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ABSTRACT. In this paper, we study a Krawiec-Szydlowski model of business cycles with delays
in both the gross product and the capital stock. We investigate zero-Hopf singularities. The condi-
tions under which the zero-Hopf bifurcation occurs are established. By performing center manifold
reduction, the normal forms on the center manifold for zero-Hopf singularity are derived and the
bifurcation diagrams as well as the direction and stability of the periodic solutions are obtained.

Examples are given to confirm the theoretical results.

AMS (MOS) Subject Classification. 34K18.

1. PRELIMINARIES

Business cycles and economical fluctuations have long been observed and math-
ematical models that describe these behaviors have been established and studied by
many researchers. Kaldor [9] is the first to construct a mathematical model, the
Kaldor model, that uses a system of ordinary differential equations with nonlinear in-
vestment and saving functions so that cyclic behaviors or limit cycles were exhibited.
The Kaldor model alone has drew a great attention since its publication in 1940, see
(1,2, 4,7, 23, 26, 31]. Kalecki [10, 11] found that a time delay for investment after
a business decision has been made can also cause such a behavior. Later, Krawiec
and Szydlowski [14, 15, 16, 17, 18] incorporated the idea of Kalecki into the Kaldor
model in a series of papers by proposing the following Kaldor-Kalecki model (we pre-
fer to call it Krawiec-Szydlowski model as suggested by a referee for our paper [29])

of business cycles

(1.1) { = CIM[I(Y(t), K1) = S(Y (), K ()],

(Y (t —7), K(t)) — ¢K(t),
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where Y represents the gross product, K the capital stock. The parameters a >
0 is the adjustment coefficient in the goods market, ¢ € (0,1) is the depreciation
rate of capital stock. Functions I(Y, K) and S(Y, K) are investment and saving
functions, and 7 > 0 is a time lag representing delay for the investment due to
the past investment decision. Since this model was established, it has been studied
extensively by many authors. Not only have the cyclic behaviors been observed from
the model analysis, but the formulation of the limit cycles, the direction and stability
of the periodic solutions, along with many other bifurcation behaviors have been
studied and established, see [17, 18, 22, 23, 24, 25, 27, 28, 29, 30, 32].

Considering that the past investment decisions [17] also influence the change in
the capital stock, Kaddar and Talibi Alaoui [8] extended the model (1.1) by imposing
delays in both the gross product and capital stock. Thus adding the same delay to
the capital stock K in the investment function I(Y, K) of the second equation of

Sys. (1.1) leads to the following model of business cycles

dK (t)
dt

[t el ) s
IY(t—7),K({t—1))—qK(t).

Assuming that the investment time delay may only happen for the capital stock, Wu
and Wang [29] proposed and studied the following Krawiec-Szydlowski type model.

{ O _ 10, K1) - SO0, K1)
I

(12) 40 _ [y (1), K (t — 7)) — gK (D).

dt

For this model, the mathematical analysis is carried out using the bifurcation and
normal form theory. Both simple-zero singularity and double-zero singularity analy-
sis are established. Stability of the equilibrium point is established and bifurcation

diagrams are obtained.

Observing that delays for the investment due to the past investment decisions
may occur on either or both gross product and capital stock, and may happen at
different times, that is, with different delays, recently, Wu and Wang [30] proposed
and studied the following models with two delays.

(1.3) dK (1)

dt

{ d};lft) _ a[[(Y(t),K(t)) — S(Y(t),K(t))],
](Y(t — 7'1), K(t — 7'2)) - qK(t).

For fixed 7 > 0, using 7» as the bifurcation parameter, they carried out a Hopf
bifurcation analysis and a detailed discussion for the distribution of eigenvalues of the
linear part of Sys. (1.3) at the equilibrium point in the (71, 75) plane for a special case,
and as a result, they found the conditions for the Hopf bifurcation to occur. They
also established the direction and the stability of the periodic solutions bifurcated

from the Hopf bifurcation by using the normal form theory on the center manifold.
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In this paper we continue our study of Sys. (1.3). As always, we take the invest-

ment and saving functions I and S, respectively, as following.
I(Y,K) = I(Y) - BK, S(Y,K) =Y,

where [ is a nonlinear function of Y, and § > 0 and v € (0,1) are constants. We

thus obtain the following system.

(1.4) D0 — alI(Y (1) - BE(t) = 7Y (1),
| O = [(Y(t—7)) — BE(t — 1) — g (t).

We first investigate the characteristic equation of the linear part of Sys. (1.4) at an
equilibrium point for different delays 7, and 7. We will focus on zero-Hopf singularity
in this research. Because of the complexity, we only carry out, for a special case as
we did in [30], a detailed discussion of the distribution of the eigenvalues of the
characteristic equation and give the conditions that guarantee that the characteristic
equation has a simple zero root and a pair of purely imaginary roots. We show that the
zero-Hopf bifurcation may occur as (71, 72) passes some critical curves in the (71, 75)-
plane. Furthermore, we use the normal form theory to derive the corresponding
normal form from which we obtain the bifurcation diagrams and the stability of the

bifurcating limit cycles.

Note that, in business cycles, it is well known that some random factors influ-
ence the business dynamics. Incorporating the random factors, the following coupled

stochastic model of business cycles was studied by Mircea et al in [19, 20].

dy (t) = all(Y(t)) = BK(t) =Y (t)]dt

+9(t, Y (1), ()) W(t),
dK(t) = [I(Y(t—m)) = BK( —72) — ¢K(t)]dt
h

+h(E, Y (1), K(1))dW (2).

Recently, some stochastic reaction-diffusion models have been proposed and studied

(1.5)

for food webs and neural networks. For example, Kao and Wang [12] proposed and
performed a stability analysis for a stochastic coupled reaction-diffusion system on
networks (SCRDSNs) and obtained some novel stability principles which have a close
relationship to the topological property of the networks. It may be worthy to gener-
alize the business models to stochastic reaction-diffusion model and to see how the

dynamics from these models differentiate from the existing models.

The following result by Ruan and Wei [21] will be used in this paper.
Lemma 1.1. Consider the transcendental polynomial

P\ e e ) = p(A) + q(N)e ™ + go(N)e 72,
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where p, q1, q2 are real polynomials such that max{deg q;,deg g2} < deg(p) and 1,75 >
0. Then as (71, T2) varies, the sum of the orders of the zeros of P in the open right

half plane can change only if a zero appears on or crosses the imaginary axis.

The rest of this manuscript is organized as follows. In Section 2, a detailed
discussion for a special case is given for the distribution of eigenvalues of the linear
part of Sys. (1.4) at an equilibrium point in the (7, 75)-parameter space. Fixing
71 > 0, and letting 75 vary, conditions are found such that the there are a simple
zero eigenvalue and a pair of purely imaginary eigenvalues as 75 passes some critical
values. In Section 3, the theory of center manifold reduction for general delayed
differential equations (DDEs) is used to derive the normal forms for Sys. (1.4) for
zero-Hopf singularity on the center manifold. In Section 4, numerical simulations are
presented to confirm the theoretical results. A conclusion of our results is given in
Section 5. Finally, a shortcut of normal form of DDEs for zero-Hopf singularity and

the bifurcation diagrams are put in Appendix.

2. DISTRIBUTION OF EIGENVALUES

Throughout the rest of this paper, we assume that (Y*, K*) is an equilibrium
point of Sys. (1.4) and I(s) is a nonlinear C* function. Let I* = I(Y*), u; =
Y —Y* up=K—K* and i(s) = I(s+Y"*) — I*. Then Sys. (1.4) can be transformed

as

(2.1) dus (1)

di i(ur(t — 1)) — Pua(t — 72) — qua(t).

