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ABSTRACT. In this paper, we consider a scalar integro-differential equation of nonconvolution
type

t

= —/ a(t,s)g(x(s))ds

t—r
and give conditions on a and g to ensure that the zero solution is asymptotically stable by applying
the Contraction Mapping Principle. These conditions do not require a fixed sign of the coefficient
function a(t, s), nor do they involve the sign of any derivative of a(t,s). An asymptotic stability

theorem with a necessary and sufficient condition is proved.

AMS (MOS) Subject Classification. 34K20, 47H10.

1. INTRODUCTION

The purpose of this paper is to study the stability properties of the scalar equation

(1.1) = —/t_ a(t, s)z(s)ds

as well as its nonlinear analogue

(1.2) = /t_ at, )g(x(s))ds

by means of contraction mappings. Here r is a positive constant, a : [0,00) X
[—r,00) — R is piecewise continuous, R = (—o00,00), and g : R — R is continu-
ous with zg(x) > 0 for z # 0. We set

A(t,s)::/ a(u+s,s)du for t>0 and t—r<s<t
t—s

and present our stability results in terms of A(t, s). With other conditions, we show

that fooo A(s, s)ds = oo is a necessary and sufficient condition for asymptotic stability.
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Equation (1.2) and its nonlinear perturbations including Volterra equations have
been the center of investigation for a very long time. In early 1950s, Brownell and
Ergen [1] studied a form of (1.2) in connection with reactor dynamics. Levin and
Nohel ([9],[11]) expended the investigation in 1960s. The work continues with new
methods and results (see Burton [2], [3]). Levin and Nohel [11] are able to show that
the zero solution of (1.2) with a(t,s) = a(t — s) is globally asymptotically stable if
xg(x) > 0 for x # 0 and

(1.3) a(r)=0, a(t)>0, d(t)<0, d({)>0, for 0<t<r

by constructing a Liapunov functional. The technique is also extended to equations
of nonconvolution type (Levin [10]). For more historical background and discussion
of applications to dynamical models, we refer the reader to, for example, the work of
Burton [4], Hale [7], Graef, Qian, and Zhang [6], Krasovskii [8], Yoshizawa [13], and

the references contained therein.

In this part of investigation, we derive stability criteria for (1.1) and (1.2) with
integral conditions by means of contraction mapping without asking the sign of a(t, s)
or the sign of any derivative of a(t, s). We list two early theorems of Burton here for

reference.

Theorem A (Burton [2]). Suppose that » > 0 and there exists a constant o < 1
such that

t t s
(1.4) / la(s +7)|ds + / e Js atwtn)du g (g 4 )| / la(u +7)|duds < «
t—r 0 s—r

for all t > 0 and [~ a(s)ds = co. Then for every continuous initial function ¢ :
[—7r,0] — R, the solution x(t,0,%) of 2’ = —a(t)x(t —r) is bounded and tends to zero

as t — oo.

A similar result with variable delays is also obtained in Zhang [15], and it is
shown that the condition fo s)ds = oo is necessary and sufficient for asymptotic
stability:.

Theorem B (Burton [3]). Suppose that A(t,t) > 0 and there exists a constant o < 1
such that

(1.5) Q/t At )| du < a

for all t > 0. If fo s,8)ds — oo as t — oo, then the zero solution of (1.1) is
asymptotically stable. The same assertion holds for (1.2) with additional conditions
on g.

Our aim here is to generalize Theorem B without asking A(t,t) > 0 and improve

condition (1.5). We show that fo s,8)ds — oo as t — oo is a necessary and
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sufficient condition for asymptotic stability. We discuss equations (1.1) and (1.2) in
Section 2 and Section 3, respectively. We ask that there is a constant o < 1 with

t t s
(1.6) / |A(t, s)|ds +/ e Js Alwwdu ) (g g)| / |A(s, 7)|dTds < «
t s—r

-r 0
for all £ > 0. We see that (1.6) is satisfied if (1.5) holds with A(t,t) > 0. If the
equation is of convolution type, then (1.6) can be easily verified. In fact, for a(t,s) =

a(t — s), we have

Alt,s) = At — s) = /tj a(u)du

t t T r r
/ |A(t, s)\ds:/ | a(u)du‘ds:/ ‘/ a(u)dulds.
t—r t—r Jit—s 0 s

If [ a(u)du >0, then [ A(s,s)ds = oo and (1.6) becomes

/OT | /sra(u)du‘ds < 1/2.

