y Ty T M et | T Ty
< M|2 — 2 a\/ (2= 9" khy — syds
2 Oé)
_ t2 — 8)
+ Mt? a/ (7& t
! t1 F( ) ( 2 )
+ Mt | 5T / R L) B / B C T PP
0 INEY 0 INEY
t; —ta] Bla+1,k+1) an [t — 12l /1 (1 —w)a+t=t
+ M ’ + Mpotit wdw
=81 T(a) L e ()
_ _ B(a+1,k+1) (1 —w)ettt
<M 2—a _ p2—a|potitk ’ M 2+1+k a+l+k/ k
< M|t t5~ b I'(a) + Mb (%) N (o) w”dw

to
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l
t1 atl— 1— a—1 (_ . )
+ M tg+l+k /Vt2 (1 _ 'lU) e lwkdw . t?+l+k /1 ( 'lU) i1 w wkdw
0 IN()) 0 IN())

|t1—t2‘ B(Oé+l,]€+1) a+l+k ‘tl—t2| B(OK+Z,]€+1)

M M
B e () R B A (Y
_ _ B(a+1,k+1) L (1 —w)ott—t
<M t2 o t2 e boc-l—l-i—k ) Mb?-i—l-l—k/ kd
< M =67 Ta) | 0 T U™
t2
%1 1— w)a+l—1
M [gotith _ potithk / 2 ( kg
+ | 2 1 | 0 P(Oé) w-aw

to

+ Mt(fﬂ"_k/og (1Pzau)])l _ (TF(O;U) (1— w)a—lwkdw

1
4 Mpetitk /1 (1- w)a_l (% B w) kq
! 5 T(a) e

2
|t1 —tg‘ B(Oé+l,]€+1) Mna+l+k ‘tl—t2| B(OK+Z,]€+1)
1—ppt T(a) 1—ppt I(a)

_ _ B(a+1,k+1) (1 —w)ott—t
<M t2 o t2 e boc-l—l-i—k ) M 2+l+kba+l+k / kd
= ‘ 1 2 ‘ F(Oé) + f o F(Oé) waw

t2

+M

a1 -1
+ M|tg+l+k _ t§c+l+k| /t2 (1 —w)** w*
0

I'(a) dw

!
t1 t2
o | (1—w) (H - w)
M a+l+k/ ( . 1 — a—1, k
+ Mb i (o) (o) (1 —w)*  w dw

1 1— a+l—-1
+Mba+l+k/ &wkdw

21 ()

t2
|t1—t2‘ B(Oé+l,]€+1) —|—M7}a+l+k ‘tl—t2| B(OK+Z,]€+1)
1—pne=t I(a) 1—pne=t I(a)

— 0 uniformly as t; — t».

+M

Furthermore, we have
472Dy (Ty) (h) — 857" D (Ty) (b))

to — s a—p—1
< |yt /0 (t2 )" f(s,u(s), Dt u(s))ds

INCEND)

_ apt2—a " (tl — S)a—u—l S, uls M u(s))ds
e [ s u(s). Dfu()d

|t — 1o 1 —s)r! Lo s
T /0 T(a—p) |f (s, u(s), Dy, u(s))|d
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1 — o] T (n—s)t .
1— Bt /0 (o — 1) | f(s,u(s), D u(s))|ds
t1 — S)a_“_l k

t1 (
<M ‘t‘2‘+2_0‘ — t‘f+2_°‘} / —"(1— s)lds
B I'(a —p)

0

t2 to — a—p—1
+ Mt‘2‘+2_o‘/ (t2 = )" s*(1 — s)'ds
t1 F(a - lu)

t1 to — a—p—1 _ t; — a—pu—1
+ Mtg+2_a/ |( 2 S) ( 1 S) |Sk(1 _ S)lds
0 I'(a —p)

|t1 — o /1 (I—s)*t I
+ M s"(1— s)'ds
Tt Jy Ta—m® %

|t, — 1o /77 (n—s)*" 4 !
M 1—s)d
P )y T s e
o o () L !
< M|t “}/ W8 gkt — s)lds
0 F(a —M)

to (t _ S)a—u—l
+ Mt“+2_o‘/ 2 Rty — s)ds
2 t1 F(a - lu) ( 2 )

o [l = = (0
—|—Mt“+20‘/ sf(1 — s)lds
>, Mo — ) (1=
‘tl—t2| B(Oé+l,]€+1) +M77a+l+k |t1—t2‘ B(Oé+l,]€+1)
1 — et ['(a) 1 — pna-t [(a)

