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ABSTRACT. We study the existence of solutions for a class of boundary value problems for frac-
tional differential inclusions, where the right hand side is a convex or a non-convex multi-valued map.
Suitable fixed point theorems are used to prove some new existence results. Examples illustrating

the abstract results are also presented.
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1. INTRODUCTION

Recently, there has been a great interest to differential equations and inclusions
with non-integer order, since fractional order models are more accurate than integer
models. Fractional derivatives provide an excellent instrument for the description of
systems with memory and hereditary properties. Many books and monographs are
devoted to the development of fractional calculus, see for instance [15, 17, 19, 21, 23,
24] and references therein. For application of fractional calculus to the other fields of

science, we refer the reader to [13, 17, 19].

In [12] the authors consider the following boundary value problem:

Doy(t) — My(t) = f(t,y(t), teJ:=[0,1], 1 <8 <2,

y(0) =y(1) =0,
where D? is the standard Riemann-Liouville fractional derivative, f is continuous and
A € R. In this paper we continue the study in [12] to cover the multi-valued case.
More precisely, we shall be concerned with existence of solutions for the following

boundary value problem for nonlinear fractional differential inclusion of the form:

(1.1) Doy(t) — My(t) € F(t,y(t)), t€J:=1[0,1], 1 <§<2,

(1.2) y(0) = y(1) = 0.
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Here D? is the standard Riemann-Liouville fractional derivative, and F : J x R —
P(R) is a multi-valued map (P(R) is the family of all nonempty subsets of R), and
A € R with A # 0. For more details about multi-valued analysis, see [5, 8, 10, 14].
Differential equations and inclusions with various boundary conditions are widely
investigated by many authors, see for instance the papers [1, 2, 6, 22].

This paper is organized as follows. In section 2 we recall some definitions and
preliminary results about multi-valued analysis and fractional calculus witch will be
used in the sequel. Section 3 is devoted to our main existence results. Illustrative

examples are given in the last section.

2. PRELIMINARIES

In this section, we introduce notations and preliminary facts that are used through-

out this paper.

2.1. Multivalued Analysis. Let C'(J) denotes the Banach space of continuous func-

tions from J into R with the norm

1/l = sup{[f ()] : t € J}.
By L'(J,R) denotes the Banach space of functions y : J — R which are Lebesgue

integrable normed by

1
ol = | oo
Let (X,|-|) be a Banach space. A multi-valued map F': X — P(X) :

(i) is convex (closed) valued if F'(z) is convex (closed) for all x € X;

(ii) is bounded on bounded sets if F(B) = |J, 5 F'(x) is bounded in X for all
bounded set B of X i.e. sup,cp{sup{|y|:y € F(z)}} < o0;

(iii) is called upper semi-continuous (u.s.c. for short) on X if for each zy € X the set
F(z0) is nonempty, closed subset of X, and for each open set U of X containing
F(xy), there exists an open neighborhood V of xy such that F'(V) C U;

(iv) is said to be completely continuous if F(B) is relatively compact for every
bounded subset B of X;

(v) has a fixed point if there exists x € X such that x € F(x).

For each y € C(J) the set
Spy={f € L'(J,R): f(t) € F(t,y) for ae. te J}

is known as the set of selections of the multi-valued map F'.

In the following by P, we denote the set of all nonempty subsets of X which

[13e%))

have the property “p”, where “p” will be bounded (b), closed (cl), concex (c), com-
pact (cp) etc. Thus Py(X) = {Y € P(X) : Y is closed}, Py(X) = {Y € P(X) :
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Y is bounded}, P, (X) ={Y € P(X) : Y is compact},and P, .(X) ={Y € P(X):
Y is compact and convex}.

We define the graph of G to be the set Gr(G) = {(z,y) € X x Y,y € G(x)} and

recall two useful results regarding closed graphs and upper-semicontinuity.

Lemma 2.1 ([8, Proposition 1.2]). If G : X — Py(Y) is u.s.c., then Gr(G) is a
closed subset of X x Y, i.e., for every sequence {x,}neny C X and {yn}tnen C Y, if
when n — 00, T — Ty, Yo — Y and y, € G(x,), then y, € G(x,). Conversely, if G

15 completely continuous and has a closed graph, then it is upper semi-continuous.

