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ABSTRACT. We discuss the existence and uniqueness of a solution to the non-local problem for

a fractional differential equation
D8‘+u(t) = .f(ta U(t)), a. e. in (Oa 1)7
Iy7*u(0) = B *u(f),
using the contraction principle and a continuation method.
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1. INTRODUCTION

Fractional differential equations and initial and boundary value problems have
been studied actively for the past two decades [6, 7]. This paper is a study of
Riemann-Liouville integral equation associated with a non-local problem of fractional
order differential equation admitting singular solutions. The problems involving the
Riemann-Liouville derivative have been considered in [1, 2, 3] among many other ref-
erences. Recently there have been several works extending [10, 11], where singular
solutions of fractional order problems were obtained. In particular, such extensions
were obtained in [5]. Bai considered an impulsive fractional problem at resonance,

where the solutions u € X and
X = {u 2, Déjo‘u e PC|o, 1]} )

In this note we consider a type of a non-local problem of fractional order 0 < o < 1,

which involves unequal terminals:

(1.1) Dgiu(t) = f(t,u(t)), a.e in (0,1),
under the non-local condition

(1.2) 17u(0) = BIY (),

Received June 2013 1056-2176 $15.00 @Dynamic Publishers, Inc.



156 N. MISENHEIMER AND N. KOSMATOV

where 0 < ¢ < £ < 1. We study the non-resonant case

D(a) # L))
To the best of our knowledge the solvability of this type of fractional order problem

has not been previously studied.

2. PRELIMINARIES

Within this paper we will use the Reimann-Liouville formulation of the fractional

order integral and derivative defined, respectively, as

1 t
2.1 [8u(t) = =—— —z)*!
(2.1) 2ult) = s [ (= Gy,
22 D) = e o [ )¢ )
| T T —ayar J, " e
where n = [a] + 1. The following results show the relationship between (2.1) and

(2.2) and can be found in [1].

Theorem 2.1. If a > 0, then
1. DgIg u(t) = u(t) for allw e L*(0,1).
2. Foru, Dy,u e L'(0,1), I}7%u € AC™ 10, 1], where n = [o] + 1, we have
n—1 to— k—1 dn—k 1

5D 177u(0).
gt £ T(a — k) din—F=1 0" u(0)

If 0 < a <1, then

ta—l

Iy u(0).

or Doru(t) = u(t) — T(a) o u

Theorem 2.2. Let a+ 3> 1. Ifu € L'(0,1), then I% 17 u = 1% u.

Suppose that the function f : (0, 1] xR — R satisfies the Carathéodory conditions
with respect to LP(0,1] : f(-,x) is Lebesgue measurable in [0, 1] for all z € R, f(¢, ")
is continuous on R for almost all ¢ € (0,1], and a boundedness condition holds.
That is, for each r > 0, there exists a real-valued function p, € LP(0,1] such that
|f(t, )| < pr(t), for almost all ¢ € (0,1] and all |x| < r.

3. THE EXISTENCE OF A UNIQUE SOLUTION

We assume that f is Carathéodory with respect to LP(0,1], where p > é and
q= ﬁ. We work in the Banach space X = {u € C(0,1] : lim, o+ t'~%u exists} with
the norm ||ul| = sup,c( ) [t'~*u|. By a solution of the non-local problem (1.1), (1.2)
we understand a function u satisfying (1.1), (1.2) and such that Dy, u € LP(0,1]. The

first result relates the non-local problem (1.1), (1.2) to an integral equation in X.
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Lemma 3.1. A function u € X is a solution of the non-local problem (1.1), (1.2) if
and only if u € X satisfies the fixed point problem

u(t) = ﬁ/o (t— )% f (2,0 (x)) da

«

6ta_1 a—1
I O el AN R TE T

where v = I'7*(s*71)(€).

Proof. Let u be a solution to the non-local problem (1.1), (1.2). Then D, u is inte-

grable in (0, 1] and, as a result I&I“u € AC(0,1]. Thus, by Theorem 2.1,
ta—l

I(a)

In order to use the non-local condition (1.2), we apply the fractional integral of order

15 f(t,u(t)) = I8 Deult) = u(t) — ——I57"u(0).

1 — o with terminal at c¢. Thus,

INou(t) = OIS £t ult)) + %nglj;a(sa‘l)(t)-

We evaluate both sides at £ and apply (1.2) to obtain
157 %u(0)

l[&;au(o) = [ijau(g) = fl g f (s u())(€) + I'(a)

3 T’

Hence

P ()
[(a) = By
Thus u satisfies the integral equation (3.1).

15ou(0) = LT f (- u(-) (8).

Conversely, if u satisfies the integral equation (3.1), we have
u(t) = Ig- F(t) + Kt~

where K and F(t) = f(t,u(t)) are introduced for convenience. Clearly, the second
term is in X. Let t1,ty € (0, 1] with ¢; < t5. Then, since 0 < gl — 1)+ 1 < 1,

10, F(ts) — 10 F(t)] = /0 (s — 1) F (2)dx — /0 (h — 2)° P (a)da

/ (b — 2)" F(z)da + / ((ts — ) — (1 — ) V) F(w)da

t1 0

< /w (ty — 2)° [F ()] do + /tl((t1 C )ty — )Y [F(a)] da

t1 0
1 t %
= Ci(ta — t1)* "4 || Fl, + {/ ((tr =)™ = (t2 = x)a_l)qdl"] [
0

a— 1 a— a— o
= Calta = ) F + Gy (1707 — I 4 1 — e 0)

where C > 0 is a generic constant that depends on « and p.
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Thus v € C(0, 1] and, moreover,
: l—a o : % _
lim [/ I3 F(D)] < lim G|, = 0.
That is,
lim t'u(t) = K

t—0t
and v € X. By Theorem 2.2, I&I“u = [;,F+T'(a)K € AC(0,1]. We apply D,
to both sides of (3.1) and see from Theorem 2.1 that (1.1) is satisfied. It is easily
verified that (1.2) also holds. O

We define the mapping T': X — X as

1) = i [ =0 o)) do
a—1 £ =
@ —%V)F(l - a)/ (€ _5’3)_&/0 fy,uy)) (z—y)* " dydz.