B l—p,k+1
<M ‘t5+2—a _ t;1¢+2_a} ttlx—i-l-i-k—u (a ‘F(a _M;L) +1)

L Mgt / t- w)a+l_”_1wkdw
2 o Ta—p)
t2

t _oa—p—1 _ (4 Na—p—1
+ Mt‘f+2_°‘/0 (2~ 5) o _(Zl) ) |sk(1 — 5)ds
=l Blobh+ D) e 1 =6l Blact Lk+1)
1— gyt [(c) 1— gyt ()
(a+1—p,k+1)
I'(a —p)

+M

+M

<M ‘t5+2—o¢ . t;1¢+2—a} max {aa-i-l-i-k—u’ ba+l+k—u} B

)a-l—l—u—l
whdw

Yl —w
+ M max au+2—a’ bu+2—a / (
{ } a o Tla—p)

t1 _ e\a—p—1 __ _ o)a—pu—1
+ Mt;lurz—a/ |(t2 — 5) (t1 — s) |Sk(1 _ S)Ids
0 ['a — p)

ti—to] Blatlbt+l) \oope |t—t] Blatlk+l)
L=pnpet e L=pnpe=t e

Ifa—pu—12>0,then

D e Ve NN
/ Ma—n {1 =s)d

+M




126 Y. LIU

t1 a—p—1 a—p—1
ty —s)" " — (L —5)""
S/ (ta — s) (t1 —s) s (ty — 5)lds

0 F(Oz - :U)

4 ol o I

_ el /tz (=)™ i /1 (1 —wpert <t_2 ~ w) dw

2 0 I'(a — p) ! o Dla—p) ty

B (1 — w)otis-t

w”dw

_ ta—l—k—l—l—,u _ta—l—k—l—l—,u /
£ ' | 0 I'(a —p)

11

l
u l ta _ )
+ti“+’“+l—u/t2 CE I el (1= w)* ™" twtdw
0

Ma—p)  Tla—p)

,w)a—l—l—,u—l

(=)

1
1 —
at+k+l—p pfoatk+l—p (
-+ max {e f } /t_l T
t2
— 0 uniformly as t; — t».

If o« — p—1 <0, similarly we can show that

/tl (b2 = 8 — (0 = )],
0 I'(a — p)

(1 — s)'ds — 0 uniformly as t; — t,.

Hence

2O DR (Ty) (t) — t52 DY, (Ty)(t2)| — 0 uniformly as t; — t,.

Therefore, T'(2) is equicontinuous on [a, b] C (0, 1].

Finally, we prove that 7'(Q) is equi-convergent as t — 0. In fact, for u € €, we

have

t — S)oc—l

e\ < 2 [ L= 56 u(s), Db u(s))lds
0 F(a)

t P s M ou(s))|ds
e | s us) D)l

[y o)
b [ ), Dt s
M ;na—l /0" . ;(2;_1 s*(1 - s)'ds
< Mt2+k+lB(Oé—|—];(—;§,k+ 1) - _;na_l B(a+];(z§’k+ 3
+ M#ﬁa_lnm”B(a - lli(zi k4 1)

— 0 uniformly as t — 0.
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Similarly we get

t (t _ s)a—,u—l

oo g (Ta) (o) < v [£(su(s), Dl us))lds

o Ila—p)
t 1 (1 _ s)a—l )
. Bno-1 /0 T(a— p) |/ (s, uls), Dy u(s))|ds
¢ " (n — s)o-l )
I e /0 T(a— p) |f (s, u(s), Dy, u(s))|ds
SMt2+k+lB(a+l_'u’k+1) t B(Oé—l-k‘—l—l,/{:—l—l)

Mla—p)  1-ppt Ta—p)
t arpnBla+k+1,E+1)
1— gyt I'(a —p)
— 0 uniformly as t — 0.

+M

The Arzela-Ascoli theorem implies that T'(€2) is relatively compact. Thus, the

operator T': P — P is completely continuous. The proof is completed. O

3. MAIN RESULTS

In this section, we prove the main results. It is supposed that 1 > #n®~! and
B > 0, f satisfies (H2). For M; > 0, k; > —1,l; € (un — «,0] (i = 1,2) such that
a—+l; + k; > 0, denote

2
1

II = max MB(a+ ki + 1, ki + 1)(2 — B>t + a+litk; ’

{F(a)(l—ﬁna‘l); ( &=

)

1
[ — p) (1 = pnt)
Theorem 3.1. Suppose that
(H3) there exist M; >0, k; > =1, ; € (u— a,0] (¢ = 1,2) such that o+ k; +1; > 0
(1=1,2) and
|f (£t 2uy, 71 20)) — f(£49 2uy, 17H 20y
S Mltkl(l — t)ll|u1 - U2| + Mth2(1 - t)lz‘Ul — U2|.