Lemma 2.2 ([18]). Let X be a separable Banach space. Let F': J x X — Pepo(X)
be measurable with respect to t for each x € X and w.s.c. with respect to x for almost

allt € J and Sp, # 0 for any x € C(J, X), and let © be a linear continuous mapping
from LY(J, X) to C(J, X). Then the operator

©oSp:C(J,X) = Pep(C(J, X)), 2+— (00 Sp)(x) =0O(Skay)
is a closed graph operator in C(J, X) x C(J, X).

For more details on multi-valued maps and the proof of the known results cited
in this section we refer interested reader to the books of Deimling [8], Gorniewicz [10]

and Hu and Papageorgiou [14].

2.2. Fractional Calculus. Now, we recall the definitions of the Riemann-Liouville

fractional primitive and derivative.

Definition 2.3 ([23, 24]). The Riemann-Liouville fractional integral of order s > 0

of a continuous function f : (0,00) — R is given by

I3f(t) = % / (t — ) f(r)dr,

where I is the gamma function.

Definition 2.4 ([23, 24]). The Riemann-Liouville fractional derivative of order s > 0

of a continuous function f : (0,00) — R is given by

D) = e [ =)
d 1—s
= EIO f(t)-

The following lemma is of great importance in the proof of our main results.
Lemma 2.5 ([12]). The boundary value problem
Dou(t) — \u(t) = f(t), teJ:=J 1<6<2,
u(0) = u(l) =0,



38 M. BELMEKKI AND S.K. NTOUYAS

has a unique solution uw € C(J) given by

u(t):/0 Girs(t,s)f(s)ds,

where

S N 0<t<s<l.

Here es denotes the d-exponential function given by:
eyt =1 Ess(M0), t € C\ {0}, Re(d) >0, A€ C,

and Ej g is the general Mittag-Leffler function defined by:

Egﬂ(t) = Z F((Sj%ﬁ’ t,ﬂ c C, %8(5) > 0.

=0 )

For more details about the d-exponential function, see [15].

3. EXISTENCE RESULTS

Before stating and proving our main existence results for problem (1.1)—(1.2), we

will give the definition of its solution.

Definition 3.1. A function y € AC'(J) is said to be a solution of the problem (1.1)-
(1.2) if there exists a function f € L'(J,R) with f(¢) € F(t,y) a.e. on J such that
y satisfies the differential equation D°y(t) — A\y(t) = f(t) on J and the boundary

condition (1.2).

3.1. The Upper Semicontinuous case. Consider first the case when I’ has convex

values. Our first result is based on Bohnenblust-Karlin fixed point theorem.

Lemma 3.2 (Bohnenblust-Karlin [3]). Let X be a Banach space, D a nonempty
subset of X, witch is bounded, closed and convexr. Suppose G : J x R — P(R) is

u.s.c. with closed, convex values, and G(D) C D and G(D) is compact. Then G has

a fized point.
Theorem 3.3. Assume that:

(Hy) F:J xR — P, (R) is Carathéodory i.e.
(1) t — F(t,y) is measurable for each y € R;
(17) y — F(t,y) is u.s.c. for almost allt € J,
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(Hy) for each r > 0, there exists @, € L*(J,RT) such that

1E(t y)|l = sup{fv] - v € F(t,y)} < @n(t)

for all ||yl <r and for a.e. t € J and

1
(3.1) lim inf / o (t)dt =
0

r—oo T
Then the boundary problem (1.1)~(1.2) has at least one solution on J provided that:

i
!
€3]

(3.2) My <1

Proof. We transform the problem (1.1)-(1.2) into a fixed point problem. Con-
sider the multi-valued map: N : C(J,R) — P(C(J,R)) defined by

N(y) = {heCJR /Gmts dstSpy}

It is clear that fixed points of N are solutions of problem (1.1)—(1.2). It turns to
show that the operator N satisfies all condition of Lemma 3.2. The proof is given in

several steps.
Step 1. N(y) is convex for each y € C(J,R).