From Lemma 3.1 we have Tu € C(0,1] and lim;_o+ t'"*Tu(t) exists. Thus T
is a self-map. We can now state and prove a uniqueness result. First we recall the

incomplete beta-function
B(z;a,b) = / 11 — )t dt,
0
which can be found in [12].

Theorem 3.2. The non-local problem (1.1), (1.2) has a unique solution provided

‘f(tuu) o f(t,U)| < |U_U|7 u,v € Ru a. e. in (071]7

where
_ (N Ar3(a) a ¢
0= (F) * = s e (1 g e <
Proof. Let u,v € X and introduce for convenience
B
Cy = )
>7 (D(a) = ) T(1 - a)
Then
ITu — To|
< sup 17| [ N o) - Jo v
te(0,] I'(a) Jo

13 T
/ (€~ o) / (Flyu(®)) — Fly o) (@ — ) dy de

+ Oy

a1 t — )7 f(x,u(x) — f(z,v(@))|zt~z*  da
— sup ¢ F(a)/oa 1o (e, ule)) — (o o(@))| a

te(0,1]
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3 x
20 [e=a [ =0 ) — F ol Ny do
c 0
L t
< sup tl_o‘—/ (t —2)* Hu(z) — v(z) |z 'z~ de
0

(0,1 ['(a)

3 T
+ LC2/ (€ — Sl?)_a/o (x — y)a_1|u(y) _ U(y)|ya_1yl_adyda:

1 t
< L | sup tl_a—/ (t — )t tda
(te(o,l] I'(a) Jo

13 T
Hz/<aﬂWﬂA<x—mww%wwm)m—vn

= su t*I(a) ‘ —x_awx U —v
=t oy (€ Nw>d>” |
. ( ) F2(0‘ Cs —a 201
L Fao / s ds) lu— o]
. ( ) Fz(a Cy 2a 1
— 1 (k4 T 5(/ dgnu—w
— (@) | I*(a)C “1-a,2a u—v
‘LQ%>+'NM>5B< gl ’2))” |
= qllu — vl

where ¢ < 1.

Thus T is a contractive mapping and, by the Banach fixed point theorem, T has
a unique fixed point, which is a solution of (1.1), (1.2). O

4. AN EXISTENCE CRITERION

An existence result can be obtained by the Leray-Schauder continuation principle
(see, e.g., [13]):

Theorem 4.1. Let X be a Banach space andT : X — X be a compact map. Suppose
that there exists an R > 0 such that if u = NT'u for A € (0,1), then ||u|| < R. Then
T has a fixed point.

Again, we assume that f is Carathéodory with respect to L?(0, 1], where pa > 1

and ¢ = p%l. The Banach space X is the same as before. By a solution of the

non-local problem (1.1), (1.2) we understand a function
uedomL = {u:I);*u e AC(0,1], D§iu € LP(0,1], and (1.2) holds},

which satisfies (1.1), and L = D, .
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Lemma 4.2. Let g € L,[0,1], where p > é and q = p%l. Then the solution of the

differential equation Lu = g subject to the boundary conditions (1.2) satisfies

(4.1) lull < Allgll,.

where

(4.2)

A=((a—-1) +1)‘”q< Ly g 51/qB<1—E'1—aa+1))
- 1 T(a)  (T(a)—B7)T(1—a) gy )

Proof. As in Lemma 3.1,

()] < e / (t — o) g(e)] de

()
13 T
C l1-a _ —a a1 dud
ey /,,,(5 ) /O<x 9" g(y)| dydz
1 tl_a a 1—1—1
tl—a I3 B a o 1+q
+ Oy [ (€0l

< ( (€ — o) o0ttt dx) I,
— ((a—1)g+ 1) (ﬁ el / EPEEST ds> Il
(

1 1/q/1_§ - a—1+1
af] — q
Ty TG [ s ds ) gl

1/q _ 1
F(a)+02£ B<1 5,1 a,oz—i—q))Hng.

The assertion follows. O

= ((@=1)g+ 1)

Theorem 4.3. Assume that f is Carathéodory with respect to L*(0, 1], where pac > 1

and q = 1% and satisfies

(4.3) £t w)] < B@)|ul +~(),
where A||t*2f]|, <1 and A is given by (4.2).
Then the boundary value problem (1.1), (1.2) has at least one solution.
Proof. We consider, for A € (0,1),
(4.4) Dgiu(t) = Af(t,u(t)), a. e in (0,1),

subject to the boundary conditions (1.2). It readily follows from the results in Sec-
tion 3 that the function v € X is a solution of the boundary value problem (4.4),
(1.2) if uw € X is a solution of u = A\T'u.
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Using (4.3) and (4.1), we obtain

[ull = AAISCw)llp < AllBully + Allyll
< A=t ull, + Al < Al Bllplull + Allyl-

Hence,

Allvlp
Allte=15,
that is, the solution set of u = ATu, A € (0, 1), is a priori bounded in X by a constant

<
Jull <

independent of A\. The mapping T is compact. Since the a priori boundedness

condition of Theorem 4.1 is verified, the assertion follows. O
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