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1. INTRODUCTION

Consider the following perturbed fractional boundary value problem

(1.1)

@ (oDp EDFu(r) — D (DRu(e)) + AF(u(D) + pg(u(t) = 0. ae. € [0.7),

u(0) =u(T) =0
where o € (1/2,1], oD " and ;D3 are the left and right Riemann-Liouville frac-
tional integrals of order 1 — a respectively, §Df* and §D$ are the left and right Caputo
fractional derivatives of order 0 < o < 1 respectively, A is a positive real parameter,

14 is a non-negative real parameter and f, ¢ : R — R are continuous functions.

Because of its wide application in the modeling of many phenomena in various
fields of physic, chemistry, biology, engineering and economics, the theory of fractional
differential equations has recently been attracting increasing interest, see for instance
the monographs of Miller and Ross [30], Samko et al [34], Podlubny [31], Hilfer [23],
Kilbas et al [25] and the papers [1, 4, 5, 6, 7, 26, 27] and the references therein.

Critical point theory has been very useful in determining the existence of solution
for integer order differential equations with some boundary conditions, for example
20, 27, 28, 29, 32, 35]. But until now, there are few results on the solution to fractional
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boundary value problems which were established by the critical point theory, since
it is often very difficult to establish a suitable space and variational functional for
fractional boundary value problems. Recently, Jiao and Zhou in [24] by using the

critical point theory investigated the fractional boundary-value problem

dl __45, 1 4,
(1.2) E(ithﬁ(“ (t))+§tDTﬁ(u (t))> +VE(tu(t)) =0, ae. te0,T]

u(0) =u(T) =0

where (D, f and th;ﬁ are the left and right Riemann-Liouville fractional integrals
of order 0 < B < 1 respectively, F : [0,7] x RY — R is a given function and
VF(t,z) is the gradient of F' at x. Also, Chen and Tang in [19] studied the existence
and multiplicity of solutions for the fractional boundary value problem (1.2) where
F(t,-) are superquadratic, asymptotically quadratic, and subquadratic, respectively.
In particular, Bai in [3], by using a local minimum theorem due to Bonanno ([8]),

investigated the existence of at least one non-trivial solution to the problem (1.1).

In the present paper, motivated by [3], using two kinds of three critical points
theorems obtained in [9, 13] which we recall in the next section (Theorems 2.10 and
2.11), we ensure the existence of at least three solutions for the problem (1.1); see
Theorems 3.1 and 3.2. These theorems have been successfully employed to establish
the existence of at least three solutions for perturbed boundary value problems in the
papers [10, 11, 18, 21, 22].

A special case of Theorem 3.1 is the following theorem.

Theorem 1.1. Let % <a<1landf:R— R beanon-negative continuous function.
Put F(x) := [ f(€)dE for each x € R. Assume that

F F
lirsrljglf @ = h;zilop % =0.

Then, there is \* > 0 such that for each A > \* and for every continuous function

g : R — R satisfying the asymptotical condition

’ d
lim sup 7‘[0 9(s)ds

2
|z|—o0 x

< +00,

there exists 0 , > 0 such that, for each p € (0,63 /[, the problem (1.1) admits at least

three solutions.

Moreover, the following result is a consequence of Theorem 3.2.

Theorem 1.2. Let % <a<1landf:R — R be a non-negative continuous function
such that
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1 2r(2—a)
1 | cos(mav)|
| e < 3 —— S / | reigar
0 T2 (a)(2(a—1)+1) T(4—

and

Then, for every

24F?z§2 2321 (2%t = 1) | cos(mar)| 1
= 2F(2 a) - 22a 1
fO dfdl’ I (a)(2(a—1)+1) (]

and for every non-negative continuous function g : R — R, there exists 03 , > 0 such
that, for each p € 10,05 [, the problem

d

= (oDE (D u(t) = D (DFu(E)) + Af(ult) + png(u(®) = 0, ae. t€[0,2]

u(0) =u(2) =0

admits at least three solutions.

The present paper is arranged as follows. In Section 2 we recall some basic
definitions and preliminary results, while Section 3 is devoted to the existence of

multiple solutions for the problem (1.1).

