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1. Introduction

In this paper, we study the Sturm-Liouville boundary-value problem for the

fourth-order impulsive differential equations with a positive parameter A
u@ () —u"(t) +u(t) = Af(t,u(t)), t € [0,T)\ {t1,ts, ..., 1},
—Au"(t;) = Myi(u(ty)), 1=1,2,...,1,
(1.1) —AU() = Mo (W), i=1,2,...,1,

au(0) —bu'(0) =0, cu(T) + du/(T) =0,
[ au”(0) — bu"'(0) = 0, cu"(T) + du"(T) = 0,

p

where a, b, c and d are positive real constants, and 0 =ty <t; < --- <t; < tj.1 =T,
Au"(t;) = u" (&) — u"(t;), Ad"(t;) = «"(t7) — u’(t;), where v (t]), v"(t;}) and
u”(t;), u”(t;) denote the right and the left limits, respectively, of u"(t;), u”(t;) at
t=t; (i=1,2,...,10).

Recently, there has been much application of variational methods in the study of

the existence of solutions for impulsive boundary-value problems [3, 5, 8, 9, 12, 14,
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15, 16, 17]. Related basic information is available in [4, 6]. Some papers for a fourth-
order equation are about Neumann boundary condition and Dirichlet condition, the

others are mostly for a second-order equation. In [8], the authors studied the following

problem
(u(w)(t) + Au”(t) + Bu(t) = f(t,U(t)), a.e. t € [O,T],
12) (1)) = (), G =12, 1
Au(t;) = Iy(u(ty), j=1,2,....1,

w(0) = u(T) = u"(0%) = u"(T~) = 0.

\

It was proved that when f, I ; and Iy; satisfy some conditions, (1.2) has at least
one solution or infinitely many classical solutions by methods of variational methods.
Moreover, as far as we know, besides [3, 9, 10, 12] for second-order equations, little
study is about the Sturm-Liouville boundary-value problem for second-order equa-

tions or higher order. In [9], the following problem with impulsive effects is studied

—(p()p(2'(1)))" + s(t)Pp(x(t)) = f(t,2(t)), t #ti, ae. t € [a, 0],
(1.3) —A(p(t:) @y (2" (1)) = Li(x(t:), i=12,...,1,
ax'(a) — fz(a) = A, v2'(b) + oxz(b) = B.

It is proved that (1.3) has at least two positive solutions by means of variational

methods, when f and [; satisfy some conditions.

On the other hand, in the work about application of variational methods, more
and more three critical points theorems are used and generalized [2, 7, 11], we choose
one of them, that is, Theorem 2.1 of [2] (see Theorem 2.1). In [2], the authors studied

the following equations without impulsive effects

u” + Au” + Bu = \f(t,u) in[0, 1],
(1.4) u(0) = u(1) =0,
u”(0) =u"(1) = 0.
They essentially get multiplicity results when f satisfy some conditions.

It is aimed to apply the three critical points theorem used in [2] to problem
(1.1), which is with impulsive effects and about Sturm-Liouville boundary conditions.
What’s more, to prove the existence of positive solutions is also our aim. Taking the
impulse effects, the Sturm-Liouville boundary conditions and the transformation for
the problem to get nonnegative solutions into account, it will be difficult to get the
corresponding variational functional J. Moreover, we must get over the difficulties
such as how to make the transformation of problem (1.1) to get the positive solutions
and how to prove J (or its subitems ®, V) and the assumptions that we have chosen

to satisfy the conditions of the three critical points theorem.
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We assume the following conditions are fulfilled:

(HO) For Iy;, I5; and f,
(cl) f e C([0,T] x [0,+00); [0, +00)), I1; € C([0,+00); (—00,0]), I5; € C(R; R),

1=1,2,...,1;
(c2) f(t,0) = I;(0) = I5(0) = 0 for almost every ¢t € [0,7] and Iy (z)x > 0 for
all z € R.

This paper is organized as follows. In Section 2, we present some preliminaries
and establish the variational structure. In Section 3, we discuss the existence of

solutions for problem (1.1), and some examples are given in this section.