Let the Taylor expansion of i at 0 be

{@%ﬁ afi(u(t) = Bus(t) — yua ()],

i(s) = ks +i®@s? +i®s3 + O(|s|*)

where
-/ 1y * -(2) 1 1/ 1 Nave -(3) 1 111 1 ave:
k=140)=1'(Y"), 9 ==i"(0)==1"(Y"), i*) = ="(0) = =I"(Y").
2 2 3! 3!
The linear part of Sys. (2.1) at (0,0) is
22) 0 o[(k — ) (1) — Bua(0)],
d“d#t(t) = kui(t — 1) — Pua(t — 72) — qua(t),
and the corresponding characteristic equation is
(2.3) AN =N+ AN+ B+ Ce™™™ 4+ 3(A+ D)e*™ =0,
where

A=q—alk—7v), B=-aqlk—7), C=afk, D=—-ak-—n7).
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Define

kv = By +7
q
We then have the following theorem distribution results for no delay system.

Theorem 2.1. Let 1y = 7 = 0. If k < kq, all roots of Eq. (2.3) have negative real
parts, and hence (Y*, K*) is asymptotically stable. If k = ki, Eq. (2.3) has a zero
root and a negative root, and hence (Y*, K*) is neutrally stable. If k > ky, Eq. (2.3)

has one positive root and one negative root, and hence (Y*, K*) is unstable.

In this paper we focus on the study of zero-Hopf bifurcation. To this end, we
assume that ¢ = (3, and k = k;. Then k = k; = 2y and A()\) becomes

(2.4) AN) = A2+ (B — ay)A — aBy + 2abB7e ™ + (A — ay)e ™™ = 0.

Let iw(w > 0) be a root of Eq. (2.4). Plug it into Eq. (2.4) and separate the real and

imaginary parts, we get

(2.5) —w? — afy + 2afycoswr, — afycoswry + Bwsinwr, = 0,
' (6 — avy)w — 2afysinwr + afysinwr + fwcoswr, = 0.

Assuming first that 7 = 0, Sys. (2.5) becomes

w4 2aBy = 2afycoswmn,
(20— ay)w = 2afysinwrn.

Adding squares together yields
w4 + (462 + 042’}/2)(4}2 — 0’
which has no positive roots for w.

Assuming next that 7 = 0, Sys. (2.5) then becomes

(2.6) { (aﬁ'y —w? = afycoswn — Bwsinwn

ay—Plw = afysinwn + fwcoswTs.
Again adding squares and the resulting equation for w is
w + (v — 4afy)w? =0,
which has only one positive root
wi = V4afy — a*y?

if 43 > oy and has no positive roots if 43 < ary. If 43 > av, from (2.6) with w = wy,
define, for each j =0,1,2,...,

; 1 -2
(2.7) Ty = arccos oy — 28 + 257 ) > 0.
Vadafy — a?y? 20
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For 7 = 0, let A\o(72) = 02(73) + iws(72) be the root of Eq. (2.4) such that o5(7) = 0

and wo(73) = wi, respectively. A long calculation shows

dNs

We thus have the following results.

:4/6—cw>

To=T3 463 0.

Theorem 2.2. Assume that g = (3 and k = k.

1. Let Ty, = 0, then except a simple zero root all other roots of Eq. (2.4) have negative
real parts for all 1 > 0. Therefore, (Y*, K*) is neutrally stable.
2. Lety =0, and let 75,7 =0,1,2, ..., be defined in (2.7).
o If 403 < ary, then except a simple zero root all other roots of Eq. (2.4) have
negative real parts for all 7o > 0. Therefore, (Y*, K*) is neutrally stable.
o If 43 > ary, then except a simple zero root all other roots of Eq. (2.4) have
negative real part for all 0 < 7o < 73. Therefore, (Y*, K*) is neutrally stable.
Eq. (2.4) has a simple zero root, a pair of pure imaginary roots +iwy , a total
of 2(j + 1) roots with positive real part, and all other roots have negative real
part if o, = 73. Eq. (2.4) has a simple zero root, a total of 2(j +1) roots with
positive real part, and all other roots have negative real part if o € (Tg , 7‘5“),
j=0,1,2,.... Therefore, (Y*, K*) is unstable for all 7o > 75.

Now we will discuss the existence of pure imaginary root iw(w > 0) for both
71, T2 > 0. Rewrite Sys. (2.5) as

2.8) —w? —afy+2aBycoswn = afBycoswr — Bwsinws,

' (0 — ay)w —2afysinwr, = —afysinwr — fw coswTs.
Adding squares of both sides, we obtain
(2.9)  4daBy[(w?* + afy) coswr + (B — ay)wsinwn] = w* + a?y w? + 40’ 3%,
which is equivalent to

Wt 4 a?y20? 4 402322

4afry/ (W + aBy)? + (B — ay)Pw?
where 6 is an angle depending on w such that

(2.10) sin(wr +6) =

COS@ — (/6 - afy)w
V@ T a1+ (B —on)iar
Or (8 — ay)w

0(w) = arccos

VW24 afr)? + (B —ay)2w?
Now we will give a detail discussion about the existence of positive roots w of equation
(2.10) for different values of 7. Let

) w4 + a272w2 + 4(12/6272
W) = y
dafy/(w? + afy)? + (8 — av)u?




KRAWIEC-SZYDLOWSKI MODEL 537

w? + afy
V(W4 aBy)? + (B —ay)?w?

Gw) =
and, for a given 7 > 0, let
P(w) = sin(rnw + 0(w)).

Note that sin(f(w)) = G(w), or P(w)|,=0 = G(w). Calculations show that F'(0) =
G(0) = P(0) =1, F'(0) = G'(0) = P'(0) = 0, and

" 2/62 + 2 " ﬁ B 2

A

and )
(B —ay—aByn)
02322 :
It can be also shown that F”(0) = G”(0) if and only if 43 = oy, and F"(0) < G"(0)
if and only if 43 > a~y. In addition, F'(w) > 0 for all w > 0, and

P//(O) —

lim F(w) = 0.

As a matter of fact, from the definition of F', we can show that there exists a w,, > 0
such that the function F' is decreasing from 0 to w,, and increasing from w,, to co.
Therefore, we proved that there exists a unique w* > 0 such that F(w*) = 1, and
F(w) <1 for all w € (0,w*). Notice that, if 45 > o~y then

Pt JEEER

afy

and F”(0) < P"(0) if and only if 0 < 7 < 77. Further analysis of functions
F(w), G(w), and P(w), and the fact that 6(0) = /2, leads to the following results

for the existence of positive roots of Eq. (2.10) for different values of 7.

Theorem 2.3. Forty =0, Eq. (2.10) has a unique positive root w = wy = \/4afBy — a?y?
if 48 > ary, and it has no positive roots if 46 < ary. For 7 > 0, there are two cases:

1. Suppose 438 > ay. If 0 < 7 < 711 then Eq. (2.10) has one positive root; if
7 > 1) and w*m + 0(w*) < 27, then Eq. (2.10) has no positive roots; if T > 7
and w*t + 0(w*) > 57/2, then Eq. (2.10) has at least one positive root.

2. Suppose 40 < ary. If i > 0 and w*r + 0(w*) < 2w, then Eq. (2.10) has no
positive roots; if > 0 and w*r + 0(w*) > 5w /2, then Eq. (2.10) has at least

one positive root.