2. PRELIMINARIES

In this section, we will introduce some notations, definitions and preliminary facts

which are used throughout this paper.

Definition 2.1 ([25]). Let f be a function defined on [a,b] and o > 0. The left and
right Riemann-Liouville fractional integrals of order « for the function f are defined
by

1

D) = g [ 4= s et

1 b
Dyf(t) = = — )" f(s)ds, t b
D) = e [ =07 He)s, te o]
provided the right-hand sides are pointwise defined on [a, b], where I'(«) is the gamma

function.

Definition 2.2 ([25]). Let v > 0 and n € N.
(i) If v € (n —1,n) and f € AC"([a,b],RY), then the left and right Caputo
fractional derivatives of order v for function f denoted by D] f(t) and D) f(t),

respectively, exist almost everywhere on [a, b], D] f(t) and (D] f(t) are represented
by

DL = s / (t — 5" O (s)ds, € [a,b],

I(n—
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D) = fris / (s — " fO (s)ds, ¢ € [a, ],

respectively.

(ii) If y =n — 1 and f € AC"Y([a,b],RY), then D} f(t) and ¢D;~ ' f(t) are
represented by

D) = f0(@), and DpTHf() = (1) TVFN(@), te [alb.

With these definitions, we have the rule for fractional integration by parts, and
the composition of the Riemann-Liouville fractional integration operator with the

Caputo fractional differentiation operator, which were proved in [25, 34].

Proposition 2.3 ([25, 34]). We have the following property of fractional integration

b b
2.1) / WD F(B)]g(t)dt = / (D g1 f (Bt > 0,

provided that f € LP([a,b],RY), g € Li([a,b], RY) andp > 1,q> 1, 1/p+1/q < 1+
orp#1,q7# L 1/p+1/g=1+7.

Proposition 2.4 ([25]). Letn € N andn —1 <~y < n. If f € AC"(|a,b],RY) or
f € C™(a,b],RY), then

1) (g |

DOCDI0) = 0= 3 T - ay,
L (—1)i o) ,
D760y 0) = ) - Y Sy,

fort € [a,b]. In particular, if 0 < v <1 and f € AC([a,b],RY) or f € C*([a, b], RY),
then

(2.2) JDGDIf) = f(t) = fla), and D, (§Dy f(t)) = f(t) — f(b).
Remark 2.5. In view of (2.1) and Definition 2.2, it is obvious that v € AC([0, 7))

is a solution of (1.1) if and only if u is a solution of the problem

d

03 = (4D7 W (0) + DT (1)) + AF(ult) + pg(u(t) =0, ae. t€[0,T)

u(0) =u(T) =0,
where 3 =2(1 —a) € [0,1).

To establish a variational structure for (1.1), it is necessary to construct appro-
priate function spaces.
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Definition 2.6 ([24]). Let 0 < o < 1. The fractional derivative space E§ is defined
by the closure of C§°[0, 7| with respect to the norm
1/2

T T
lull, = (/ \8Dfu(t)|2dt+/ |u(t)\2dt>  Vue E°
0 0

where C§°[0, T'] denotes the set of all functions u € C*°[0,T] with u(0) = w(7T") = 0. It
is obvious that the fractional derivative space E¢ is the space of functions u € L?[0, T

having an a-order Caputo fractional derivative {Du € L*[0,T] and u(0) = u(T) = 0.

Proposition 2.7 ([24]). Let 0 < a < 1. The fractional derivative space E§ is

reflexive and separable Banach space.

Proposition 2.8 ([24]). Let 0 < a < 1. For all u € E§, we have

Ta C (0%
(2.4) Jul[z2 < m”th ul| 2,
Ta—1/2

Il <T@y ol

According to (2.4), we can consider E§ with respect to the norm
1/2

T

(2.6) llla = ( / |3D3u<t>|2dt) _ 6D%ulls Vu € B
0

in the following analysis.

Proposition 2.9 ([24]). Let 1/2 < o < 1, then for any u € EY, we have

T
1
@7  leos(ra)flul’ < — / “Deu(t) - Dfu(t)dt <

2
~ | cos(ma)| lella

By Proposition 2.8, when o > 1/2, for each u € E§ we have

T 1/2
(2.8) oo < & ( / |3D3u<t>|2dt) — Ko,
where
(2.9) k= e

D(a)v2(@—-1)+1

Our main tools are the following three critical points theorems. In the first one
the coercivity of the functional ® — AV is required, in the second one a suitable sign

hypothesis is assumed.