2. Preliminaries and Variational Structure

In this section, the following three critical points theorem will be needed in our
discussion. Let X be a nonempty set and ®, ¥ : X — R be two functions. For all

r, T, 7o > infx @, ro > ry, r3 > 0, we define

‘= in (SUPyeq-1 (oo, ¥(1) = ¥(u)
olr) = wet e oor) r— ®(u)
Y(v) = U(u)

D(u)’

U(v) —
/6 r ’fr = 1Ilf Sup
( 1 2) uEP 1 (]—00,m1) yed—1([ry,r2]) (I)(U) o

SUDyed—1(|—co,ra+r \D(u)
/7(7”27713) = S { s 2473 ;

a(ry,Te,r3) 1 = max {(,0(7“1), o(ra), 7(7“2,7’3)}.

Lemma 2.1 (Theorem 2.1 [2]). Let X be a reflexive real Banach space, ® : X — R be
a convex, coercive and continuously Gateaux differentiable functional whose Gateaux
derivative addmits a continuous inverse on X*, ¥ : X — R be a continuously Gateaux

differentiable functional whose Gateaur derivative is compact, such that

(1) infx & = ®(0) = ¥(0) = 0;
(2) for every uy,us such that ¥(uy) > 0 and V(ug) > 0 one has

i — >
tel%(l)fl} U (tug + (1 = t)uz) > 0.

Assume that there are three positive constants r1, 1o, 13 with r1 < ro, such that

() @(r1) < B(ri,r2);
(ii) p(re) < B(r1,72);
(iii) v(re,r3) < B(r1,72).

Then, for each \ €)= L[ the functional ® — \V admits three distinct

B(r1,m2)?  a(ri,re,r3)
critical points uy, us, usz such that uy € ®71(] — 0o, r1[), us € ®71([r1,r2]) and us €

O] — oo, 1o + 13]).
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Let X := {u € H?(0,T)|au(0) — bu’(0) = 0, cu(T) + du'(T) = 0} be equipped
with the inner product

(u,v) = /0 w(t)o(t) + o' (t)v(t) +u" ()" (t)dt, Vu,v € X,

which induces the usual norm

Jullx = ( / P + WP + 0Pt

Since X is sequentially closed in Y = H?(0;T), being compactly embedded in
C1([0; T (see the Rellich-Kondrachov theorem in Chapter 6 of [1]), it turns out that
(X; |- |lx) is a Banach space.

Define the usual norm of C'([0,T]), L*(0,T), respectively, they are

] :max{ max |u(t)], max /(¢ )|}, ul| 2 = (/jﬁ(t)dt)é.

t€]0,7) t€]0.7)

Lemma 2.2 (Lemma 2.2 [9]). Foru € X, let u* = max {£u,0}. Then the following
five properties hold:

HueX=u" u €X;

(il)) u=u" —u~;

(i) lutflx < flullx;

(iv) If (un) uniformly converges to u in C([0,T]), then (u}) uniformly converges to
ut in C([0,T)),

(v) ut(t)u=(t) =0, (ut) (t)(u™) (t) =0 for a.e. t €[0,T].

—

Definition 2.1. A function u € X is said to be a classical solution of problem (1.1),
if u satisfies the equation in (1.1) for a.e. t € [0,T]\ {t1,t2,...,t} and the impulsive
condition and boundary condition of (1.1). Moreover, u is said to be a nonnegative
classical solution of problem (1.1) if u(¢) > 0 for ¢ € [0,7] and positive classical
solution of problem (1.1) if u(t) > 0 and w(t) # 0 for ¢ € [0, T7.

Lemma 2.3. Ifu € C([0,T]) is a classical solution of problem

u™ (t) —u"(t) + u(t) = Mf(t,ut(t)), t €[0,T)\ {t1,t2,..., 1},
—Au"(t;) = My (ut(t), i=1,2,...,1,

(2.1) § =AU () = Mo (uh)' (1)), i=1,2,...,1,

au(0) — b/ (0) =0, cu(T) + du'(T) =0,

Lau”(0) — bu""(0) =0, cu”(T) + du"'(T) = 0,

(

then u(t) > 0 fort € [0,T], and hence it is a nonnegative classical solution of problem

(1.1).
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Proof. Since u € C[0,T] and f € C([0,T] x [0, +0c0); [0, +00)), we have u(™ €
Cl0, T\ {t1,ta, ..., t;}. If w € C(0,T]) is a classical solution of problem (2.1), by

Lemma 2.2, (HO) and boundary conditions, we have

0= /0 (u) (1) — u"(t) + u(t) — Nf(t,ut(£))u™(t)dt

tiy1 l

+ /0 u”(t)(u™)" (t)dt

= > (B0

s
t=t;

