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ABSTRACT. We extend a recent result on third and fourth-order Cauchy-Euler equations by
establishing the Hyers-Ulam stability of higher-order linear non-homogeneous Cauchy-Euler dynamic
equations on time scales. That is, if an approximate solution of a higher-order Cauchy-Euler equation
exists, then there exists an exact solution to that dynamic equation that is close to the approximate
one. We generalize this to all higher-order linear non-homogeneous factored dynamic equations with

variable coefficients.
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1. INTRODUCTION

Stan Ulam [27] posed the following problem concerning the stability of functional
equations: give conditions in order for a linear mapping near an approximately linear
mapping to exist. The problem for the case of approximately additive mappings was
solved by Hyers [10], who proved that the Cauchy equation is stable in Banach spaces,
and the result of Hyers was generalized by Rassias [24]. Obloza [19] appears to be
the first author who investigated the Hyers-Ulam stability of a differential equation.

Since then there has been a significant amount of interest in Hyers-Ulam stability,
especially in relation to ordinary differential equations, for example see [7, 8, 11, 12,
13, 14, 15, 16, 17, 18, 21, 22, 25, 28]. Also of interest are many of the articles in a
special issue guest edited by Rassias [23], dealing with Ulam, Hyers-Ulam, and Hyers-
Ulam-Rassias stability in various contexts. Also see Popa et al [5, 20, 21, 22]. Andrés
and Mészaros [2] recently used an operator approach to show the stability of linear
dynamic equations on time scales with constant coefficients, as well as for certain
integral equations. Tun¢ and Biger [26] proved the Hyers-Ulam stability of third
and fourth-order Cauchy-Euler differential equations. Anderson et al [1, Corollary
2.6] proved the following concerning second-order non-homogeneous Cauchy-Euler

equations on time scales:
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Theorem 1.1 (Cauchy-Euler Equation). Let A;, \a € R (or Ay = \i, the complex
conjugate) be such that

F et 20, k=12
for allt € [a,o(b)|r, where a € T satisfies a > 0. Then the Cauchy-Euler equation
1= — X Ao
o(t) to(t)
has Hyers-Ulam stability on [a,blr. To wit, if there exists y € CrAd2 la, bt that satisfies

A1
to(t)

(1.1) A8 (t) + 2 (t) + z(t) = f(t), tela,blr

1— M\ — Xy
a(t)

fort € [a,blr, then there exists a solution u € C% [a,blr of (1.1) given by

yRA () + ya () + y(t) = ft)] <e

u(t) = exn (t,72)y (12) —i—/ e%(t,a(s))w(s)As, any T € |a,*(b)]r,

T2

where for any T € [a,o(b)|r the function w is given by

w(s) = exy(5.7) [1m) = 2| + [ e (5,000

a(s) 1

such that |y — u| < Ke on [a,c?(b)]r for some constant K > 0.

The motivation for this work is to extend Theorem 1.1 to the general nth-order
Cauchy-Euler dynamic equation, and thus extend the results in [26] as well, with an
approach different from [2]. We will show the stability in the sense of Hyers and Ulam

of the equation
Z apMyy(t) = f(t),
k=0

where

Moy(t) :==y(t), My1y(t) == p(t) (Mky)A (t), k=0,1,....n—1

This is essentially [4, (2.14)] if ¢(t) = ¢ and f(¢) = 0. In the last section we will
analyze the nth-order factored equation with differential operators D and I, where
Dy = y® and Iy = y, of the form

11 (exD = D) y(t) = f(2), t€ [a,b]r,

k=1
for right-dense continuous functions ¢, and ¢, a more general dynamic equation
with variable coefficients than the Cauchy-Euler equation. Throughout this work we
assume the reader has a working knowledge of time scales as can be found in Bohner
and Peterson [3, 4], originally introduced by Hilger [9].
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2. HYERS-ULAM STABILITY FOR HIGHER-ORDER
CAUCHY-EULER DYNAMIC EQUATIONS

In this section we establish the Hyers-Ulam stability of the higher-order non-

homogeneous Cauchy-Euler dynamic equation on time scales of the form

(2.1) > arMyy(t) = f(t),
where

Moy(t) :==y(t), Myi1y(t) == p(t) (Mky)A (t), k=01,...,n—-1

for given constants a;, € R with a,, = 1, and for functions ¢, f € C.q4la, b|t, using the

following definition.

Definition 2.1 (Hyers-Ulam stability). Let ¢, f € Ciq[a, b]r and n € N. If whenever
Mz € C4la, bl satisfies

<e, t€labr

> apMyx(t) — f(1)

there exists a solution u of (2.1) with Myu € C%[a,bly for k = 0,1,...,n — 1 such
that |z —u| < Ke on [a, 0™ (b)]r for some constant K > 0, then (2.1) has Hyers-Ulam
stability [a, b]T.