Theorem 2.10 ([13, Theorem 2.6]). Let X be a reflexive real Banach space, ® :
X — R be a coercive continuously Gateauz differentiable and sequentially weakly
lower semicontinuous functional whose Gateauzr derivative admits a continuous in-

verse on X*, W : X — R be a continuously Gateaux differentiable functional whose
Gateauz derivative is compact such that ®(0) = ¥(0) = 0.
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Assume that there exist r > 0 and T € X, with r < ®(T) such that

sup (z)_r'\p(m) U ()
(a1) == < 3@’

U(Z)’ supgp(z)<r V()
Then, for each A\ € A, the functional ® — AV has at least three distinct critical points

in X.

(ag) for each X € A, := ] 2(z) a the functional ® — AV is coercive.

Theorem 2.11 (]9, Theorem 3.3]). Let X be a reflexive real Banach space, @ :
X — R be a convex, coercive and continuously Gateaux differentiable functional
whose derivative admits a continuous inverse on X*, ¥ : X — R be a continuously

Gateauz differentiable functional whose derivative is compact, such that
1. infx & = ¢(0) = ¥(0) = 0;
2. for each A\ > 0 and for every ui,us € X which are local minima for the

functional ® — AV and such that ¥(uy) > 0 and V(uy) > 0, one has
inf U(su; + (1 — s)uy) > 0.
s€[0,1]

Assume that there are two positive constants ri,ry and v € X, with 2r; < ®(v) < 22

2
such that

SUPycp—1(—co,r ) YW _ 2 0(D)
(1) T <3 (D)’
Supueéfl(]foo,r'g[) \Il(u) 1 \I/(E)
(b2) o < 33"
3@ r 7
Then, for each \ € ] 5y min {Supuequqfoo,rl[) Tk Supuequqioom) \Il(u)} [, the func-

tional ® — AU has at least three distinct critical points which lie in ®(] — oo, r9|).

Corresponding to f and g we introduce the functions F': R — R and G : R — R,

respectively, as follows
Fla)i= [ 7 Vaex
0
and

G(x) = /:g(g)dg, VxeR.

Moreover, set G := T'max, <o G(z), for every § > 0 and G, := inf)y, G, for every
n > 0. If g is sign-changing, then G’ > 0 and G,, < 0.

Put
A2 - )

o = 7T1—2a 2204—1 —1).
YT T - 20) ( )

3. MAIN RESULTS

Following the construction given in [11], in order to introduce our first result,
fixing two positive constants # and 7 such that
wWal'(2 — a)n? | cos(mar)|6?
[T () R s Fz)
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and taking

A A R wan2 Icosk(#)‘ez

8T _T _ (F@=en " T'max F(z) |’
T'(2—a)n fO F(x)d[lf |z|<0
(3.1)
I'2—«a
5 in | cos(ma)|0* — Ak*T max, <o () wan? — Air(zﬁa)n o (2=ajn F(z)dx
‘= mi
g 120 7 TG,

and

Y 1
(32) 5)\79 = min 5)\797

max {O, % lim Sup‘x‘_wo %}
where we read p/0 = +00, so that, for instance, SA,Q = 400 when

lim sup G(f)

jz|—o0 L

<0,
and G, = G’ = 0.
Now, we formulate our main result.

Theorem 3.1. Let % < a < 1. Assume that there exist two positive constants 6 and

1 with \/W% < n such that

(Ay) 2iz0 F@) - _Jcos(ra) " Pa)de

02 T(2—a)k2wq n3 ’
(A2) limsup,_ ;o0 % <0.

Then, for each X € A and for every continuous function g : R — R satisfying the

lim sup G(z)

falo0 L2
there exists 8y 4 > 0 given by (3.2) such that, for each pu € [0,0, 4, the problem (1.1)

admits at least three distinct solutions in Ef .