Indeed, if hq, ho belongs to N(y), then there exist fi, fo € Sp,, such that for each
t € J, we have

= /01 Girs(t,s)fi(s)ds, i =1,2.
Let 0 < p < 1. Then for each t € J, we have
o+~ () = [ Gl i) + (1 = ) (s
Since F' has convex values, Sg, is convex, then
pthy + (1 — p)he € N(y).

Step 2. N(y) maps bounded sets (balls) into bounded sets in C(J,R).

For a positive number r let B, = {y € C(J,R) : ||y|| < r} be a bounded ball in
C(J,R). We shall prove that there exists a positive number 7’ such that N (B, ) C B,.

If not, for each positive number r, there exists a function y,(-) € By, ||[N(y,)|| > r for

_ / Gt ) (3)ds

some t € J and



40 M. BELMEKKI AND S.K. NTOUYAS

for some f, € Sg,,. However, on the other hand, we have:

A\

68
< /u”m s+ [ 16151
|‘35

r

Dividing both sides by r and take the lower limit as » — oo, we get:
RY

€s
=+
[

which contradicts (3.2). Hence there exists a positive number r such that N(B,) C B,.

I)“fy >1,

Step 3. N(y) maps bounded sets into equicontinuous sets of C(J,R).
Let y be any element in B, and h € N(y), then there exists a function f € Sg,

such that for each ¢t € J we have
1
— [ Gt fs)ds
0
Let ¢4, ty € J, t1 < ty. Thus
e)xtz 1 N
|h(ta) — h(t))| < '— 6)\ / 65(1 °) / Alt2=s) ds
0

6)\t1 1
t
+ 6A / 65 / 1-9) ds
€5

A s s)
*/ |e5<“ ) ey, (s)ds
0
to
+/ el{\‘(trs)@r(s)ds.

t1
The right hand of the above inequality tends to zero independently of y € B, as
t1 — 1.
As a consequence of Steps 1-3 together with Arzela-Ascoli theorem, we conclude
that N : C(J,R) — P(C(J,R)) is completely continuous.
Step 4. N(y) is closed for each y € C(J,R).

Let {un}n>0 € N(y) be such that u, — u (n — o0) in C'(J,R). Then u € C(J,R)
and there exists v,, € Sp,, such that, for each ¢t € J,

_ /0 Gt $)on(s)ds
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As F has compact values, we pass onto a subsequence (if necessary) to obtain

that v, converges to v in L'(J,R). Thus, v € Sg, and for each t € J, we have

un(t) = ult) = /0 Cs(t, s)o(s)ds

Hence, u € N(y).

By Lemma 2.1, since N(y) is completely continuous, in order to prove that it is
u.s.c. it is enough to prove that it has a closed graph. Thus, in our next step, we
show that

Step 5. N has a closed graph.
Let y, — yx, hn € N(y,) and h,, — h,. We need to show that h, € N(y.). Now

h,, € N(y,) implies that there exists f,, € Sg,, such that for each ¢t € J,
1
hn(t) :/ Girs(t, s) fu(s)ds.
0

We must show that there exists f. € Sg,, such that for each t € J,

h*(t):/O Girs(t, s) fe(s)ds.

Consider the continuous linear operator

O:LYJR)—C(J), f—0O(f)t) = /0 Girs(t,s)f(s)ds.

From Lemma 2.2, it follows that © o Sg,, is a closed graph operator. Moreover, we
have
hy, € ©(SEy, ).

Since y, — v, Lemma 2.2 implies that

1
hat) = / Gt 5) f(s)ds
0
for some f, € Sp,,

Hence, we conclude that N is a compact multivalued map, u.s.c. with convex
closed values. As a consequence of Lemma 3.2, we deduce that N has a fixed point

which is a solution of the boundary problem (1.1)—(1.2). This completes the proof.

Next, we give an existence result based upon the following form of fixed point

theorem applied to completely continuous operators [20].

Lemma 3.4. Let X a Banach space, and T : X — P(X) be a completely continuous
multi-valued map. If the set

E={reX:oxeTl(x), oc>1}
1s bounded, then T has a fixed point.