Proof. From the discussion above about the functions F', G, and P, we get that
if F(0) < P"(0) the graphs of F' and P intersect at least once in (0,w*]. Notice
that 48 > av implies F(0) < G”(0), and that P”(0)|,—o = G”(0). By continuity,
for small values of 74 > 0, F”(0) < P”(0). It follows from that F”(0) < P"(0) if
0 <7 <7f. When 7y > 7/, it follows that F”(0) > P”(0). The graph of P is below

that of F if w*m + 0(w*) < 27. Therefore, there are no intersections for the curves F'
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\J

FIGURE 1. Left: 7 = 0.1 < 7. There is one intersection. Middle:
nn=1>7, w'n +0(w*) = 558132 < 27. There are no intersections.
Right: 7 = 4, w*n + 6(w*) = 17.1644 > 57 /2. There is at least one

Intersection.

VL
\

FIGURE 2. Left: 7 = 5, w*m + 6(w*) = 5.38817 < 2m. There is no
intersections. Right: 71 = 15, w*n + 0(w*) = 10.9633 > 57/2. There is
at least one intersection.

and P in (0,w*]. If 48 < ay then F”(0) > G"(0), and from the expression of P”(0)
it follows that £ (0) > P”(0) for all 7, > 0. So the curve of P will be below that of
F for w small. In particular, if w*m + 6(w*) < 27, there are no intersections for the
curves F' and P in (0,w*]. Other results can be proved using that fact that the curve

of P is a sine curve, completing the proof. O

See Figures 1 and 2 for graphs of F' and P for different values of 4 > 0. In
Figure 1, we choose a = 5, § = 2, and v = 0.56. Then 45 > ay and w* = 3.86103,
7 = 0.359687, F"(0) = —0.252551 < G"(0) = —0.020482. In figure 2, we choose
a =5 0 =02 and v = 0.56. Then 48 < ay and w* = 0.557511, F"(0) =
—12.6276 > G"(0) = —21.5561.

Remark 2.4. We want to point out that for 7, > 0 such that 27 < w*n + 0(w*) <
57 /2, the graphs of F' and P may or may not have intersections. See Figure 3, we
choose the same parameter values as in Figure 1, but different values for 7. We
actually can see that if 7 satisfies that w*m + 6(w*) close to 57/2, then the two

curves will intersect.

Remark 2.5. From Theorem 2.3, we can see that under the assumption of 45 > a,
positive root exists and is unique when 0 < 7y < 7. As 7y increases, the existence

of positive roots is lost and then as 71 continues to increase, the existence of positive
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/

FIGURE 3. Left: 1 = 1.3, 217 < w*m +0(w*) = 6.73963 < 57 /2. There
are no intersections. Right: 7 = 1.585, 21 < w*r + 0(w*) = 7.84003 <

5 /2. There are two intersections.

roots comes back and remains. At the same time, under the assumption of 45 < avy,
no positive roots exist until 7; reaches a certain value, for instance, w*m +6(w*) > 27,

or at least close to 5m/2.

Solving Sys. (2.8) yields

_ _ a*w+ W’ = 2afqwceoswry + 20°By?sinwr )
Sln Wty = 267 1 B = J\W),

a?y? 4+ w? — 202y% coswry — 2ayw sinwTy

Il
=
&
S~—

COS WTy = — 027 o

Let 71 > 0. Suppose that Eq. (2.10) has n positive roots in (0,w*], say w; < wy <
-+« < wy. Define, for each j, 7 =1,2,...,n,

wij arccos g(w;) if f(w;) >0,

wij (2 — arccos g(wj)) if f(w;) <0,

™ =

and let
(2.11) 7y =min{r:j=12,....,n} >0.

Let 71 > 0 be such that Eq. (2.10) has at least one positive root. Define A(12) =
o(7) + iw(72) to be the root of Eq. (2.4) such that o(7) = 0 and w(r') = wy,
1 < k < n, respectively. Differentiating both sides of Eq. (2.4) with respect to 7

gives

@ B = 2A+p-ay - 20‘677—16_)@1 + (1 4+ afym — >\T2)6_)‘T2
) BN\ —ar)e

and at 7, = 757, it follows
d )"
Re (d—Tg) |7'=7'27L = U,(T;)

a?y2wp + 2w3 — 2a8v(2 + BT — ayT)wy, COS Wy Ty
Paran + o)
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e

|
mz

FIGURE 4. A typical curve of function @) for , = 0.2.

200y(—f + ay + afy1 + Twi) sinwy

’ P(0? e + )

For a given 7y > 0, define

w4 2w —2a67(2+ fr — aym)w coswTy
N B2 (2w + w3)
2067(—3 + ay + afym + nw?) sinwny

B2 (a?y2w + w?) '

(2.12) Qw)

+

A typical curve of function @) is given in Figure 4. The parameter values are the same
as in figure 1. In this case, G(w) < 0 if w < 1.73321 and Q(w) > 0 if w > 1.73321.

The distribution of the roots of Eq. (2.4) in the (7, 72) plane for 45 > ay is
illustrated in Figure 5. Again we choose a = 5,3 = 2, and v = 0.56. Then 45 > a
and 7 = 0.359687. As 7y increases from 0, the curves of F' and P have a unique
intersection until 7 reaches 77. The two curves no longer intersect as 7, continue to
increase until 71 reaches 7" = 1.5676 where the curves regain the intersection, and
actually there are multiple intersections as 7; continues to increase. Consequently,
we have if (71, 73) lies in Region I, Eq. (2.4) has a simple zero root and all other roots
have negative real parts. If (7y,7;) lies on the curve L, which is given by 7, as a
function of 7, Eq. (2.4) has a simple zero root, a pair of purely imaginary roots, and
all other roots have negative real parts. If (71, 72) lies in Region II, because of the
unique intersection of F' and P and ¢/(7;") > 0, (by calculation of Q) Eq. (2.4) has a
simple zero root, a finite number of roots with positive real parts, and all the other
roots have negative real parts. If (71, 72) lies in Region III, because the curves of F’
and P may have multiple intersections, the distribution of roots of Eq. (2.4) is much

more complicated.
We make the following assumptions based on parameters «, 3,7 and the values
of T1.-

(H1) 48 > av, 0 <1 < 773
(H2) 46 > ay, . > 7 and w*n + 0(w*) < 2m;



(H4) 45 < ary, 71 > 0 and w*ry + 6(w*)
(H5) 46 < ary, i > 0 and w*r + 0(w*)
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We then have the following theorem.

Theorem 2.6. Let ¢ =3, k =2v, 71 > 0, and 7,7 be defined above.

1.

Under the assumption (H1), Eq. (2.4) has a simple zero root and all other roots

have negative real parts for all T < 7 .

. Under the assumption (H1), Eq. (2.4) has a simple zero root, a pair of purely

imaginary roots, and all other roots have negative real parts if o = 75"

Under the assumption (H2), Eq. (2.4) has a simple zero root and all other roots
have negative real parts for all 7 > 0.

Under the assumption (H3), Eq. (2.4) has a simple zero root and all other roots
have negative real parts for all Ty < 75 .

Under the assumption (H3), Eq. (2.4) has a simple zero root, a pair of purely
imaginary roots, and all other roots have negative real parts if Ty = 75 .

Under the assumption (Hj), Eq. (2.4) has a simple zero root and all other roots
have negative real parts for o > 0.

Under the assumption (H5), Eq. (2.4) has a simple zero root and all other roots

have negative real parts for all Ty < 75 .

. Under the assumption (H5), Eq. (2.4) has a simple zero root, a pair of purely

imaginary roots, and all other roots have negative real parts if 7o = 75"

Remark 2.7. In all cases, the purely imaginary roots are simple.