2
i=

Z M;B(a+1l; — p, ki +1)(2— B> + na+k@-+u)} ‘
1

(3.1)

holds for all t € (0,1),u1,us,v1,v9 € R. Then BVP(1) has a unique positive

solution if

(3.2) I < 1.

Proof. We shall prove that under the assumptions (3.1) and (3.2), 7' is a contraction
operator. Indeed, by the definition of T for z1, x5 € X, one has

£ (Tay) () = =420 [ GG F (s, 24(5), Dl i) ds
1—s)*~1

I(a)
1
+1—,Bf7a71 f(] ( I'(«) (S7$i(8)aDg+zi(3))d$
— T Jo (n}a) (s,2i(s), Diywi(s))ds

f
—f
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and

t,u+2

+

Suppose that
(= af, (i

Y. LIU

—a o It sa p—1
Dl (T () = —pr+2e [P

L PO p(s mi(s), DY a(s))ds

1- ﬁn“ tJo F(a 1)

1z ﬁna T fo F(a ) f(saxi(s)7Dg+xi(s))d8‘

f (s, 2i(s), Dy i(s))ds

max{||z1], [|z2]]} = r. Then there exist M; > 0, k; > —1, [; €

= 1,2) such that o + k; +1; > 0

€ (0,1),u1,us,v1,v9 € R. It is easy to see that

|f (5, 21(s), Dyva(s)

(i =

1,2) and (3.1) holds for all

f(s,m2(s), Dyyaa(s))|

) =
= [f(s,5°72* @1 (s), s T2 SHTETODG 31 (5)) 22 (5) )
< Myski(1 — s)i]s? 2z (s) — 82~
+Mys*2(1 — s) [t Dl (s) — sPP272 Dl 1o (s)|
< [Mysh(1 —s)ln + Mysk2(1 — s)2]||zy — 22|

So we have the estimate

2 (T (t

sa [t —s)! 7
< [ (sn(s) D (s) =

) = (Tz2)(2)]

(@)

t b1 —s)ot B (s)) —
| (). D ()

t T(n—s)t B (s)) —
| (). D (9)

(@)

Lt —s)rt k l k
<t2_a/ Fi[MlS 1(1—3)1+M28 2(]_—
0

“wa(s)|

= ﬁtna‘l /01 s ;(Sa);_l (M (1~
= ”fﬁ—szZ{ Mt~ / %Cf)l K1 — )lids
i ﬂtna‘l /0 - ;(2)& M (1 - s
1z ;na—l /0’7 & ;(2)0‘—1 M;s™(1 - S)“’dS}
- o Blat kot bk 1)
< [lzr = o] ; |:Mit2+k’+ll a o)
M, ¢ otk Bla+ ki 4+ 1, ki + 1)}

1—

B! T(a)

f(s,m2(s), Dyya(s))lds

f(s,x2(s), Dyya(s))lds

f(87 x2(8)7 D()er?( ))‘ds

$)2ller — a2l ds
$) 4+ Mys™ (1 — 5)2)||y — 25| ds

s)l1 + Mgs]”(l — s)lQ]Hxl — xo||ds
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B(a+ki+ 1,k +1) 1 B(a+ ki + 1,k +1)
< — M;
|21 — 22| Z { T(a) + 1= Bt T(a)
1 o Bla+ki+ 1k + 1)
Mii a+k;+1; 7 iy vy <11 .
- 1 — 6770‘_177 T(a) < [y — 2o
and similarly we get
t#72| Dgy (T1)(8) — D (Tw2) (1)
atli—p,k; a+ki+1;,k;
<Wm—zmziJMFW@iﬁ”+wmﬁn Rkl
Myt ﬁn“ 1na+ki+liW] < I||@y — 2.

Then

[Txy = Tas|| < Hl|zy — 22|
Hence the contraction map principle implies that BVP(1) has a unique solution z €
X. By z(t) = (Tz)(t) = fol G(t,s)f(s,x(s), Dy.x(s))ds and Remark 2.2, it is easy to
show that x is a positive solution of BVP(l.l). The proof is completed. O

Theorem 3.2. Suppose that

(H4) there exist M; >0, k; > —1, 1, € (un—«,0] (i =1,2,3) such that a+k;+1; >0
(i=1,2,3) and

(3.3) |f(tt2 2w, tF2y) | < Math (1 — )" + Mot (1 — ¢)2|z| + Myt* (1 — )" |y].

holds for allt € (0,1),z,y € R. Then BVP(1.1) has at least positive solution if
(10) holds.