We also notice that if A(¢,s) = (sint)"(2s+1)/(3s+ 1) and 3/4 < r < 1, then (1.6)

holds for sufficiently large even integer n, but (1.5) fails since the value of the first

and

integral of (1.6) is in (1/2,1), while the second integral tends to zero as n — oo even
if A(t,t) > 0.

2. THE LINEAR EQUATION

We return to Equation (1.1) from Section 1, which we rewrite for reference

o= — /t;a(t, s)a(s)ds.

Here r is a positive constant, a : [0,00) X [—r,00) — R is piecewise continuous.
The elegant theory derived for (1.1) here will provide bases for much of the study of
nonlinear equations such as (1.2). We state the stability results on [0, c0) and always
look at a solution x(t) = z(t, to, ¢) for ty > 0, where ¢ : [to—7,to] — R is a continuous
initial function and x(t,ty, 1) = 1(t) on [ty — 1, to).

Theorem 2.1. Suppose that (1.6) holds and
t

(2.1) / A(s,s)ds — 00 as t — oo.
0

Then the zero solution of (1.1) is asymptotically stable.

Proof. Let to > 0 and v : [to — r, o] — R be a given continuous initial function. We

denote by C' the set of continuous functions and define
(22)  M={6:[to—r,00) — R | b1 = 1,6 € C,0(t) — 0 as t — o0}

so that if || - || is the supremum metric ||¢|| = sup{|o(s)| : s >ty — r}, then (M, || - ||)
is a complete metric space. Here ¢, = 1) means that ¢(t) = ¥(t) for tog —r <t < t.
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We will also use ||| to denote the supremum norm of ¢ on [tor,t] if there is no

confusion occurs.
Write (1.1) as

(2.3) ' (t) = —A(t, t)x(t) + % /t_ Al(t, s)x(s)ds

or

— [=(t) —/t_ At, s)z(s)ds] = — A(t, t)[x(t) —/t_ A(t, s)z(s)ds]
— A(t,t) /t_ A(t, s)x(s)ds.

By variation of parameters formula, we obtain for ¢ > ty,

o) = S yfag) — [ At s)(s)as]

to—r

t t s
(2.4) +/ A(t, s)x(s)ds — / e~ Jo Alwwdu g (g s)/ A(s, T)x(T)drds.
t—r to s—r
Use (2.4) to define a mapping P : M — M as follows: for ¢ € M, let (P¢)(t) = ¥(t)
ifto—’f’ <t <tyand if ¢ > 1o, let

(Po)(®) = & 0" [utte) ~ [ Alto,)us)ds]

to—r

(2.5) + / " At s)b(s)ds — / e A g g / " (s, 7)6(r)drds

A fixed point of P is a solution of (1.1).
We see that ¢ € M implies that P¢ is continuous on [ty — r,00). The first two

terms of P¢ tend to zero as t — oo since
t

/ A(s, s)ds = oo, |A(t, s)|ds < 1, and ¢(t) — 0 as t — oo.
0

t—r
Let I3 denote the last term of P¢. To see I3 tends to zero as t — oo,Ve > 0, find
Ty > to such that |¢p(s — r)| < e for s > T}. Thus, for t > T3, we have

ug\_\/ = Je Alwwdu g(g s)/s A(s, 7)¢(7)drds]

g/ _fA““d“\Ass|/ 7)|drds
to
/ ~ A | A, s |/ )¢(7)|drds
T

< ||¢|| e_fthlA(u,u)du/ —leAuudu |AS s |/ S - |d’7‘d$

to

/ -J: Alw)du| g (s, g |/ (s,7)|drds
T
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< |lo|l e Jr, Alwu)du + ae.
By (2.1), there exists Ty > T3 such that ¢ > T5 implies
[ofle” A < (1~ a)e.

This yields |/3] < (1 — a)e + ae = ¢, and therefore, Iy — 0 as t — co. We now have
(P¢)(t) — 0ast — oo and Py € M.

To see P is a contraction, consider ¢,n € M. For t > ty, we have by (1.6) that
t
KFVOU)—(PUXQ|§L/ [A(t, 5)[lp(s) —n(s)lds
t—r

/t —Ji Awwdu | g |/ (s, 7)||o(T) — n(7)|drds

t
<o —n| [/ |A(t, s)|d8—|—/ - I ““d“|Ass|/ s7‘|d7‘ds]
t—r

< all¢ —nl|.