Theorem 2.8. Suppose either the assumption (H1), (H3) or (H5) holds. Then if

o'(rs

) >0, Sys. (2.1) exhibits a zero-Hopf bifurcation at 75 = 75
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3. COMPUTATION OF NORMAL FORM OF ZERO-HOPF
SINGULARITY FOR 7,7 >0

In this section, we use the framework developed in [5, 6] (see the detail in Ap-
pendix I) to obtain the normal form for zero-Hopf singularity of Krawiec-Szydlowski
model with delays. We always assume that ¢ = 3, k = 2. From Theorem 2.6 in Sec-
tion 2, we know that, under the assumption of either (H1), (H3) or (H5), if » = 7,
Eq. (2.4) has a simple zero root, a pair of purely imaginary roots, and all other roots
have negative real parts. We assume that the pair of purely imaginary roots given
by Eq. (2.9) are +iw. Now we use k, 75 as bifurcation parameters and fix 71 > 0. Let
k= 2y+ pu,m =7 + pa. Then u = (uy,pe) is the bifurcation parameter of the
following system

i (t) = —afuy(t) + aiPu3(t) + ai®ud(t) + O(ul),
(3.1) ua(t) = (27 + p)ur(t — 1) — Bua(t) — Bus(t — 757 — pa)
+i®@u2(t — 1) + Ot — 1) + O(u}).
The linear part of Sys. (3.1) at (0,0) is
{zh:=—aﬁuﬂﬂ,

Uy = (27 + p)ur(t — 1) = Bua(t) — Bus(t — 757 — pa).

Let
n(0, ) = A6(0) + Bi(p1)0(m1) + B20(0 + 757 + p2)
where
0 —« 0 0 0 0
A= 5 ) Bl(,lh) = , DBy = .
0 -p 2y+m 0 0 —p
Define

0
L(p)y = / L0, 1)el9), Ve el
where C' = C([~73",0), C?) with norm || = max{|¢1]ec, [2]oc} for ¢ = (1,02)" €
C. Let X = (uy,up)? and F(X;) = (F, F*)T, where
F' = ai®u3(t) + ai®ud(t) + O(u}),

F?2 =it — ) +iPud(t — ) + O(uf).
Then Sys. (3.1) can be transformed into
(32) X(t) = L(p)X; + F(X)).

Write the Taylor expansion of F' as

1 1

Flp) = 512(0) + 5 Fs(p) + Olll").
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Take the enlarged space of C
BC = {¢: [-7,0] — C*: ¢ is continuous on [~7,0), 3 lim ©(8) € C*}.

0—0—

Then the infinitesimal generator A, : C* — BC' associated with L is given by
Ay = ¢+ Xo[L(p)p — ¢(0)]
o, if -7, <6<0,
s dn(t me(t), i 0 =0,

and its adjoint

—1), if0<s<ty,

Jo o d(=tydn(t, p), if s =0,

Vi) € C™, where C™* = C'((0, 7], C*). Let ¢’ = C((0, 7], C**) and the bilinear

inner product between C and C’ is given by

() = /_T2/ws 0)dn(, 0)p(€)de

A=

= (0 / G+ rBO)@ds + [ 06+ ) Bapl)e

From Section 2, we know that +iw and 0 are eigenvalues of A, and Aj. Now we com-
pute eigenvectors of Ay associated with iw and 0 and an eigenvector of Aj associated
with —iw and 0. Let ¢;(0) = (p,1)Te™?, go = (0,1)T be eigenvectors of A, associated
with iw and 0, respectively. Then Ayq;(0) = iwq(6), Aoge = 0. It follows from the
definition of A, that

(zw[ - A - Bl(O)e_iW - Bze—iﬂ-;w>q1 (0) = 0, (A + Bl(O) + BQ)QQ = 0,

from which we obtain

af g

— o =—.
ay — 1w v
Similarly, we compute eigenvectors of Af associated with —iw and 0. Let p(s) =

p:

Dil(é, 1)e s py = D%(@ 1) be eigenvectors of Aj associated with —iw and 0, respec-
tively. Then Ajpi(s) = —iwpi(s), Ajpe = 0. It follows from the definition of Aj
that

p1(0)(iwl — A — By(0)e™ "™ — Bge—”z*“) =0, po(A+ Bi(0)+ By) =0.

from which we obtain .
2€ZWT1 fy 2
—, e=——.
ay + w «
In order to assure (p1,q;) = 1 and (ps, ¢2) = 1, we have to determine factors D; and
D,. In fact

5:

28+ ay+apfy(2n — 7))
ary '

Dy =1+ plo + 2™ ~yr) — e_iWT;/@T;, D, =
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Let us compute gi(x,0, ) first. Since

LI, 0) = SV, (@ +y)

we have
1 .
§g2(:c, 0,1) = zProjg, V(0)F;(®x) + h.o.t.

(@11pt1 + arapi2)T1 + a132123
(@111 + Giopi2) Ty + G13T273 +h.o.t.
(@211 + agopie) T3 + axgr129 + a24x§
where
—iTw it w :(2) —iwT =
e ie "2 Bw 47\ Bp(2 + ao)
aj; = = y Q12 = ——=——, 13 = = )
Dl Dl ’}/Dl
—2i@|p|? i 32
P — — 0’ — E—— — — .
9D, 22 Q23 D, 24 72 D,

Next we compute gi(z,0, ). Since its computation is long, we compute it in three
steps. Note that

1 1 . ~
ggé (SL’, 07 :u) = BPI‘OJker(M%)f; (.flf, 07 M)

G21 =

1 .7
= 5Projs, f3(2,0,0) + O(|f|uf* + 2| ul),

1 . 1 :
= <P1ojg, (2,0,0) + 1Proj, [(D.f2) (2,0, 0)U4 z,0)

+(Dyfy)(@,0,0)U3 (2, 0)] + O|pf*|] + |l |2 ]?).
Step 1: Compute ¢Projg, f3(,0,0). Noting that
) Di® @Brola(my + w2 + 13)% 4+ 5(e7wy + €%y + 23)°]
gf?} (LU, Ov 0) = Di(g)TO[a(xl + 9 + 253)3 + O'(e_iTOwiUl + eiTOwZL’Q + Ig)g]

D1i® ey + 2o + 23)° + v(e7 % ny + €9y 4 23)°)

we have
b1 7329 + biox T3
gProjszf?}(a:,0,0) = | biiz123 + browaad |,
b21$1$2$3 + bggl’g
where

3 | , 3 . .
b = F-i@plpl* (7™ +ad), by = =i (e + ad),

6:% 3| p|* i3
by = —————, byp=——.
vDs 7? Do

Step 2: Compute +Projg,[(D, f3(x,0,0))Us (x,0)]. Since

U21($7 O) = U21(£L', :u)|u=0 = (M21)_1PIOJIm(M21).f21(ZE7 O> 0)
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5o [ad(pry + pry + 5933)2 + (pe™™“Mxy + pe™ My + g!)ﬁ'g)z]
-[ad(pz1 + pro + :cg) + (pe~™“Mxy + pe“ay + %:@,)2]
[ 2(px1 + pro + :)33) + (pe ™Mz + pe“xy 4+ g!)ﬁ'g)z]

= (M%)_lProjIm(le)i@)

2ii(2L652iWTl [—p2( 2T w 4 045)331 & ( 2iTw + 045)562
_l_ﬁ (1+a5 3 ‘l’ 2|p| (1 +O{5)x11’2 + wléxg]

2“(2) 672'“417'1

| s [— 3p 2em2mw 1 ab)w? + p? (¥ 4 ad)