condition

< 400,

Proof. In order to apply Theorem 2.10 to our problem, let X be the fractional deriv-

ative space E§ equipped with the norm

T 1/2
fulla = ([ D2 uttPar)
() lpruora)
and we introduce the functionals ®, ¥ : X — R for each u € X as follows
T T
O(u) = —/ cDyu(t) - iDu(t)dt and W(u) := / (F(u(t)) + gG(u(t)))dt.
0 0

Clearly, ® and ¥ are Gateaux differentiable functionals whose Gateaux derivative at

the point u € X are given by

& (u)o = — / (D ult) - ¢DSu(t) + ¢D%u(t) - SDfu(t))dt
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and

B g(u(t))o(t)dt

//f ))ds - v'(t t——// s))ds - v'(t)dt

for every v € X. By Definition 2.2 and (2.2), we have

<
S
~—
<
I
/\H
=
CC
~—
~—
_|_
>=

¥ (u)o = / (0D (D u(t)) — DI LG DGu(t))) - v'(t)dt.

It is well known that the functionals ® and W satisfy all regularity assumptions
requested in Theorem 2.10. Put I := ® — AU. The solutions of the problem (1.1)

are exactly the solutions of the equation I} (u) =0 (see [3]). Put r := ‘Cosk(i;fa)‘e? and
(33 n A oy, t€0,7/2),
. w = —a
(P —4), te[T)/2,T)

It is easy to check that w(0) = w(T) = 0 and w € L?[0,T]. The direct calculation
shows that
Fte, te[0,7/2),

P =20 -5, te[T/2,T)

oDiw(t) =

and

ol = / (D (t))dt = / * e Dow(t)dt + / (D (t))dt

0 T/2

T T l1-a T 2(1—a)
T T
/ 2= gy 4/ e (t — —) dt+4/ (t — —) dt
0 T/2 2 /2 2

4(1 + 220—1)p2 16 2 T T l-«
— ( + )77 T1—2a _ Ui / tl—a t— — dt < 0.
3~ 2a T )1 2

That is, §Dfw € L?[0,T]. Thus, w € X. Moreover, the direct calculation shows

47)2
— ﬁ

CDaw(t) _ %((T_t)l_a_Q(% _t)l_a)’ le [OaT/2)a
o (T — gyl te(T/2,T]

T

N

and
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_ 277 2[ T 11—« 11—« % j e T e
_—<?) /Ot (T —t) dt—4/0t -] dt

4F2(2_O‘) 1-2a /6201 2 2
4 = 2Tk - ] = wan*.
(34) I'4 - 2a) ( "= wan

From the condition
0<r<®(w).
Taking (2.7) into account, for all u € X such that u € ®~!(] — oo, r]), we have
| cos(ma)[Julls < ®(u) <,
which implies

1
(3.5) ul)? < ———7.

“ 7 | cos(ma)|

Thus, in view of (2.8) and (3.5) we have

T
a< —:9, t ,T,
u)] < klulla < by [T =0, Ve [0.1]

which from the definition of ¥ follows that

T
sup  U(u) = sup / [F(u(t)) + HG(u(t)) dt
) ued1(|=o0) Jo A
H ~o
<T F = .
= (m% (SEHAG)

On the other hand, by using Assumption (A;), we infer

U(w) = ' F(w(t))+ +~G(w(t)) ) dt
[ (o + et

T

I'2—a)n L T
- T /0 F(z)dz + % /0 Glw(t))dt

T @y - T it G

> F(zx)dx 4+ T in

T T2—a)n /0 (@) A [0

T I'2—a)n m
= F(z)d T—G,,.
F(Q—a)n/o (z)dz + A
Hence
T
SUPyed-1(]—o0,r]) \Ij(u) _ SUDyed-1(]—00,r]) fo [F(u(t)) + %G(U(t))} dt
T T
< T (maXmSg F(SL’) + %Ge)
— | cos(mav)] 62
52

(3.6)
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and
Ww) ot oy O Fa)dr + £ [ Gw(t))dt
@(’LU) - wa772
r2-
57) N F(2To¢)n Ik F( )dx 4+ TLG,
. > o

Since i < dy 4, one has

| cos(ma)|0? — Ak*T max, <o F(2)

this means
T max, <o F(z) + £GY 1
Icosk(;wc)|92 A
Furthermore,
(2—«
wan)* = )‘F(2 a) fo 77F( )dx
<