By the Contraction Mapping Principle (Smart [12, p. 2]), P has a unique fixed point
x € M which is a solution of (1.1) with x(s) = ¥(s) for to —r < s < tp and
x(t) = z(t, to, ) — 0 as t — oo.

To obtain the asymptotic stability, we need to show that the zero solution of (1.1)
is stable. To this end, let € > 0 be given and choose § > 0 (6 < ¢) satisfying

25Kef50 Alss)ds | e < ¢
where

(2.6) K = sup e o Als)ds

t>0

If z(t) = x(t,t9,7) is a solution of (1.1) with ||[¢|| < 4, then z(t) satisfies (2.4). We
claim that |z(t)| < e for all ¢t > to. Note that |z(t)| < € on [ty — 7, to]. If there exists
t* >ty such that |z(t*)| = ¢ and |z(s)| < € for ty < s < t*, then it follows from (2.4)
that

to £*
2] < 6] [1+ [ 1t >|ds]e Jig Atwa
to—r

t*
+e [/ \A(t*,s)|ds+/ eI Alww)du) A5 |/ (s,T \des}
t*—r to

(2.7) < 26K eh” Ads 4 e < o

which contradicts the definition of ¢t*. Thus, |z(t)| < ¢ for all ¢ > ty, and the zero
solution of (1.1) is stable. This shows that the zero solution of (1.1) is asymptotically
stable on [0,00). The proof is complete. O
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Next we rewrite condition (2.1) below for reference and show that it is a necessary
condition for asymptotic stability if fot A(u,u)du is bounded below. The technique
used here has its root in Zhang [14].

Theorem 2.2. Suppose that (1.6) holds and

t—o00

t
(2.8) liminf/ A(s, s)ds > —oo.

0
Then the zero solution of (1.1) is asymptotically stable if and only if

t
/ A(s, s)ds — o0 as t — oc.
0

Proof. 1t follows from Theorem 2.1 that if (1.6) holds, then (2.1) is sufficient for the
asymptotic stability of the zero solution of (1.1). Thus, we only need to show that
(2.1) is a necessary condition under (2.8). Since (2.8) holds, we define the constant
K as in (2.6). Now suppose that (2.1) fails. Then by (2.8), there exists a sequence
{t,},t, — o0 as n — oo such that

tn
lim A(s,s)ds =4

n—oo 0

for some ¢ € R. We may also choose a positive number J satisfying
—J < /tn A(s,s)ds < J
0
for all n > 1. To simplify expressions, we define
w(s) = |A(s, s)] |A(s,u)|du

for all s > 0. By (1.6), we have

tn tn
/ |A(t,,, s)|ds —I—/ e~ " Awwduy, (6 ds < a.
tn—r 0

This yields
tn n
/ efo A(u,u)duw(s)ds < Oé€f0 A(u,u)du < eJ
0
The sequence { f(f" eJo Alwmduy,(6)ds) is bounded, so there exists a convergent subse-
quence. For brevity in notation, we may assume

tn
lim elo Alwwdu () dg = ~
n—oo 0

for some v € RT = [0, 00) and choose a positive integer k so large that
tn
/ elo Awwduy, (5\ds < 6y /4K
L2

for all n > k, where §, > 0 satisfies 46gKe’ + a < 1.
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By (2.8), the number K in (2.6) is well defined. We now consider the solution of
x(t) = x(t, tg, ¢) of (1.1) with ¢(tz,) = o and |(s)| < dp for tp —r < s <tz An
argument similar to that in (2.7) shows |z(t)| < 1 for t > t;. We may choose ¢ so
that

tr 1
(2.9 vite) = [ Altss)ols)ds = oo
p—

It follows from (2.4) that for n > k,

() - /t A, )(s)4ds|

n—T

1 — [t A(u,u)du in n
5 Lo o i Alwd _/ o L Al g
Lo — i Auu)du o atuaydn [ A
= 5506 B — e Jo" Alww) “/ elo Alww) Yw(s)ds
17

~ ) tn
et 6_ ftt]; A(u,u)du %50 - 6_ fotk A(u,u)du / 6‘[0é A(H’U)duw(s)ds]
t;

— [ A(u,u)du 1 tn s
> e ftl% A(u,u)d 550 . K/ efo A(u,u)duw(s>d8]
122

- ff; A(u,u)du

1 1
(2.10) > Zdoe > 1506_2‘] > 0.