Remark 2.2. Before proving the Hyers-Ulam stability of (2.1) we will need the
following lemma, which allows us to factor (2.1) using the elementary symmetric

polynomials [6] in the n symbols py, ..., p, given by
St=s1(pr, o pn) = > pi
S5 =s2(p1,- s Pn) = D Pibj
i<j

55 =s3(p1,- - pn) = D Pipipk

i<j<k

si=sa(pr, o)=Y pipipepe
i<j<k<t

st=50pr )= D Pulis-- P

11 <t <--<it

Sp = Su(P1,- -+ Pn) = P1P2P3 - - - P
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In general, we let sf represent the 7th elementary symmetric polynomial on 7 symbols.

Then, given the oy in (2.1), introduce the characteristic values Ay € C via the elemen-

tary symmetric polynomial s;' on the n symbols —Aq,..., =\, where o, = 59 =1
and
(22)  ar=sp o =sa(=A M) = Y (DAL AL

11 <t < <bp_k

Lemma 2.3 (Factorization). Given y,¢ € Cuqla,blr and ap € R with «, 1,

let My € C3la,blr, where Moy(t) == y(t) and Myy1y(t) = ot )(Mky) (t) fo

k=0,1,...,n—1. Then we have the factorization
k:l

where the diﬁerentz’al operator D is defined via Dx = x® for x € C4[a,blr, and I is
the identity operator.

Proof. We proceed by mathematical induction on n € N, utilizing the substitution
defined in (2.2). For n =1,

Z apMyy(t) = agMoy(t) + ar Myy(t) = s1(=A)y(t) + 1 - o)y (t)

= (¢D — MI)y(t)

and the result holds. Assume (2.3) holds for n > 1. Then we have ;1 =1 and

n+1

Z arMpy(t) = agy(t) + Z ar My (t) + Myy1y(t)
= spiy(t) + Z st Miy(t) + o(t) (May)™ (t)
= —Ap1Spy(t) + Z (SZ+1—k - )\n+132_k) Myy(t) + (t) D (Myny) (t)

= n+1 SRy _'_ Z S kMky + Z Sn-‘,—l kMky( )

k=1

+(t)D (Mny) (t)

= —Ant1 Z Sn_xMyy(t) + o(t)D (Z Sna1-kMr—1y(t) + Mn?J) (t)

k=0 k=1
= —Ant1 Z Sk Miy(t) (Z Sn—kMiy(t) + Mn?J) (t)
k=0

= —Ant1 Z Su_eMiy(t) + @(t) D Z Sp_eMry(t)
k=0

k=0
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= (p()D = AusaD) Y s My ()

= ((t)D = Auia D) Y cuMyy(t)
k=0

= (p()D = Auir D) [ [ (0D = MeD) y(2)
k=1
and the proof is complete. O

Theorem 2.4 (Hyers-Ulam Stability). Given y, ¢, f € Cuala, by with |p] > A >0
for some constant A, and oy, € R with «,, = 1, consider (2.1) with My € C4la,b]r

for k=20,....,n—1. Using the Ay from the factorization in Lemma 2.3, assume
(2.4) o(t) + Aepe(t) #0, k=1,2,...,n

for all t € [a,0™ *(b)]r. Then (2.1) has Hyers-Ulam stability on [a,b]r.

Proof. Let € > 0 be given, and suppose there is a function z, with Myx € C%[a, blr,
that satisfies

e, tela,blr.

> apMy(t) — (1)
k=0

We will show there exists a solution u of (2.1) with Muu € C%[a,bly for k =
0,1,...,n— 1 such that |z —u| < Ke on [a,0™(b)|r for some constant K > 0.

To this end, set
g1 =™ —\a = (D — M)z

g2 = 8091A — Xog1 = (@D - >\2]) g1
Gk = g1 — Mgh-1 = (oD — M) g

9n = 8093_1 — An-1= (‘PD - )‘nI) 9n—1-

This implies by Lemma 2.3 that

t) = apMya(t) — f(t),

so that
9.(t) = f(t)] < e, t€a,blr.
By the construction of g, we have }<pg$_1 — AGn-1 — f‘ < ¢, that is
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By [1, Lemma 2.3] and (2.4) there exists a solution w; € C4[a, b]y of

@ _ _
w(t) - o "o p(w(t) — Aaw(t) — f(t) =0,

(2.5) w?(t) —
t € [a, b]T, where w, is given by

t
wilt) = sl a() + [ e

_ o(s)
and there exists an L; > 0 such that
|gn—1(t) — w1 (t)| < L1e/A, t€[a,o(b)]r.
Since gn_1 = ©g~ 5 — An_1gn_2, We have that
|09 = Am1gn—a(t) —wi(t)] < Lie/A, t € [a,0(b)]r.