_52(?‘065) 2 _ 2|p|2(1 + a5)1.11.2 _ 5(€7i71:+a5)Pl;1x3]

E5pl(2 = )Pt + (24 )l
4(=2+e71)3p

we have
) c1173x9 + C1271 73
ZPTOjSQ (Do f3(2,0,0))Us (x,0)] = | €112123 + Graze23 | + hooot.
C21X1T9X3€3 + ngl’g
where

22~e—2i71w(l-(2))2,0|p|2 ) '
— _ _ 2 2iT W 7 6 20T W (5
C11 3D;| D1 2 Doy [27(e (T+(6+e )ad)
+ a1l + ¥ (6 + 7ad))8)pD1 Dy — 3D, (2vp(1 + ad) (1 + 2™ ad) Dy
+ (_1 + 2622’7-10.))6(61'710.) + QS)Dl)]’
4,ée—2i7—1w(l'(2))2pﬁ2 ' ' '
— _ 1TIW 1TIW 2 1 1T1W 5
1 =~ prp g, €2+ (L4 €7 )ad)
+ a1+ €™ (1 4 2a06))8)pD1 Dy — (14 ad) D1 (yp(1 + €™ ad) Dy
+ Qeiﬁw(_l 4 eiﬁwﬂD ))]
4ie=2me ({2 p23 ) . . _
— 1ITIW 3 de 1ITIW —1 — 2¢imw 6 2iT1w ND
Co1 |D1|2D2fyw [ ( ( + )+( (& + Oe )Oé ) 1
+ MY (=2 4 ¥ af + MY (3 + 2a6) — 2 (2 + 3a))pD ],

Cog = — e I [(—1 +2e™“)p(1 + ad) Dy + €™ (=2 4+ ™) (1 4 ad)pD1).
|D1|2D273w

Step 3: Compute ;Projg, [(D, f3(x,0,0))U3(z,0)]. This is the most difficult part
for computing the terms with third order since the computation involves solving linear

systems with singular coefficient matrices. Define h = h(x)(0) = UZ(z,0), and write

hrM(H
h(0) = (h(z)EQ;) = hooo] + ho2o®3 + hooa®s + hi10z1T2 + hio12133 + honizaas,

where hago, hoo, Pooz, P10, hiot, horr € QY. The coefficients of h are determined by
(M2h)(x) = f3(z,0,0), which is equivalent to

DyhJz — Agi(h) = (I — m) XoFy(®a, 0).
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Applying the definition of Ag: and 7, we obtain
h— D,hJx = ®(0)¥(0)Fy (P, 0),
h(0) — Lh = F5(®x,0),
where h denotes the derivative of h(6) relative to 6. Let
Fy(®z,0) = A2003€% + AozoSCg + Aooﬂ% + Ajor1z2 + Az + Ao zaxs,

where A;;, € C?, 0 <14,5,k <2,i+j+k =2. Comparing the coefficients of 2%, x3,
2%, 1129, 1173, Tewz, We have that hoy = hago, ho11 = hio1 and that hago, hior, hiio,

hooe satisfy the following differential equations, respectively,

(3.3) haoo — 2iwhagy = ®(6)¥(0) Agg,
haoo(0) — L(haoo) = Asoo,

(3.4) f:l101 — iwhign = ©(0)¥(0) A1,
h101(0) — L(hi1) = Aso1,
(3.5) f:L110 = ®(A)V(0) A0,
h110(0) — L(h110) = A1,
(3.6) }:1002 = O(0)W(0)Agoz,
hoo2(0) — L(hoo2) = Agoe-
Since ,
—_ 9;(2) auf(0)
F2 (ut7 0) 2Z (2’&%(-7’1) )
we have

Dlad(pz1 + prs + 953 +11(0))% + (e pry + e pre + 953 + y1(—71))?]
= 2i® | D]ad(pz) + pay + :cg +41(0))% + (677 pwy + €47 pry + Ly + yi(—7) )]
Dy [—2(px1 + pao + ~y5'33 +51(0))* + (67 xy 4+ €M ay + 234 y1(—71))?]

—iwT] iwWT] A

which gives

Dyf2}|y=0,u=0(h) = 4i®
D[ad(pxy + prg + gfb’s)h(l)(o) (7™M pxy + € pry + 6$3)h(1)(—71)]
Dlad(pzy + pra + Zx3)h D (0) + (€77 pry + €7 pry + L) hD (—7)]
D1 [—2(px1 + pxoy + gl’g)h(l)(O) (e7“mgy + ey, + :Cg)h(l (—71)]

—_

Thus

1 0{1193%2 + 6%129311%

ZProjsgDyf21|y=0,u=0U22 = | dy@123 + digxoxs
dglxll’gl'g + dggl’%



KRAWIEC-SZYDLOWSKI MODEL 547

where

1(2) —iwT (1) ZWT

dy = D—l[e 'phito(—71) + a5(ph110(0) Ph200(0)) 1/7h200( )],

dio = 1(2) —zwn h 8 h(l) 0 h(l) 0 h(l)

12 = Dl[ P 002(—7'1) + ad(vphog2(0) + Bhigi (0)) + Bhig (—71)],
7'() —iwT (1) iw g (1)

dyy = —77[270}1011( ) — VPhon(_Tl) + 702011 (0) — €% hygy (—71))

+ Qﬁhgllo( 0) — 5]1110(_7'1)]7

dos = 8 L onD(0) + hh(—)].
’YD2

The computation of hfjl,)c (0) and hg;,l(—rl) will be carried out in the following lemmas.

First we compute h%)o.
Lemma 3.1. From (3.3), we have

B 0) = 20 pPe N [y(1 + €7 ad) (=3¢ afw + (2i(~1 + ™ )afy
+ 3¢9 (B + 2iw)w)p) D1 Dy + 3Dy ((—1 + 2e2™) 3(—ie* ™ w(—iff + 2w)
+ oy (—i(=1+€*7)B + €7 w)) Dy + Y Dy(2iafyp(—1 + €47)
+ €N (—afw + Bpw + 2ipw? — 200> Bypd + 2ie™T 0P Bypd — €2 6 fwd
+ 2T o Bpws + 2ie“™ apw?d + afwDy — XM aBwD,
— 2ie*™™ aw?D1)))]/(3A,),

hion(—m1) = i@ pe 247 [~2y(1 + %47 ad) (Bafw — (B + 2iw) (i(—1 + €™ oy + w

+ 263971 ) 5) Dy Dy + 3D; (=1 + €7 B(=2ie** ™o (—iff + 2w)
+ay(—i(=1 4 ™) B 4 2¢*“ T w)) Dy + 2yDy(—iaByp(l — €™)

TWTL 2

— afw — PBpw + 2~ Bpw + 207 pw — 26T arypw — 2ipw?® + 4ie™™ pw

— P (— (=14 2™ p(B 4 2iw)w + a(2(—1 + “™)ypw
+ B(=i(=14e“™)yp +w)))d/(3Ay),

where
Ay = yw(2e* 9w (—if + 2w) + 2ay((—2 + €*™) B + 2ie* ™ w)| D1|*Dy).
Proof. From the first equation of (3.3), we have
haoo(0) = e**? / 9 e 2P ()W (0) Aggodt + ce*™?
0
where ¢ € C? is a constant and hence

;1200(0) = @(0)‘1’(0)14200 + 2iwc
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and

L(haoo) = 31(0)/ e 2P (1)U (0) Aggodt
0
N

. | |
+ 32/ e_2lwt<1>(t)‘1’(0)A200dt + L(ezl‘“@)c.
0

From the second equation of (3.3), we have

(2iwl — L(e*"))e = (I — B(0)W(0))Asgo + By (0) / : =2t B(4) W (0) Agoodt

-7

0
+ Bg / 6_2th(I)(t)\I](O>A200dt

+
—Ty

= RHS.