Theorem 3.5. Assume that the following hypotheses hold:
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(Hs) F:J xR — Ppac(R) is a Carathéodory multi-valued map;
(Hy) there exists a function u € L*(J,R) such that

|E(t,y)|| < p(t), forae teJ and eachy € R.
Then the boundary problem (1.1)~(1.2) has at least one solution on J.
Proof. Define N as in the proof of Theorem 3.3. As in Theorem 3.3 we can
prove that N is completely continuous. It remains to show that the set
E={yeC(J):0ye N(y), o >1}

is bounded. Let y € £, then oy € N(y) for some o > 1 and there exists a function
f € Sg, such that

y(#) = 0! /0 Gs(t, ) f(s)ds.

For each t € J, we have

IAlt el t
e —S —S
ol < 2 [l [
6

Taking the supremum over ¢t € J, we get

o
!
€3]

Hence the set £ is bounded. As a consequence of Lemma 3.4 we deduce that N has at

A
lyl| < Ml < oo.

least a fixed point which gives rise to a mild solution of the boundary value problem
(1.1)—(1.2) on J. O

Our final existence result in this subsection is based on Leray-Schauder nonlinear
alternative.

Lemma 3.6 (Nonlinear alternative for Kakutani maps [11]). Let E be a Banach
space, C' a closed convex subset of E, U an open subset of C' and 0 € U. Suppose that

F:U — Peww(C) is a upper semicontinuous compact map. Then either

(i) F has a fized point in U, or
(i) there is a uw € OU and p € (0,1) with u € pukF(u).

Theorem 3.7. Assume that (Hy) holds. In addition we assume that:

(Hj) there exists a continuous nondecreasing function ¢ : [0,00) — (0,00) and a
function p € L*(J,R") such that
I1F(t, 2)llp := supfly| : y € F(t, 2)} < p(t)¢(|lx]]) for each (t,x) € J x R;
(Hg) there exists a constant M > 0 such that
M

SO ol {— ; 1] e

le3 |

> 1.
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Then the boundary value problem (1.1)—(1.2) has at least one solution on J.

Proof. Define the operator N(y) as in the proof of Theorem 3.3. Let y € uN(y)
for some p € (0,1). We show there exists an open set U C C(J,R) with y ¢ N(y)
for any p € (0,1) and all y € OU. Let u € (0,1) and y € uN(y). Then there exists
f € LY(J,R) with f € Sg, such that, for ¢t € J, we have

y(t):/o Girs(t,s)f(s)ds.

In view of (Hj), we have for each t € J,

Ry 1
€ A
] <) |+ | e / p(s)ds.
e3| 0
Consequently, we have
[yl

A =1
e A
Syl 5 +1]

In view of (Hg), there exists M such that ||y|| # M. Let us set
U={yeC(LR):|ly| <M}

Proceed as in the proof of Theorem 3.3, we claim that the operator N : U — P(C(J,
R)) is a compact multi-valued map, u.s.c. with convex closed values. From the choice
of U, there is no y € QU such that y € uN(y) for some p € (0,1). Consequently, by
the nonlinear alternative of Leray-Schauder type (Lemma 3.6), we deduce that N has
a fixed point y € U which is a solution of the boundary value problem (1.1)—(1.2).
This completes the proof. O

3.2. The lower semicontinuous case. As a next result, we study the case when F'
is not necessarily convex valued. Our strategy to deal with this problem is based on
the nonlinear alternative of Leray-Schauder type together with the selection theorem

of Bressan and Colombo [4] for lower semi-continuous maps with decomposable values.

Definition 3.8. Let A be a subset of I xR. A is L& B measurable if A belongs to the
o—algebra generated by all sets of the form J x D, where J is Lebesgue measurable

in I and D is Borel measurable in R.

Definition 3.9. A subset A of L'(I,R) is decomposable if for all u,v € A and mea-
surable J C I, the function ux s +vxi—s € A, where x 7 stands for the characteristic

function of J.

Lemma 3.10 ([4]). Let Y be a separable metric space and let N : Y — P(L'(I,R))

be a lower semi-continuous (l.s.c.) multivalued operator with nonempty closed and
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decomposable values. Then N has a continuous selection, that is, there exists a con-
tinuous function (single-valued) h :' Y — LY(I,R) such that h(z) € N(z) for every
reyY.