—u/(t)u(t) :+ /0 ' u' () (u”) ()t + /0 Tu(t)u‘(t)dt —A /0 s (8, u™(B))u” ()t
Y D () () — Z Lal(h) (#)) (™) (1) + (T~ (T)
;//l/(o)u (0) — "(T)(u )/Z(_Tl) +u”(0)(u”)'(0) — &/ (T)u™(T) + ' (0)u™(0)
L OT F(tut (6)u (Ddt — a3
— ST (T) = Sl O (0) =TV (T) + ()Y (0)
+ <u(T)u () + Ju(0)u™(0) = [|~[f%
_ _gu”(T)u_(T) %u”(O)u‘(O) — " (T)(u™)(T) +u"(0)(u")'(0)

u"(T)u(T) + u"(T)u'(T)

C

= Su(T)u(T) + u'(T)(~Su(T)) = 0.

Similarly, —gu"(0)u~(0) + »”(0)(u~)"(0) = 0. One has

Cor 2 @y N2 _ _
0=~ (D)~ L (0) ~ e <
so u~(t) =0 for t € [0, T, that is, u(t) > 0. The proof is complete. O

Remark 2.1. By Lemma 2.3, it suffices to obtain classical solutions of (2.1) in order to
find the nonnegative classical solutions of problem (1.1). Moreover, the nonnegative
classical solutions would be positive classical solutions when verifying they are not

equivalent to 0.
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For each u € X, set

(22) @) = Sllull + o (u(D)’ + %(um))z,

l ut (t)
(2.3)  U(u) = —Z/O Li(s ds+Z/
(2.4)  J(uw) = d(u) — A\¥(u),

where F(t,u) = [ f(
It is clear that @, U and J are differentiable at any v € X. If u > 0, in some

intervals, ut = u, (u) =/,

l l T
—qu(u+(ti))v(ti) + Zfzi((w)'(ti))v’(ti) +/0 F(t u™ (2))o(t)dt

If u <0, in some intervals, vt =0, (u™)" = 0, by (HO)

0= W(u)(v)

= - Z Li(u™(t:))v(t:) + Z L((u®) () () +/0 flt,ut ()v(t)dt

So we have

(2.5) ' (u)(v) = /0 (V" + u'v' + wv)dt + gu(T)v(T) + —u(0)v(0),

(2.6) ' (u)(v) = — Z L (u™ (t:))v(ts) + Z Li((u™)'(t:)0' (:)

/ftu o(t)dt

(2.7) J' (u)(v) :/ (u"v" + u'v" + wv dt—i—)\ZIlZ (t:)v(t:)
0

- AZfzz-((u+)'(tz'))v’(ti) - A/0 ftur (@) (t)dt

+ %u(T)U(T) + %U(O)U(O).

Definition 2.2. A function u € X is said to be a weak solution of (2.1), if u satisfies
J'(u)(v) =0 forall v e X.

Lemma 2.4. If u € X is a weak solution of (2.1), then w is a classical solution of
(2.1).

Proof. 1t is similar to the proof of Lemma 2.4 in [13], so we omit it here. O



FOURTH-ORDER IMPULSIVE BVP 195

Lemma 2.5 (Lemma 2.5 of [13]). Let u € X. Then |jul| < M||u||x, where

M:(%+ﬁ).

We need the following lemmas for applying Lemma 2.1 in Theorem 3.1.
Lemma 2.6. The functional ® in (2.2) is conver.

Proof. Let € € (0,1) and u,v € X,
O(cu+ (1 —e)v)

 (cu(T) + (1= )o(T))” + == (cu(0) + (1 — £)v(0))

1
= Slleut (L= 2lk + o

= %/0 e (t) + (1 - e’:‘)v”(t)‘2 + e (t) + (1 - 5)1/(1&)}2 + |eu(t)

+ (1 =)o) dt +

%(EU(T) + (1= )o(T))’ + —(eu(0) + (1 — £)v(0))
< % /0 el () + (1 = )" (1) + el ()P + (1 = ) o' (1) * + elu(t)]?
4 (1= &)o(t)|2dt + %(M(T) + (1= )oX(T)) + %(au%m + (1 - 2)(0))
=e®(u) + (1 — )P(v),
which implies that ® is convex. The proof is complete. O

Lemma 2.7. &' : X — X* admits a continuous inverse on X*.

Proof. Firstly, for every u € X\{0}, it follows from (2.5) that

() (u) Jull% + <u*(T) + %u*(0)
lullx—+o0  ||ullx lufl x —+o0 [l x
Su*(T) + $u*(0
~  lim (||u||x—|— (1) + fu( ))
el x =00 [l x
= —|—OO’

which means @' is coercive.