Since 2iw is not an eigenvalue of L, the matrix (2iwl — L(e**?)) is invertible. So we
have
¢ = (2iwrel — L(e*))'RHS.

After easy but long computation, we have the expressions of hélo)o (0) and h%)o(—ﬁ). O

In order to compute the rest of hS,l(O) and h'})

iir(—71), we have to use the following

result from Kuznetsov [13].

Lemma 3.2. For a linear system Mw = v where M 1is a singular n X n matriz, there

1 a unique solution for solving the following bordered system

M q w\ (v
p 0 w) \0
where p, q satisfy the following conditions

Mqg=0, pM =0, (pg)=1, (pv)=0
where (-, -) is defined by

(xay)zzxjij LU:(xl,...,iUn>, y:(ylv"'uyTL)T'
j=1

We write the solution to the system as w = M™NVy.

Lemma 3.3. From (3.4), we have
Rih (0) = 4i® Bpe= =D [y(1 + € ad) (pwe™™
+ (=i(=1+ ¥ )yp — e“Mw) Dy Dy
+ Dy((—=1 4 2e™™)(—e M ypw + B(2i(=1 + “™)yp + €“"w)) Dy
+ YwDo(27p*(1 + €™ ad) Ty + €™ (e“ ™ a — p)Dy)))/ (vA1),

2 3p

h(l) _ _
(") = S, D,

[—i(=1 + e 2™ )y(1 + e“™ ad) pD1 Dy
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+ 27T Dy (i(—1 4 ™) (=1 + 2¢™™) 3D,

+ e YT ywDy(—pr — e“ T apdTy + (€ (y(1 4+ T ad) (e pw

+ (=i(—=1+ "™ )yp — e“"w)p) Dy D,

+ Di((—=1 4 2e™™)(—e“ T ypw + B(2i(—1 + e“™)yp + “"w)) Dy

+9wDa(29p*(1 + €T ad)y + €7 (e a = p)D1))))))]/Ar.
Proof. From the first equation of (3.4), we have

0
haon (6) = 19 / e~ ()0 (0) Agordt + cei”
0
and hence
h101(0) = ®(0)T(0)A10; + iwe
and
_
L) = Bi(0) [ 000 (0) Aur it
0
i
+ B2 / €_th(I)(t)\I](O)A101dt + L(eiuﬁ)a
0
From the second equation of (3.4), we have
(iwl — L(e“))c =0

where

v=(I—®(0)¥(0))A1 + B1(0) /0 e MO ()W (0) Ay di

-7

0
+ / €_iWT0t(I)(t)\I](O)A101dt.
_T2+

Since iw is an eigenvalue of L, the matrix M = (iwl — L(e*?)) is not invertible, where

v [T + iw af
- _26—iw7'1fy 6(1+6—iw71)+iw ’

Consider the following bordered system
M q w) (v
p 0 w)  \0)’
1

= (p, )T = d(s,1 -
q=(p,1)", p=4d(61), d o

such that Mq = 0,pM =0, (p,q) = 1, and (p,v) = 0. Then we obtain the unique

solution ¢ = My, Replacing ¢ in hip; and after long computation, we have the

It is not hard to get

expressions of h%)l(O) and h%)l(—T 1)- m
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Lemma 3.4. From (3.5) and (3.6), we have
4i®alpl?
(=28 + av)[Dy[?
4Z’(2)a|p|2e—iwn
Ay

+ e“™MafBy 4+ ay(i — iy + ie“™ (=1 + ary) + w))p) D1 D,
+ Dy (e“M B(—28 + a)*wr Dy + yDy(—ia B + ie“™ aff — 4if3%p

+ 4ie™™ 32 p + iaryp — ie“ T aryp + diafyp — die™ " afyp — ia’y?p

h{(0) = [1D12(8 — ay) — RI(L + ad)w (B — vp) Di]l,

h§11)o(—71) = [Ty (14 ad)(iay(—1 + ™ +iw) + (—4i(—1

+ e’y p — e“ M afw + e“TMaypw + a(di(—1 4+ ™) F%p

+i(=1+ ™)y p + a(yp(i + e“™ (=i + w)) — B(i — divyp

+ €T (—i + divp + w)))d — €™ )a(=B + ay)wD1))]

2i(2)a62e_i”(2Tl+T2+)
YAz

+w)p) D1 Dy + €™ Dy (2™ B2wr Dy + Do(—2iByp + 2ie™™ Byp

— M Bw 4 M ypw + a(e“ M ypw + iB(2(—1 + ¥ )yp + ie™“w))d

+e“T (8 — ay)wDy))],

2i(2)a526_i“(2” +75)
Y2A,

—2i(—1+e“™)afy + ali(—1 + e“™)ay + w))pD1 Dy

+ Dy (e B(462 — 208y + o®y?)wr Dy

+ €2y Dy(—4i3%p + 4ie™™ 32p + 2iaByp

— 2ie“ M afyp — i B%p + ie“ "ol Bp — e afBw + e arypw

hicz(0) = [ (1t ad) (B — (2i(-1+ €473

hoos(—71) = [+ (1 + ad) (—afw + (4i(—1 + ™) 3

—|—Oé(4i(—1 + €in1)ﬂ2p+ owp(i(—l 4 6WT1)OZ’7—|— 6iwﬁ)u))
— aB(2i(=1+“™)yp + €mw))d — e a5 + ar)w D)),
where

Ay = (=28 + a)*w|D;|*Ds.

Proof. From the first equation of (3.5), we have

0
h110(9) = / @(t)\I’(O)Allodt +c
0
and hence
hllO(O) — @(O)W(O)Allo
and

[4
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From the second equation of (3.5), we have L(1)c = v where
—ay —af ’
L(l) = s V= L(hllo) — L q)(t)\II(O)Allodt
2y -2 0

Since 0 is an eigenvalue of L, the matrix L(1) is not invertible. Similarly, this difficulty

can be overcome by solving the following bordered system

L(1)  #2(0) <w) _ <U>
¥2(0) 0 u 0/
This system has a unique solution w = L(1)¥Vo. Thus ¢ can be determined by
c= (L(1))"Vo.

Replacing ¢ in hq19, we have the expressions of hﬁ’o(o) and hﬁ’o(—n). Similarly we

have the expressions of h(%)z(O) and h&é(—ﬁ). O

Thus we obtain

1 (bll + C11 + dll)l'%l’g + (blg + C12 + dlg)l’ll’g
69§($7 0,0) = | (bir + 11 + din)w123 + (bio + Cio + diz)zaz3 | + O(|u?lz| + |ul]z]?).
(bgl “+ Cco1 + d21)$(71l’2$€3 -+ (b22 + Co9 + dgg)l’g

So we can express Sys. (A.4) as

(@1 = (ar1pt1 + arapo) 1 + arzzizs + (b + e + din) iz,
+(bi2 + c12 + dig)x173 + hoo.t.,
Gy = (G + Grapia)Ts + Q132273 + (b1 + 11 + di1) 2173
+(b12 + C1a + dio) w222 + oot
B3 = (ag1p1 + aoofi2) s + a231@2 + 2423 + (boy + o1 + do1)T12973
\ +(bag + 29 + dao) 73 + hoo.t..