TGn ’
taking into account that G, < 0, this means

L fy " F(x)do + TEG,

T2—a)yn Jo 1
> —.
Wa? A
Then,
I'2—a
T max < F(z) + 5G° 1 F(TTQ)nfo( " F(x )d93+T“G
(38) = < <
| cos(mav)| 62 A wa772

k2
Hence from (3.6)-(3.8), the condition (a;) of Theorem 2.10 is verified. Finally, since
f < Oy, we can fix [ > 0 such that

lim sup Glz) <l

2
2|00 T

| cos(max)

and pl < W Therefore, there exists a constant 7 such that

(3.9) Gz) <lx* +71

for every x € R. Now, fix 0 < € < \cos]é;r;c” %l From (As) there is a constant 7. such
that

(3.10) F(z) <ex? +r.

for every = € R. Taking (2.8) into account, from (3.9) and (3.10), it follows that, for
each u € X,

() — \U(u) = — /0 " Dou(t) - <DSu(t)dt — A /O ' (Fu(t)) + LGt dr

T T
> | cos(ma)|||ul|2 — )\6/ w?(t)dt — NT'7. — ul/ w(t)dt — pT'r
0 0

> (Jcos(ra)| — A\Tk*e — puTk?l) ||ul|Z — Are —
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and thus
lim (®(u) — A\¥(u)) = 400,

l[ulla—+o0

which means the functional ® — AW is coercive, and the condition (ay) of Theorem
2.10 is verified. Since from (3.6)—(3.8) one also has

O (w) r

A€ ) )
V(w)’ supg ()<, ¥(z)

Theorem 2.10 (with T = w) ensures the existence of three critical points for the

functional I, and the proof is complete. O

Now, a variant of Theorem 3.1 where no asymptotic condition on the nonlinear
term ¢ is required, is pointed out. In such a case f and g are supposed to be non-

negative.

For our goal, let us fix positive constants #;, 0, and 7 such that

3 Wan? | cos(mar)| . 02 03
2 L(2=an = k2 T max F(z)' 2max F(z) )’
r(2—a)y fo F(r)dx |z[<61 || <6
and taking
AeEAN:
3 Wah? | cos(mar)| min { 02 62 }
prmm— — , 1 ,
2 F(2To¢)n fom_a)77 F(x)dx Tk? maxiz|<g, F'(2)" 2max|, <q, ()

With the above notations we have the following result.

Theorem 3.2. Let £ < o < 1 and f : R — R satisfies the condition f(z) > 0 for

every x € RT U {0}. Assume that there exist three positive constants 61, 05 and n

with 2126, < | [ reozayk < 21/2 such that

(B,) 2izlzor F(z) _ 2_|cos(ra)] JY @O pa)de
1 02 3T (2—a)k2wa 3 ’

(By) meiz0s F@ 1] cos(ma) Jo * " F(a)da
92

3T (2—a)kwa 73
Then, for each A € A and for every non-negative continuous function g : R — R,

there exists 03 , > 0 given by

min

| cos(ma) |67 — AK*T max,j<g, F'(z) | cos(mar)|63 — 2Ak*T max,j<q, F ()
k2Go ’ 2k2GY2 '

such that, for each p € (0,63 [, the problem (1.1) admits at least three distinct solu-
tions u; fori=1,2,3, such that

0< Ul(t) <Oy, Vite [O,T], (Z = 1,2,3)
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Proof. Fix A, g and p as in the conclusion and take ® and ¥ as in the proof of
Theorem 3.1. We observe that the regularity assumptions of Theorem 2.11 on ® and
U are satisfied. Then, our aim is to verify (b1) and (by). To this end, put w as given
n (3.3),

| cos(mav)|
T = ]{j2 9%,

and

| cos(mar)|
Taking the condition 2%/ 291 < ‘COS o) nk: < 2?32 into account, and bearing in mind
(3.4), one has 2r; < ®(w) < . Since p < d3 ,, we have

| cos(wa)wf — AT max|y)<q, F(2)
< k2G91

and

_ | cos(mar) |03 — 2AE*T max |, <p, F(2)
2k2Go2 ’