Moreover, given u,v € X, one has
(@ () = ' (0) (= ) = [lu = vlf% + = (D) = v(t))” + 7 (u(0) = v(0))
> [l = olf,

so @ is uniformly monotone. By Theorem 26.A(d) of [18], we have that (®)~! exists
and is continuous on X*. Thus, &' : X — X* admits a continuous inverse on X*.

The proof is complete. 0

Lemma 2.8. V' : X — X* is a continuous and compact operator.
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Proof. First we will show that U’ is strongly continuous on X. Let u,, — u as n — oo
on X; by [18] we have u,, converges uniformly to w on [0,7] as n — oco. Since f is
continuous, one has f(t,u,) — f(t,u) as n — oco. Moreover, Iy;, I; are continuous.
So V'(u,) — W'(u), which implies that ¥’ is a compact operator by Proposition 26.2
of [18] and that ¥ is continuous. The proof is compete. O

3. Main results

In this section, we shall show our main results and prove them. We need the

following conditions:

(H1) There exists a constant x € (0, %) and put

o A6, 43T g T
(3.1) ko= {om [M3T3+3T T +3]}

(3.2) I(s): = Z 111;(s)| + Z |5 ()

Moreover, there exist four positive constants m, n, p, ¢, with vkm < n < Vkp <
V'kq such that

(c3)
I 1(s)ds + [T Ftmydt = [ I(s)ds + [T P(en)dt — [ F(tm)dt
— <k — ,
(c4)
P I(s)ds+ [T F@pydt = [ I(s)ds+ [T Ftnydt — [ F
p2 <k — ,
(c5)
[0 1(s)ds + [T Rt q)dt  — [y I(s)ds+ [T F(tn)dt — [ F(t,m)dt
2 — p? <k 3 :

Theorem 3.1. Suppose (HO) and (H1) hold. Then, for every

ve |grm (= [ o [ | TF(t,mmt)_l,
2 [ 1ass [T rena)
([ [ reaw) )
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the problem (1.1) has at least three distinct nonnegative classical solutions w; (i =
1,2,3), such that |u;|| < q, fori =1,2,3, which means the problem (1.1) has at least

two distinct positive classical solutions.

Proof. Owing to Lemma 2.4, our aim is to apply Lemma 2.1 to ® in (2.2) and ¥ in
(2.3).
® is coercive, obviously, convex by Lemma 2.6 and its Gateaux derivative admits a

continuous inverse by Lemma 2.7. U’s Gateaux derivative is continuous and compact
by Lemma 2.8. Clearly, infx & = ®(0) = ¥(0) = 0. By (HO0), we have

—/ Li(s)ds > 0, / Li(s)ds > 0, F(t, s):/ F(t,5)ds > 0,
0 0 0

which deduces W(u) > 0 for all u € X. So ® and U satisfy the hypotheses of

Lemma 2.1.

Let v € X be defined by

(%tz, te 0,4,
—%(t—/ﬂj)Q—i—n, tE]%,,uT],
u(t) =< n telul, (1 — )T,
—mlt — (1= @) TP +n, te](l—pT, (1-5T],
(Z= (t = T)%, tel(l-45)1,7),
SO
(o, t e [0, 41,
— e (t = uT), t €], uTl,
v'(t) =40 t€luT, (1—pT],
—a(t — (1= p)T], te](l—wT,(1- 5T,
(2= (t = T), te](l—-5)TT]

It is easy to verify that

(3.3) vt =10, o0 =0,
and
16 37 T n?
4 (I) V) = - T _ 2 =
(3:4) () L3T3 3T 60 T 2] Sy VEr

and r3 = L2 From Vikm < n < VEkp < Vkq, one has

m2 p2
Put r = SM2) - M2 M2
ry < ®(v) < ry, which means v € ®7!([ry,r,[), and r3 > 0. When ®(u) < 71, by

()

Lemma 2.5 and (2.2), we have

max{max lut(t)], max |(u+)'(t)|} < M|ut||x < M|lul|lx < V/2M2®(u) < m,

te[0,T] t€[0.7]
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hence, with (2.2), (3.2) and (HO) we have

sup U (u)
ued—1(]—oo,r1[)

§
(3.5) gmaXZ/ (—I1i(s) ds+maXZ/ |;(s)|ds + maxF( €)dt
i=1 70

§l<m o l¢lsm

_ /0 " I(s)ds + /0 "R .