Since x1 = T, through the change of variables x1 = wy —iwq, x5 = wy +1iws, r3 = w3,
and then a change to cylindrical coordinates according to w; = rcos&, wy = rsiné,

ws = ¢, Sys. (3.7) becomes

= ay(p)r + Burd + Bsor® 4+ Prar¢® + ho.t.,
(= OKQ(M)C + ’7207”2 + 702C2 + 7217’2C + 703C3 + h.o.t.,
¢ = —w + (Im[ay1 |1 + Im[ass]pe)¢ + h.o.t.,

where
ay(p) = Refan |1 + Re[ais]pa, 11 = Relass], Bs0 = Re[biy + c11 + dia],

Prz = Re[bia + c12 + dia], ao(p) = agipir, Yoo = aa3, Yo2 = aoa,
Vo1 = ba1 + ca1 + da1, Vo3 = bag + oo + doo.
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Since the third equation describes a rotation around the (-axis, it is irrelevant to our
discussion and we shall omit it. Hence we obtain a system in the plane (r, (), up to
the third order,

(3 8) 7= Oél(,u)’l“ + /611’/“C + 6307’3 + 6127{2 + h.O.t.,
' ¢ = ()¢ + V20r? + 3720C% + V217°C + Vo3¢ + hoo t..

Then we have the following result.

Theorem 3.5. Suppose that ¢ = 3. Then under the assumption (H1), (H3) or (H5),
near k = 2, 7, = 75, on the center manifold, Sys. (3.1) is equivalent to Sys. (3.8).

4. NUMERICAL SIMULATIONS

In this section, we will provide some numerical examples to support our theoret-
ical results obtained in the previous section. Let « =5, 3 =2, v = 0.56, and q = (8
and k = 2v. It is easy to check that

48 —ay=52>0, 7 =0.359687 > 0.
Choose 71 = 0.2 and hence the assumption (H1) holds. Easy calculation shows that
w = 2.452983540195543, 7,7 = 0.4431345588112307.

From the function @ in Section 2, we know that Q(w) > 0 at w = 2.452983540195543,
which means ¢’/(757) > 0. Therefore, Sys. (2.1) exhibits a zero-Hopf singularity at 7.

Choose the function i(s) as

. 1 1
i(s) = (2v+ w)s + 1—052 - 653.
Hence i® = L and i®® = —1 and (0,0) is an equilibrium point. Using the algorithm

in Section 3, we obtain the coefficients a;;, b;;, ¢;; and d;; in Sys. (3.7)
a1 = 3.54795 — 0.4680347, aqo = 6.48558 + 0.807035¢2,
a1z = —0.664779 — 2.468251, a9 = —3.46848, a9 =0, a9 = 2.80339,
a9y = 247749,  by; = 3.35817 + 12.46857, b12 = 5.93553 + 22.0384,
by = —50.0606, boy = —14.7469, c¢1; = —1.88723 — 1.21601¢,
c12 = —8.8665 — 2.001652, 91 = 11.624, 9o = 7.11144,
dyy = —0.974609 — 3.17048¢, di2 = —2.0221 4 1.3593¢,
dyy = 11.9912,  dyy = —3.93954,

and hence the coefficients in Sys. (3.8)

a1 = 3.5479501 + 6.4855842,  an = —3.468484,,
By = —0.664779, Bip = —4.95306, s = 0.496329,
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FIGURE 6. When (p1, i2) = (0.001, —0.000474568), the solution curve

converges to the nontrivial equilibrium point Ej.

Yoo = 2.80339, oo = 247749, o = —26.4454.

Now we use the results in Appendix II to obtain the bifurcation diagrams. For
small p = (p2, f12), we compute K3 ~ —1.48196 # 0. Note that B = 0.268328 > 0.
Choose (1, f12) = (0.001, —0.000474568) and hence

k=2y+m, 7=T1+ p

Easy calculation shows that X; = 0.00142295, Xo = 0.000853588 and (Xi, X) lies
between the curves N and M. Note that Sys. (3.1) has three equilibrium points

E1(0,0), FE5(—0.00983867, —0.00275483), FE3(0.609839,0.170755)

for this setting. Figure 6 shows that the orbit asymptotically approaches to FEjs.
This demonstrates the part (a) of Theorem A.1. However if we choose (u1,p2) =
(—0.005,0.00239382), then

k=2y+m, 72=T1+ po
Easy calculation shows that X; = 1.77837 x 10716, X, = 1.04034 x 10716 and (X1, X3)

lies between the curves H and S. Figure 7 shows that an unstable periodic cycle.
This demonstrates the part (b) of Theorem A.1.

5. CONCLUSIONS

Krawiec-Szydlowski or Kaldor-Kalecki business models with cycles have been
studied extensively recently. Theoretically these models present a rather rich bifurca-
tion phenomena. With one delay in either the investment or saving function, almost
all bifurcations have been observed that include Hopf, Bautin, Bogdanov-Takens bi-
furcations. The study of these business models with two delays is scarce due to the
extreme complexity of the analysis. Recently, the authors of this paper have per-
formed a bifurcation analysis for a Kaldor-Kalecki business model with two delays

and for a special case the conditions have been established for Hopf bifurcation to
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FIGURE 7. An unstable limit cycle is bifurcating from the origin when
(p11, o) = (—0.005,0.00239382).

occur. In this research, we investigate the zero-Hopf bifurcation for the same model
with two positive delays. Again, for a special case we are able to obtain the conditions
under which the zero-Hopf singularity occurs. By performing the center manifold re-
duction, we are able to derive the corresponding normal form on the center manifold
and obtain the bifurcation diagram as well as the stability and the direction of the

periodic solutions.
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Appendix

I: normal form of zero-Hopf singularity for general DDEs. This material is
taken from [5, 6] and [27]. Let C' = C([—7,0),R") with norm || = maxj<g<n{|@r|c}
for o = (p1,...,0,)7 € C. Let X = (uy,...,u,)t € C. Let L be a linear operator
on C and F : C — C be of C* such that F(0) = 0. Consider the following system of
DDEs

(A.1) X(t) = L(n) X, + F(X)).

Write the Taylor expansion of F' as

F(e) = 3 ) + 3:F5() + Olllell).

Take the enlarged space of C

BC ={¢:[-7,0] = R": ¢ is continuous on [—7,0), Helim ©(f) € R"}.

—0—

Then the elements of BC' can be expressed as v = ¢ + Xov, ¢ € C,v € C" and

0, —7<6<0,
I, =0,

Xo(e) =

where I is the identity matrix on C' and the norm of BC'is |p + Xov| = |¢|e + |V].
Let C' = C*([-7,0),R"). Then, by the Reisz Representation Theorem, there is 7
such that the infinitesimal generator A, : C* — BC associated with L is given by

Aup = ¢+ Xo[L(p)p — ¢(0)]
©, if —7<6<0,
J2 dn(t, me(t), it 0 =0,
and its adjoint
—ih, if 0 <s<m,

J2 w(=tydn(t, ), if s =0,
for Vi € C*, where C* = C'((0,7],R™). Let ¢ = C((0,7],R™) and define a

bilinear inner product between C and C’ by

A =

wWﬁzwmwm—[wéﬁg—mm&mwo&.