Again we apply [1, Lemma 2.3] to see that there exists a solution wy € C2[a, o (b))t
of

)\n—l ’LUl(t) .
p(t) p(t) 7

t € [a,0(b)]r, where ws is given by

w? (t) — or  t)w(t) — \p_qw(t) — wy(t) =0,

w(t) —

wsy(t) = eAnT,l(t,Tg)gn_g(Tg) +/ ew(t,a(s))tl((;)) As, any T € [a,0%(b)]r,

and there exists an Ly > 0 such that

|gn—2(t) — wa(t)| < LaLye/A%,  t € [a,0*(b)]r.

Continuing in this manner, we see that for £ = 1,2,...,n — 1 there exists a

solution wy, € C4[a, a*~1(b)]y of

A —)\n_kﬂw —wk_l(t) = or wi(t) — w(t) —w =
() = 2 - 0 o puS(E) — A sialt) — i (0 =0,
t € [a, 0" 1(b)]r, where wy, is given by
(2.6)
=en T i tex o(s Wy (5) S, any T a,o"
600) = Chas (s (0 [ o) P As, any i€ [0

and there exists an L; > 0 such that
k
|gn—k(t) — wi(t)] < Hng/Ak, t € [a, " (b)]r.
j=1

In particular, for k =n — 1,

n—1

191(8) = wanr (O] < [ [ Lie/A™", t€la, 0" (O]

j=1
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implies by the definition of g; that

)\1 Wy — 1 n n—1
2 (t) — wx(t) ‘ H Lie/A", tela,o" ().
Thus there exists a solution w, € C4la, a"‘l(b)]qr of
N Lw ~ wya(t) _ or WA ) — Nw(d) — w _

t € [a,c" (b)]r, where w, is given by

(2.7) wy(t) = ex (t, )T (Tn)+/

(t,0(s ))w"_l(S>As, any 7, € [a, 0™ (b)),

_1 _1
® 2 QO(S)
and there exists an L,, > 0 such that
(2.8) j2(t) — w(t)] < Ke =[] Lyg/A", t€ [a,0"(b)]r

i=1

By construction,

(0D = M) wn(t) = wn1 ()

[1 (@D =MDy wa(t) = (9D = Aal) w1 (1) = wys(t)

(9D — MD) wi(t) = (D — A D) wi(t) E f(2)

=

e
Il
—

on [a, " (b)]r, so that u = w, is a solution of (2.1), with u € C5[a, o™ 1(b)]r and
|z(t) — wy(t)| < Ke for t € [a,0™(b)]r by (2.8). Moreover, using (2.7) and (2.6), we
have an iterative formula for this solution u = w,, in terms of the function x given at
the beginning of the proof. O

3. EXAMPLE

Letting Dy = y® and I be the identity operator, consider the non-homogeneous

fifth-order Cauchy-Euler dynamic equation

(3.1) [(tD)® + 15(tD)* + 85(tD)* + 225(tD)* + 274D + 1201] y(t) = f(¢)

for some right-dense continuous function f, on [a, b]r; in factored form it is
(tD+51)(tD+41)(tD +31)(tD +2I)(tD + Iy(t) = f(t).

If T = R, this is equivalent to the non-homogeneous fifth-order Cauchy-Euler differ-
ential equation

5y + 251D 4 2006%y" + 600%y" + 600ty’ + 120y = f(t),

By Theorem 2.4 we have that (3.1) has Hyers-Ulam stability.
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4. HIGHER-ORDER LINEAR NON-HOMOGENEOUS FACTORED
DYNAMIC EQUATIONS WITH VARIABLE COEFFICIENTS

Generalizing away from higher-order Cauchy-FEuler equations, we consider the
following higher-order linear non-homogeneous factored dynamic equations with vari-

able coefficients given by

n

(4.1) [](exD —wnd)y(t) = f(t), t€[a,b)r,

k=1

where ¢, ¥g, f € Cula,b)r for k = 1,2,...,n, Dy(t) = y?(t), I is the identity
operator, and |¢x(t)] > A > 0 for all t € [a,b)r, for some constant A > 0. Here we
allow for b = oo for those time scales that are unbounded above. Before our main

result in this section we need the following lemma.