On the other hand, if the zero solution of (1.1) is asymptotically stable, then x(t) =

x(t, tz,¢) — 0 as t — oo. Since t, —r — 00 as n — oo and (1.6) holds, we have
tn
x(t,) — / A(tp, s)x(s)ds — 0 as t — oo
tn—r

which contradicts (2.10). Hence, it is necessary that (2.1) holds if the zero solution
of (1.1) is asymptotically stable. The proof is complete. a

Corollary 1. Suppose that (1.6) holds with A(t,t) > 0 for t > 0. Then the zero
solution of (1.1) is asymptotically stable if and only if (2.1) holds.

3. A NONLINEAR EQUATION

We return to Equation (1.2) from Section 1, which we rewrite for reference

= —/t_ a(t, s)g(z(s))ds.

Here r is a positive constant, a : [0,00) X [—7,00) — R is piecewise continuous, and

g : R — R is continuous.

Remark. We assume that there exists an L > 0 such that on [—L, L], g is Lipschitz
continuous, zg(z) > 0 for x # 0, and lim,_0g(z)/z = ¢*(0) exists. To simplify
expressions, we may redefine g and a by setting a(t, s)g(z) = a(t,s)D(g(x)/D) for
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a positive constant D. In case that ¢*(0) # 0, we may redefine ¢ and a so that
g*(0) = 1. We note that if this set of conditions holds for one L > 0, then it holds
for all smaller L. Define g*(z) = g(z)/x for x # 0.

Theorem 3.1. Suppose that there exists an L > 0 such that on [—L, L], g is Lipschitz
continuous and xg(x) > 0 for x # 0 with ¢g*(0) = 1. If (1.6) is satisfied with
A(t,t) > 0 for t > 0, then the zero solution of (1.2) is asymptotically stable if and
only if (2.1) holds.

Proof. First, suppose that (2.1) holds, that is, f(f A(s,s)ds — oo as t — oo. Write
(1.2) as

t

(1) = A () + / Alt, $)g(x(s))ds.

t—r
Let ty > 0 and ¢ : [to—7, o] — R be a continuous initial function. Since g is Lipschitz
continuous on [—L, L], there exists a unique local solution z(t,ty, 1) =: z(t) of (1.2).
This solution exists on [tg, 00) since z(t) is bounded on [ty, c0) (see proof below). If
we set A*(t,s) = A(t, s)g*(z(s)), then z(t) is the unique solution of

d t
(3.1) 2 (t) = —A*(t, t)x(t) + E/ A*(t, s)x(s)ds.
t—r
By variation of parameters formula, we write (3.1) as

a(t) = e So AN [y / _ A(to, s)(s)ds]

to—r

t
—i—/ A*(t,s)x(s)ds
t—r
t S
(3.2) - / o= AT 4o g ) / A*(s, 7)o (r)drds

to s—r

for t > ty. Define
(33) S={p:[to—r,00) = R| ¢y, =20,0€ C,|p(t)] < L,p(t) — 0 ast — oo}
where the magnitude of i) and the size of L will be restricted later. We see that S is

a complete metric space with the supremum norm.

Use (3.2) to define a mapping P : S — S as follows: for ¢ € S, let (P¢)(t) = (1)
ifto —r <t <tygandif t > tg, let

(PO)(t) = e Fa "9 [y / _ A (to, 5)ob(s)ds]

to—r

—i—/: A*(t,s)p(s)ds
(3.4) - / e Atfwu)du (g 5) / _ A(s, ) (7)drds

to s—r

A fixed point of P is a solution of (3.1).
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Since A(t,t) >0, ftt_r A(t,s)ds < a, and fot A(s, s)ds — oo as t — 0o, we see
t s
/ e Je AT lmdu g7 (5 5) / |A(s, )| drds
to s—r

t s
— 0/ e Js Alww)du g (g s)/ |A(s, 7)|drds
to s—r

in the supremum norm as ||g*(z(s)) — 1|| — 0.