Similarly, we obtain

D T
(3.6) qip W) < / I(s)ds + / F(t, p)dt,
u€P~1(]—o0,ra() 0 0
and
q T
(3.7) qip W) < / I(s)ds + / F(t, g)dt.
ued®—1(]—oo,ra+r3|) 0 0

Therefore, taking into consideration that 0 € ®~!(] — oo, 7[) and 0 € ®71(] — oo, r5]),
from (3.5), (3.6) and (3.7), we have

Supuequ(}_oo 1)) W(u)

(3-8) p(r1)
2M? T
= 2</ d$+/thdt>
m 0
su (u
(3.9) 90(7"2) < Puca- 1( —o0,r2[) )
2M? T
= 2</ dS—l—/Ftpdt)
p 0
S N
(310) ’Y(’T’Q, 7"3) _ UDPyeqp— 1(]—o0,ra+rs|) (U

< %(/Oql(s)der/OTF(t,q)dt).

On the other hand, by (3.3) and the definition of v,

! o(ts) ! v (t;) T
V(@) = —Z / Ili(s)ds+z / Li(s)ds + / Pt (1))t

minge(o, 1) o' (t

min; (o, 1) 9(t
(3.11) > —Z/ Ih d8+2/ |Igi($)|d8

+/(1 v F(t,o(t))dt

T
(1=p)T

- / o Eleme
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Taking into consideration that v € ®~'([ry,rs[), by (3.4), (3.5), (3.11), (c3) and
®(u) > 0, one has

. V(o) — ¥(u)
B(ri,re) > uequl(l}lfoo ) ©(0) — ®(u)

fu(ilf DT Bt n)dt — (fo s)ds + [} F(t m)dt)

n2

2M?2k

2M2 m (1=-p)T T
) 2k<_ [rass [T rama- F(t,m)dt).
n 0 uT 0

By (3.8), (3.9), (3.10), (3.12) and (c¢3)-(c5) of (H1), we have

(3.12) >

O{(Tl, Tro, T3) < 6(T17 T2)-

Up to this point, the conditions of Lemma 2.1 are all fulfilled. By Lemma 2.1, it
follows that, for each

ve g (= [ [ pema- [ Fema)
e N

2o [ 1 [ rena)

q;}f ( /0 " I(s)ds + /0 "F q)dt)_l} l

the functional J = ® — AW has three distinct points w; (i = 1,2,3) in X with
®(u;) < 19 + 73, which by Lemma 2.5 and (2.2) deduces

o 1 = ma { e o 0. s [ 01

te[0,T] t€[0.7]
< Mjuf ||x < Mlu|lx < V2M2*®(u;) < q.

The proof is complete. O

Remark 3.1. If we choose different 7, the constrictions on F', I; are different.

Example 3.1. Let T'=1,t; € (0,1), a,b,c,d > 0,7 =1,2,...,l. Consider Sturm-

Liouville boundary-value problem with impulse

(W) () — u(£) + u(t) = Mt u), t€[0,1]\ {t1, tay ..., 1},
—Au"(t;) = My (ulty), i=1,2,...,1,

(3.13) —AU(t) = Mo (W), i=1,2,...,1,

au(0) — bu'(0) =0, cu(l) +du'(1) =0,

au”(0) — bu”(0) =0, cu”(1) + du"(1) =0,
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where

(0, 0<s<l,

16483t(s — 1), 1<s<2,
—16483t(s —3), 2<s<3,
0, s> 3.

f(t,s) = —Li(s) = Iz(s) = <

\

1977944
1977960 °

For every A € | +00), problem (3.13) has at least two distinct positive

classical solutions.

In fact, compared with (1.1), M = 2, (HO) is fulfilled. Let u = i, k= %.
Considering with vkm < n < Vkp < Vkq, we can choose m = %, n = 2, and

sufficiently large p, ¢, while ¢ — p? is also sufficiently large. We have

p

—1
st (7 T+ [ PGyt — [} Famar) -~ 7
-1
2’;&2( OmI(s)ds—l—fOTF(t,m)dt) = 00,

~1
<f0 s)ds + fo (t,p) dt) is sufficiently large,

(3.14)

-1
2M2 (fo s)ds + fo (t,q dt) is sufficiently large,

\

and that (H1) is satisfied. Applying Theorem 3.1, problem (3.13) has at least two

distinct positive classical solutions for every A € [}g;ggéé‘, +00).
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