Lemma 4.1. Let p, v, f € Cyyla, b)y with |p(t)] > A > 0 for some constant A, and

assume
1
ev(t,o(r))——
©

(4.2) o(t) + p()O(t) £0  and / e

for all t € [a,b)r, for some constant 0 < L < oo. Then the first-order dynamic

AT < L

equation
(pD—vl)y—f=0
has Hyers-Ulam stability on [a,b)r.

Proof. Suppose there exists a function = such that
(D —pl)a(t) - ft)| < e
for some € > 0, for all ¢ € [a,b)r. Set
q(t) = (D —¢I)x(t) = f(t), t€[a,b)r.

Clearly |¢(t)| < e for all t € [a, b), and we can solve for z to obtain

#(t) = s (t,a)a(a) + / et(t,a(f))%m.

Let y be the unique solution of the initial-value problem

(eD =l y(t) = f(t) =0, yla) = 2(a).
Then y is given by

) =esltalata) + [ eattotr)lDar
and
— X = tew o\T Q(T) T £ t €y o\T L T 3
40~ 2l0] = | [ esttotrn®0ar) < [esttot) | ar <1

by condition (4.2). O
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Remark 4.2. The convergence condition on the integral in (4.2) is essentially the
same as S1 and S2 in [2], and can be met for various functions. For example, if T = R,
o(w) = w?, Y(w) = sinw, and a = 1, then

[ Jesteotngs

for all t > 1, and so clearly converges on [1,00)g. If T =N, p(w) = w, Y (w) = =5/2,
and a = 3, then

/a —~ I(r—3/2) 5 5yxl(t)

for all integers t > 3, and so clearly converges on [3,00)y, where I' is the gamma

t
1
AT:/ esinw (t,7)—dT € [1—6_1—"-%, —1+elt
1 T

w

ﬁl@

-1

Z 1+T (t—5/2) _2 AD(t-5/2) c 0.2/5)

€y (ta U(
©

function.

Theorem 4.3 (Hyers-Ulam Stability). Given ¢i, ¢k, f € Cyala, b)r with |ox(t)] >

A > 0 for some constant A, assume
ew (t,0(7))

143 e+ uOn® £0 and [ ey o)

for k = 1,2,...,n and for all t € [a,b)r, where 0 < L1 < 0o is some constant.
Then (4.1) has Hyers-Ulam stability on [a, b)r.

AT < Ly

Proof. Suppose there exists a function z such that

<eg

HsokD o) x(t) — f(2)

for some € > 0, for all ¢ € [a,b)r. Define the new functions zy := x, y, := f, and
(44) T = (@kD_¢k[)xk—17 k= 1,...,72,
Then
(1) = or(t)ary (t) — (D) ar-a (1),
that can be solved to yield
t

2 1(t) = ey, (t,a)z_1(a) + / ey, (t,0(T))

for k =1,...,n. Note that

|0 = Yal (1) = |20 = FI(t) < €

SO
|90n$$—1 — UnTn1 — Yn| = “anﬁ—l — nTna — fl < e

Hyers-Ulam stability of this first-order equation by Lemma 4.1 implies there exists a

function ¥,,_1 such that

|Tp1 — Yn—1| < Lp_1€
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and
on(t)yn 1 (t) = Un(O)yn1(t) = yn(t) = f(1),

for some constant L, _; > 0, where y,,_; is given by

Then
| on— 193n 5 — Un_1%p_o — Yp—1| < Lp_1c,

so again Hyers-Ulam stability of the first-order equation implies there exists a function

Yn_o such that

|xn—2 - yn—2‘ S Ln—2Ln—1€

and
Qpn—l(t)yﬁ—ﬂt) - wn—l(t)yn—2(t) = yn—l(t)>

for some constant L,_s > 0, where y,,_5 is given by

Yn—2(t) = €vuy (L, a)yn—2(a) +/ €y (t,0(T)) Yn-1(7) Ar.

Pn1 on1 Pn-1(T)
Continuing in this way, we obtain a function yy such that

n—1

(4.5) 20— yol = [ — ol < [] Ly

j=0
and

e1(t)ye (1) — Y1 (t)yo(t) =y (),

for some constant Ly > 0, where g, is given by

yo(t) Zegi(t,a)yo(aH/ 613@’0(7))?1((:))“'

Note that by construction of yo and generally y;, we have

-

[T (exD =) wo(t) =

k=1

(oxD — Y d) y1(t)

Eonl
[|
I\

I
—=

(oxD — I ) ya(t)

ES
Il
w

= (onD = Ypd) yn1(t) = yu(t) = f(t),

making yo a solution of (4.1). This fact, together with inequality (4.5), shows that
(4.1) has Hyers-Ulam stability. O
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