Theorem 3.11. Assume that (Hs), (Hg) and the following condition holds:
(H7) F:J xR — P(R) is a nonempty compact-valued multivalued map such that
(a) (t,x) — F(t,x) is L ® B measurable,

(b) x — F(t,z) is lower semicontinuous for each t € J;

Then the boundary value problem (1.1)—(1.2) has at least one solution on J.

Proof. It follows from (Hj;) and (Hy) that F' is of Ls.c. type [9]. Then from
Lemma 3.10, there exists a continuous function f : AC'(J,R) — L'(J,R) such that
f(z) € F(z) for all y € C(J, R), where F : C(J x R) — P(L'(J,R)) is the Nemytskii
operator associated with F, defined as

F(y) = {w e L'(J,R) : w(t) € F(t,y(t)) for a.e. t € J}.
Consider the problem
(3.3) Doy(t) — \y(t) = f(y(t), teJ:=J 1<d<2,

(3.4) y(0) = y(1) = 0.

Observe that if y € AC*(J,R) is a solution of (3.3)—(3.4), then y is a solution to
the boundary value problem (1.1)—(1.2). In order to transform the problem (3.3)—(3.4)

into a fixed point problem, we define the operator N as
1
N(y) = / Ghs(t,s)f(y(s))ds.
0

It can easily be shown that N is continuous and completely continuous. The
remaining part of the proof is similar to that of Theorem 3.7. So we omit it. This

completes the proof. O

3.3. The Lipschitz case. Now we prove the existence of solutions for the boundary
value problem (1.1)—(1.2) with a nonconvex valued right hand side by applying a fixed
point theorem for multivalued map due to Covitz and Nadler [7].

Let (X, d) be a metric space induced from the normed space (X;|| - ||). Consider

Hy:P(X) xP(X)— RU{oo} given by
Hy(A, B) = max{supd(a, B),supd(A,b)},
acA

beB
where d(A,b) = inf,ca d(a;b) and d(a, B) = infpep d(a;b). Then (P q(X), Hy) is a

metric space (see [16]).

Definition 3.12. A multivalued operator N : X — P,(X) is called



FRACTIONAL MULTIVALUED DIFFERENTIAL EQUATIONS 45
(a) #—Lipschitz if and only if there exists 7 > 0 such that
Hy(N(z),N(y)) < 6d(z,y) for each z,y € X
(b) a contraction if and only if it is #—Lipschitz with § < 1.

Lemma 3.13 ([7]). Let (X,d) be a complete metric space. If N : X — Py(X) is a
contraction, then FizN # ().

Theorem 3.14. Assume that the following conditions hold:

(Hs) F: J xR — P,(R) is such that F(-,y) : J — Pe,(R) is measurable for each
y € R.

(Hg) Hy(F(t,y), F(t,y)) < m(t)|ly — g| for almost allt € J and y,y € R with m €
LY(J,RY) and d(0, F(t,0)) < m(t) for almost all t € J.

Then the boundary value problem (1.1)—(1.2) has at least one solution on J if

Al

Lot

Al
es |lm|lz < 1.

Proof. We transform the boundary value problem (1.1)—(1.2) into a fixed point
problem. Consider the operator N : C(J,R) — P(C(J,R)) defined at the begin of
the proof of Theorem 3.3. We show that the operator IV, satisfies the assumptions of

Lemma 3.13. The proof will be given in two steps.
Step I. N(y) is nonempty and closed for every v € Sg,,.

Note that since the set-valued map F(-,y(-)) is measurable with the measurable
selection theorem (e.g., [5, Theorem II1.6]) it admits a measurable selection v : J — R.

Moreover, by the assumption (Hg), we have
()] < m(t) +m(t)]y(t)],

i.e. v € L'(J,R) and hence F is integrably bounded. Therefore, S, # . Moreover
N(y) € Pa(C(J, R)) for each y € C(J,R), as proved in Step 4 of Theorem 3.3.

Step II. Next we show that there exists # < 1 such that
Hy(N(y), N(7)) < 0lly — 7| for each y,5 € AC*(J,R).