Suppose that L(0) has eigenvalues +wi and 0 and other eigenvalues of L have negative

real parts. Let ® = (q1,q1,q2), ¥ = (P1, p1, p2)? be such that
Aoqi = iwqi,  Aogz = 0, quadAgpy = —iwpy,  Agpa =0

and
'(0)=d(0)J, W(s)=-JYU(s), (V,d)=F
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where J = diag(wi, —wi,0), F = diag(1,1,1). Let P = span{q, i, ¢} and P* =
span{p, p1,p2}. Then C can be decomposed as

C=PadQ where Q ={p € C:{(,p) =0,V € P}
Let Q' = Q N C*. Define the projection 7 : BC' — P by
7+ Xov) = B[(W, ) + B(0)].
Let u = ®x + y. Then Sys. (A.1) can be decomposed as

t=Jr+V(0)F(®x + 1y, u),
y=Agy+ (I —7m)XoF(Px +y,u),

which can be rewritten as

(A2) = Jot+ s fo(wy,m) + 5 f3(@y.p) + ot
y=Aqy+3f3x,y,n) + 53z, y,pn) + ot

where “h.o.t.” represents the higher order terms and
fjl(x> Y, :u) = \II(O)F’]((I):E +y, ,[L), sz(l’, Y, :u) = ([ - 7T))(()j?j(q)x +y, :u)
Let Y be a normed space and j,p € N, and let
VIY) = Zcqxq g N}, eY

lal=j

with norm |37, cqa?| = 37, _; |cqly. Define M; to be the operator in V7 (C? xker )

with the range in the same space by

M;(p, h) = (M;p, M;h),

where
9p1 Ip1
b1 T1gg, — X259, — D1
1y — M1 — wi Op2 _ .. Op2
(A.3) Mjp=Mj [ po | =wi| @152 — 2252 +p2 |,
' 9P _ o O3
25 192, 292,

M?h = MZ?h(z, 1) = Dyh(x, p)Jx — Agrh(z, 1),
with p(z, u) € VP(C?), h(x,p)(0) € VP (kerm). It is easy to check that V(C?) =
Im(M}) @ Ker(M;) and
ker(M}) = span{p"z%e; : (q,\) = A\, k=1,2,3, p € N§,q € N}, [p| +|q| = j}

with A = (A, Ag, A3) = (wi, —wi, 0). Since J is a diagonal matrix, the operators Mjl,
J > 2, defined in Vj5(C3) have a diagonal representation relative to the canonical basis
{pPxie), - k =1,2,3, p € Nj,q € N§, [p| +|q| = j} of V(C*) where e; = (1,0,0)7,
es = (0,1,0)T e3 = (0,0,1)7.
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On the center manifold, Sys. (A.2) can be transformed as the following normal

form:

2

where g} (x,0, u) are homogeneous polynomials of degree j in (x, 1) and

1 1
(A.4) &= Jr+ =gy(z,0,p) + gg;, (2,0, 1) + h.o.t.

95(,0, 1) = Projieay) fo (2,0, ) = Projg, f3 (2,0, ) + O(|p]*),
93(x,0, 1) = Projuean) f3 (2,0, ) = Projg, f3 (x,0,0) + O(|ul*|]).
Here S; and Sy (see [27] in detail) are spanned in C3, respectively, by
HrZTi€1, T1T3€1, HEX2€2, XaX3€2, X1X2€3, [ET3E€3, 95%6’3, k=12,
and
TiTger, TiTZE1, T1T3en,  ToTzes, TiToTzes,  Thes.

and

f3 (2,0, ) = f3(2,0, 1) + g[(Dxle)(z,O,u)Uj(x) +(Dyfy)(@,0,n)U3 (2)].
where
Uy (0, ) =0 = (My) ™' Proji ) f2 (2,0,0) = (M3) ™" f5(2,0,0)
and UZ(x, ) is determined by

(M3U3)(z, 1) = f3 (2,0, ).

IT: bifurcation diagrams. In order to use the bifurcation diagrams in [3], let us
make a change of variables by r — r,{ — ( + 1, where n will be determined later.

Then, after truncation of the high order terms, Sys. (3.8) becomes

= (o (p) 4+ Bu1d + Bron®)r + (Bur + 2612n)rC + Bsor?® + Prar(?,
(A.5) ¢ = (a()d + Yoon* + Yosn®) + (a2(p) + 2V02m + 3Y03n?)C
—+ (720 + 7217})7"2 —+ (702 -+ 37037})C2 —+ 7217”2C + 703C3.

Choose n = n(p) such that
o (p) + 2%02m + 3Yo3n* = 0.

For simplicity, we only discuss the case of 752 # 0,703 # 0. Clearly, for small as(p),

the equation above has two real roots. We take

5 ﬁ [—702 + \/7(2)2 - 3703052(:“)] if Yop > 0,

ﬁ [—702 — \/732 — 37030&2(/1):| if Yoo < 0.

Then § = () is differentiable at = 0 and §(0) = 0. Define

k1 = oq(p) + Puid + B120%, Koy = as(p)d + Yo20? + V36,
a= P+ 20120, b= +7V210, c¢="o2+ 3039,
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and let z = r,y = (. Then (A.5) becomes

(A.6) { Zl? = m1® + azy + P2” + Grary?,
U = Ko + b2 + cy? + Vo1 2%y + Voszy®.
Let
=z, y—VIply, t——c/b[t
and
K1 Ko
= =g

Sys. (A.6) becomes

(A7) & = Xyx + By + di23 + doxy?,
. U= Xo + va? — y? + dsx*y + dyy?,
where
B=-2 #0, v=—sgn(be),
c
and

d, = ~ Bolc| dy =V 101512 . _ Dalc| dy =~V |6 Vo3
c/Jb] c e/ o] c

If we assume

2 2
KgZIJ<E+2>d1+§d2+yd3+3d47&0.

then the qualitative behavior of (A.7) near (0,0) with small X; and X, is the same as
that of the following system (see [3]),

& = X1x + Bay + 92,
(A.8) L )
y=Xo+nz®—y".
' (2323212
Slnce b = Y90 _I_ 7216 and Yoo = 2’}/02’ we have bC = 720/702 _I_ O(|,ul|) = 8(—,YgD6§_‘p‘

O(|p|) and hence be > 0 for small p if 792 # 0. This implies that ¥ = —1. Then
Sys. (A.8) becomes

=X B 2
y=Xo—a" =y~

Note that, for small X; and Xs, Sys. (A.9) has two trivial equilibrium points E; o =
(0, £4/X2) if X5 > 0, and two nontrivial equilibrium points

Esy = <\/%B (-B+VB?—4X;) + X1+ Xo, 3 (—B+V/B? - 4x1)> :

Only one of Ej4 exists in a small neighborhood of the origin, denoted by Es. The

complete bifurcation diagrams of Sys. (A.9) can be found in [3].

Theorem A.1. Let B # 0 be defined above.



560

L. WANG AND X. P. WU

(a). If B < 0, then the bifurcation diagram of Sys. (A.9) consists of the origin and

the following curves:

M = {(Xl,XQ) : Xz = 0, X1 75 0},

=
Along M and N, saddle-node and pitchfork bifurcations occur, respectively. Sys. (A.9)

1
N = {(xl,XQ) Xy = —XT4+0(X3), X; # 0} .

has no periodic orbits. Moreover, if (X1, Xz) is in the region between N and M,
the solution of Sys. (A.9) goes asymptotically to one of the equilibrium points
El, Eg, and Eg.

. If B > 0, then the bifurcation diagram of Sys. (A.9) consists of the origin, the

curves M, N, and the following curves:

H = {(Xl,XQ) Xy = 0, Xo > 0},

S = {(Xl,XQ) X1 = — Xo + O(|X2|3/2), Xg > 0}

3B +2
Along M and N, we have exactly the same bifurcation as in (a). Along H and
S, Hopf bifurcation and heteroclinic bifurcation occur respectively. If (X1, X2)
lies between the curves H and S, then (A.9) has a unique limit cycle which is

unstable and becomes a heteroclinic orbit when (X1,Xs) € S.