We now find a constant > 0 with (1 + ) < (1 — «) so that

t t ¢ S 1 +C\f
(3.5) / |A(t, s)|ds +/ e Js ATwu)du g (. s)/ |A(s, 7)|dTds < 5
t—r 0 §—r

for all t > t, whenever ||g*(2(s)) — 1| < u. Next, we find a sufficiently small L > 0
so that |u| < L implies |g*(u) — 1| < p. Note that

1+ )1+ ) _ <1+1—a) (1+a)

=1.
2 1+« 2

We now find § > 0 with

1+ +a)
2

Let ||¢|| < 6. We first claim that |z(¢)| < L for all ¢ > t,. Note that z(¢) satisfies

(3.2) with z(t) = z(t) and |2(t)| < € on [ty — r,to]. If there exists t* > ty such that

|2(t*)| = L and |2(s)| < L for t; < s < t*, then it follows from (3.2) that

e <ol |1+ e [

to—r

(1 + ) [/:_ A s)\ds]

t* " s
+(1+p)L [/ e o AT(wwdu g (g 5)/ |A(s,r)|d7ds]
to s—r

(1+mwd+a)
2
which contradicts the definition of t*. Thus, |z(t)| < L for all t > to. These estimates
will work for (P¢)(t), yielding |(P¢)(t)| < L whenever ¢ € S. We again see that
¢ € S implies that P¢ is continuous on [ty — r,00). An argument similar to that in
the proof of Theorem 1.1 shows that (P¢)(t) — 0 as t — oo, and therefore, Pg € S.

(14 2a)d + L < L.

|A(t0, S)|d$} e_(l_“) ftto A(u,u)du

(3.6) < (1+42a)0 + L<L.

To see P is a contraction, consider ¢,n € S. For t > ty, we have by (1.6) that

[(Po)(t) — (Pn)(t)] < /t_ |A*(t,5)||6(s) —n(s)|ds
+/ —Ji Ay g2 (g g |/ |A*(s,7)||0(7) — n(7)|drds

<1+ plo— nn/ A(t, )| ds
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t s
~+a+uw¢—nw/e-L”WMWA%a@Q/ |A(s, 7)|drds
0 s—r

< (1 +,u)2(1+a)
= pBll¢ —nll.

I —nl

Since § < 1, we see that P is a contraction and has a unique fixed point z € S
which is a solution of (3.1) with z(s) = ¥(s) for tg —r < s < tp and z(t) — 0 as
t — oo. Since z(t) is the unique solution of (3.1) with 2z, = 1, we have z(t) = x(¢)
and x(t,t9,1) = z(t) — 0 as t — oo.

To see we have obtained stability, substitute £ for L in the argument above and
conclude that ||¢|| < ¢ implies |z(t)| < e for all t > t5. Thus, the zero solution of
(1.2) is asymptotically stable. The proof is complete.

Conversely, suppose that (2.1) fails. Since A(¢,t) > 0, this implies that

t
J = sup/ A(s, s)ds < oo.
0

>0
Let 0, u and L be defined above. We choose ¢ty > 0 so large that

u,u)au 6
(1+ )L [6<1+u>f;;A< wdu _ ] :

for t > t; and consider the solution x(t) = x(t,to,?) of (1.2) with ¢(t;,) = ¢ and
|1(s)| < 6 for tg — r < s <tp. An argument similar to that in (3.6) shows |z(t)] < L
for t > tg. We may choose 9 so that

J.

N | —

(3.7) WM—Ziﬁ%JW@%Z

It follows from (3.2) with z(t) = =(t) that for t > ¢,

() — /t At s)a(s)ds

1o u,u)du ! *
> 556 (1+M)fttoA( wdu (1 +M)L/ e—fStA (u’u)duA*(S,S)dS
to
%56—(1+u) S Awu)du 1+ 0L [1 o A*(u,u)du:|
> %56_(””) Jig Awade _ (1 4y [1 — e Ly AWW]

_ e—(l—i—#) ftto A(u,u)du |:%5 . (1 + ,U)L <e(1+ﬂ) ftto A(u,u)du 1):|

(3.8) > i(se—“*’*) fig Alwwdu . 2 50-(14J

e
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On the other hand, if the zero solution of (1.2) is asymptotically stable, then x(t) =
x(t,to,v) — 0 as t — oco. Since (1.6) holds and |g*(z(t))| < 1+ i, we have

t
x(t) — / A*(t, s)x(s)ds — 0 as t — o0
t—r

which contradicts (3.8). Hence, it is necessary that (2.1) holds if the zero solution of

(1.2) is asymptotically stable. The proof is complete. O

Remark. Constructing a mapping function for a nonlinear equation presents a sig-
nificant challenge for investigators. The method used here has its root in Burton and

Furumochi [5]. We have avoided having a term

/t e L A 4 )8(5) — g(6(s))]ds

0
in the definition of (P¢). Such a term may require additional conditions on g and A
(see Burton [3]).
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