Let vy, € ACY(J,R) and h; € N(y). Then there exists vy(t) € F(t,y(t)) such
that, for each t € J,

ha (£) = /0 st s)o1(s)ds.
By (Hy), we have
Hy(F(t,y), F(t,y)) < m(t)]y(t) — y(t)]-
So, there exists w(t) € F(t,z(t)) such that

[01(t) —w(t)] < m(@)[y(t) —y@)], t € J.
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Define U : J — P(R) by
Ut) = {w e R: |ur(t) —w(t)] <m@)|y(t) —y@)]}-

Since the multivalued operator U(t) N F'(t,y(t)) is measurable (Proposition II1.4 [5]),
there exists a function vy(t) which is a measurable selection for U. So vs(t) € F(t,y(t))

and for each t € J, we have |v1(t) — va(t)| < m(t)|y(t) — y(t)]
For each t € J, let us define
1
ho(t) = / Gis(t, s)va(s)ds.
0

Thus,
Al ¢
() a0 = =55 [ 20— [
€ Jo 0
&' 1 s " at-9)
+— [ € v2(s)ds+/ e5 va(s)ds
€ Jo 0
' 1 aass) " -9)
6—/\/0 e [va(s) —Ul(s)]ds+/0 es va(s) —wvi(s)]ds
5
6?' Al
< rr+4 es lmllzlly =7l
e
Hence,
5 A -
[y = holl < | 55 + 1| €5 [Imllolly — 7l
&5 ]

Analogously, interchanging the roles of z and Z, we obtain
P
2=+ 1

Ha(N (), N(@)) < bl =2l < | g+ 1 €5 Imiluslly = .
6

Since N is a contraction, it follows by Lemma 3.13 that N has a fixed point y
which is a solution of (1.1)—(1.2). This completes the proof. O

4. EXAMPLES

Consider the nonlinear fractional boundary value problem

(4.1) Doy(t) — Ay(t) € F(t,y(t)), t€ J:=[0,1], 1< <2, NER,

(4.2) y(0) =y(1) =0.
(a) Let F': J x R — P(R) be a multivalued map given by
y'e ¥ tly|siny|
22 +3" yl+1

y— F(t,y) =

(4.3)
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For f € F, we have

2_y2 .
ye ty sin [y|
<m <tly|+1, yeR.
£ < aX<y2 3 il ) S ] y

Thus,

IEE y)llp = sup{lz| : € F(t,y)} <rt+1=e. (1), |yl <r

1 /1
We can find that liminf — / ©r(s)ds = v = 1/2. Therefore, all the conditions
0

r—oco T

of Theorem 3.3 are satisfied. So, problem (4.1)—(4.2) with F'(¢,y) given by (4.3)

has at least one solution on J provided
M= Eis(A) <1
es = Ess(|A]) < 1.

(b) If F: J xR — P(R) is a multivalued map given by

4

Y g2 |y| o, 1
4.4 — F(t,y) = +e ™V +t+2, +t°+ = .
(44) Y (t.y) [y4+2 ly| + 1 2

For f € F, we have

4
| f| < max <y4y+2 +e V4t +2,

il +t2+1> <5 zeR

ly| +1 2
Here |[F(t,y)llp = sup{|z| : = € F(t,y)} <5 = pt)¢(lyl), y € R, with
p(t) =1, ¥(||ly||) = 5. It is easy to verify that M > 106?' = 10E55(|A|). Then,
by Theorem 3.7, the problem (4.1)-(4.2) with F'(¢,y) given by (4.4) has at least
one solution on J.

(c¢) Consider the multivalued map F': J x R — P(R) given by

2
(4.5) y— F(t,y) = |0, (t+1)siny+§ :

Then we have

supllul : w € F(t.9)} < (¢+1)+ 2,
and

Ha(F(t,), F(LT)) < (¢+ Dly — 71

Let m(t) =t 4+ 1. Then Hy(F(t,x), F(t,T)) < m(t)|ly — y|, and ||m|/ = 3/2.
By Theorem 3.14, the problem (4.1)—(4.2) with the F(¢,y) given by (4.5) has at
least one solution on J if

3 3
ieg' = SEss(A) < 1.
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