Proof. To apply Lemma 2.3, we should define an open bounded subset €2 of X centered

at zero such that assumptions in Lemma 2.3 hold.

Let O = {x € X : © = ATz for some A € (0,1)}. We prove that €2; is bounded.
For z € Qy, we get x = AT'x. It follows that

t*x(t) = tHA(Tx)( ) = Atz 1

(
TAS ﬁna lfo sa) f(s,2(s), Dgra(s))ds
s)

- f(s,2(s), Dy, a(s))ds

a 1

A ﬁnalfo F(a) f(s,2(s), Dy x(s))ds

and
e Dl w(t) = t”*Z_Ol)\D(‘]Q(T:L’)( ) = —Atht2 O‘ft %f( z(s), Diyx(s))ds
+>‘1 ﬁna 1 fo r(a 1), f(s,z(s), 0+$(3))d5’
)‘1 ﬁna 1 fo r(a 1) f(s,2(s), 0+$( s))ds.

By (3.3) there exist M; >0, k; > —1,1; € (u—«al, (i =1,2,3) such that a+k;+1; > 0
(i =1,2,3) such that

P20, 77 20)| < Mot (1 = 0+ Myt (1= )" Ju] + Myt (1= )" o
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holds for all t € (0,1),u,v € R. It is easy to see that
£ (s,2(s), D a(s))| = | f(s, 772 a(s), s* 12272 Dif () )|

< Mzsks (1 — ) + Mosk2(1 — s)2|s*7|a(s)| + Mys* (1 — ) s#27| D 24 ()|
< Mssh3 (1 — 8)B + Mosk2 (1 — s)i2||x|] + Mys* (1 — s)lst 29| z||.

So we have the estimate

Aal)] < el o) < e [T

(o) |f (s, 2(s), Dy (s))lds

T / Q=50 (s, as), D a(s))ds

1= pnet I(a)
t "(n—s)t
b [ (o) Dhato)las

2o [ (t—s)*"" 2 I k :
<t a/ W[Mgw(l—S)%LMls1(1—8)1||$||
0

+ Mys*2(1 — 8)"|z||]ds

— /1 St [M3s"3(1 — s) + Mys™ (1 — )" ||z
1 — fne-t I'(a)

+ Mys*2(1 — s)2||2||]ds

t "(n—s)! k ! k !
Mshs(1 — s)l5 + Mysh (1 — s)
| e M1 = 9+ M (1 = ) ]

+ Mys*2(1 — s)2||z||]ds

2

B(a+ki+ 1,k +1) 1 B(a+ ki + 1,k +1)
< llell 2 PR M T )
1 aoBla+ ki + 1, ki + 1)
Mi a+k;+1; 7 1y e
T e I(a)
B(a+ ks +13,ks+1) 1 B(a+ ks +13,ks + 1)
+Ms T M e T
(a) B (a)
1 . _B(Oé—i‘]{?g—'—lg ]{73"—1)
M. a+k3+l; !
AT e I(a)

and similarly we get

—a —a 2 B(a+l;—pk;
42| D, x<t>|<t2+ﬂ |D“< ><>|<||x||zi:1 [, Blecctudt)

[(a—p)
+M3W + M 37 5170‘ , B(a+1'l‘€(3;_l2)k3+1)
+Ms3 1—677%1 na—l—kg—l—lsw‘

Then

Bla+1l3—p ks +1)
I'(a —p)

el < Tfl]] + M
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1 B(a+k3+l3,/{?3+1)

+ M3

1 — et INa—p)
—}—Mg%na-i'ks-l-lgB(a + ks + I3, ks + 1)‘
1—pn INa—p)

It follows from II < 1 that there exists a constant M > 0 such that ||z|| < M. It
follows that €2y is bounded.

To apply Lemma 2.3, let 2 be a non-empty open bounded subset of X such that

Q D 0y centered at zero.

It is easy to see from Lemma 2.5 that 7" is a completely continuous operator. One
can see that
x # X'z for all z € 90 and A € (0,1).

Thus, from Lemma 2.3, = Tz has at least one solution z € . So x is a solution
of BVP(1.1). It is easy to how that z is a positive solution of BVP(1). The proof of
Theorem 3.2 is complete. O

7
4
p=1 and f(t,z,y) = t72(1 —¢)"Y(1 + tiz + t1y) is not a Caratheodory function.

But f satisfies (H4).

Remark 3.1. In (H4), f may be a non-Caratheodory function. For example, o =
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