T max|zj<g, F(z)+5 G%
\cos(‘rra)\eg

mind that G, = O one has

SUDuca 1 (oo W (W) _ SUDuca 1o Jy [Flu(t) + §C(u(®))] dt

0

1 2Tmaxm§92 F(x)+2%G 2 1

< 3 and [cos(rall g3 <%
k

namely therefore bearing in

T ™
- T maxiy<p, F(z) + 2G*
= LeosCral g2
(2—«

1 2 F(2 @) fo 77F( z)dr +T5Gn
< =< =

A3 Wan?
< g\Il(w)’
~ 3P(w

and

T
28UPco-1(—ooms)) T(U)  25UDuea-1 (oo Jo [F(u(t)) + 5G(u(t))] di

T2 T2
_ 2T maxpyy<p, Flx) + 258G

= [eos(rall oo

(22—«
1 QF(2 o fo nF( x)dr +TEGn
A Wa?
)
~ 3P(w)
Therefore, (b)) and (bg) of Theorem 2.11 are verified.

Finally, we verify that ® — AW satisfies the assumption 2. of Theorem 2.11. Let u*
and ©** be two local minima for ®—AW. Then u* and u** are critical points for @ -\,
and so, they are solutions for the problem (1.1). Since f(z) > 0 for all x € R U {0},
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from the Weak Maximum Principle (see for instance [17]) we deduce u*(x) > 0 and
u**(t) > 0 for every t € [0,T]. So, it follows that su*+ (1 —s)u** > 0 for all s € [0, 1],
and that f(su* + (1 — s)u**) > 0, and consequently, ¥(su* + (1 — s)u*) > 0 for all
s € [0,1].

By using Theorem 2.11, for every

A€

3 ®(w) min 1 ra2/2
2U(w)’ SUD a1 (—oom ) Y(U) SUDyca-1(—corp Y(u) | |
the functional ® — AW has at least three distinct critical points which are the solutions

of the problem (1.1) and the conclusion is achieved. O

Finally, we prove Theorems 1.1 and 1.2 in Introduction.

Proof of Theorem 1.1: Fix A > \* := — ;’(’;ﬁ)n for some n > 0. Recalling
T(2—a)n fo F(z)dz
that ©
.. F
hlgl_)lélf ? = 0,
there is a sequence {6, } C]0, 400 such that lim,_, 0, = 0 and
F
nh_{go mamg;gn (&) —o.
Indeed, one has
max|e|<g, F'(&) F(&,) &5,

lim = lim -2 =
2 2 2 )
n—oo en n—oo §9n en

where F'(&y, ) = maxe|<q, F(§).
Hence, there exists @ > 0 such that

maX <p F(€) < min {F(\ cos(ma)| OF(Q_a)n F(x)dm | cos(mar)| }

7’ 2 — a)k?w, n3 T ONTR?
and /Leestrall COZ(:O‘)‘% <.
The conclusion follows by using Theorem 3.1. U

Proof of Theorem 1.2: Our aim is to employ Theorem 3.2 by choosing T'= 2, 6, =1

and 1 = 2. Therefore, we see that

3(2—a —2a o—
3 wan? | 2ApEHe e -
T'(2—a - AN (2—a) prx
2 F(2Toe)n fo e F(r)dx fo 2 fo f(&)dédx

and
| cos(ma)| 03 | cos(ma)| 1

3 - 2a—1 1 :
Tk 2 max|g|<g, F(x) 4m fo f(§)d¢
f)

Tt

0, one has

tim 20 /O% _

t—0t t2

Moreover, since lim;_ o+
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r2(2—a) (220—-1-1)

T(4— 2a) 1
Then, there exists a positive constant #; < 2\/_\/ eos(ma)] F@) 2Dl

1
<3

for some 5 < a < 1, such that

0
Y f(&)de 1 | cos(mav)| 2 (2-0)
b Tmma ), e

T2(a)(2(a—1)+1) T(A—2a )

and
1 6?

2 [THO)de [T f(e)de

Finally, a simple computation shows that all assumptions of Theorem 3.2 are satisfied.

The conclusion follows from Theorem 3.2. O
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