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1. INTRODUCTION

The 0-epi maps were introduced by Furi, Martelli and Vignoli [1] and essential
maps were introduced by Granas [3]. The notion of ®-epi maps is presented in Section
2 and the notion of ®-essential maps is presented in Section 3. Both approaches allow
us to study coincidence points (i.e. F/(x) N ®(x) # 0) of the maps F and ®. This new
theory presents a unified theory for establishing coincidence points for general classes
of maps. Our results are more general than those in the literature (see [1-8] and the

references therein).

2. -EPI MAPS

Let E be a Hausdorff topological space and U an open subset of F.

We will consider classes A and B of maps.

Definition 2.1. We say F € A(U,E)if F € A(U,E) and F : U — K(E) is an
upper semicontinuous map; here U denotes the closure of U in E and K (E) denotes

the family of nonempty compact subsets of F.

Definition 2.2. We say FF € B(U,E) if F € B(U,E) and F : U — K(E) is an

upper semicontinuous map.

In this section we fix a ® € B(U, E) in the first three results.
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Definition 2.3. We say F € Ayy(U,E) if F € AU, E) with F(z) N ®(x) = 0 for
x € OU; here OU denotes the boundary of U in E.

Definition 2.4. We say F € By(U,E) if F € B(U, E) and F(x) C ®(x) for € 0U.

Definition 2.5. A map F € Ayy (U, E) is ®-epi if for every map G € By (U, E) there
exists x € U with F(z) N G(x) # 0.

Remark 2.6. Suppose F' € Ayy(U,E) is ®-epi. Then there exists x € U with
F(z) N ®(x) # 0 (take G = ® in Definition 2.5).

Our next result can be called the “homotopy property” for ®-epi maps. In our
result £ will be a topological vector space so automatically a completely regular
space. For convenience we state the result if F is a normal space and we remark on

the general case after the theorem.

Theorem 2.7. Let E be a normal topological vector space and U an open subset
of E. Suppose F € Agy(U, E) is ®-epi and H : U x [0,1] — K(E) is an upper
semicontinuous map with H(x,0) = {0} forx € OU. In addition assume the following

conditions hold:

(2.1) if [y € B(U,E) then Fy(-)+ H (-, u(-)) € B(U, E)
' for any continuous map p : U — [0, 1] with p(0U) = 0
and
(2.9) {x €U :F(x)N[®(x) + H(x,t)] # 0 for somet € [0,1]}
' does not intersect OU.

Then F(-) — H(-,1) : U — K(E) is ®-epi.

Proof. Let G € Bg(U,E). We must show that there exists x € U with [F(x) —
H(z,1)]NG(x) # 0. Let

D={zeU:F(z)N|[G(z)+ H(z,t)] #0 for some ¢ € [0,1]}.

When t = 0 we have G(-)+H (-,0) € By (U, E) since from (2.1) we have G(-)+H(-,0) €
B(U, E) and for z € OU we have G(z) + H(x,0) = G(z) C ®(z) and this together
with the fact that F is ®-epi yields D # (). Next we show D is closed. To see this
let (z,) be a net in D (i.e. F(z,) N [G(zy) + H(zg,ts)] # O for some t, € [0,1])
with z, — 29 € U. Without loss of generality assume ¢, — t;, € [0,1]. Suppose
Yo € F(2,) with y, € G(x4) + H(24,ta). Since F' is upper semicontinuous then [9]
implies that there exists yo € F(zo) and a subnet (y3) of (y,) with yg — yo. The upper
semicontinuity of the maps G and H together with yg — yo and yg € G(z5)+H (23, 1tp)
implies yo € G(xo) + H(xo,t). Thus F(zo) N [G(xo) + H (0, t0)] # 0 i.e. g € D, so
D is closed.
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Next we note (2.2) guarantees that D N oU = () (note if x € OU then F(z) N
G(z) + H(x,t)] C F(x) N [®(x) + H(x,t)]). Now Urysohn’s lemma guarantees that
there exists a continuous map p : U — [0, 1] with 4(0U) = 0 and u(D) = 1.

Define a map J : U — K(FE) by
J(z) = G(x) + H(x, p(x)).

Note J € B(U, E) from (2.1) and for z € U we have J(z) = G(x) + H(x, u(z)) =
G(z) + H(z,0) = G(z) € ®(z). Thus J € Bs(U, E). Now since F is ®-epi there
exists x € U with F(z) N J(z) # 0 ie. F(x)N[G(x) + H(z,u(z))] # 0. Thus
x € D and as a result pu(z) = 1. Consequently F(x) N [G(z) + H(x,1)] # 0 so
[F(x) — H(z,1)]NG(x) # 0. O

Remark 2.8. We can remove the assumption that E is normal in the statement
of Theorem 2.7 provided we put conditions on the maps so that D is compact (the
existence of the map p in the proof above is then guaranteed since topological vector

spaces are completely regular).

Our next result can be called the “coincidence property” for ®-epi maps.

Theorem 2.9. Let E be a normal topological vector space and U an open subset of E.
Suppose F € Ay (U, E) is ®-epi, G € B(U, E) and assume the following conditions
hold:

23) { H(-)G() + (1= pledot))d(-) € B(U, E) for any
' continuous map ju: U — [0, 1] with u(0U) = 0

and

2.4) { {zx eU: F(z)N[tG(z) + (1 — )®(x)] # O for some t € [0,1]}
' does not intersect OU.

Then there exists x € U with F(z) N G(x) # 0.

Proof. Let
D={zeU:F(z)N[tG(z)+ (1 —t)®(x)] # 0 for some ¢t € [0,1]}.

When ¢t = 0 note F(z) N ®(x) # 0 for some x € U since F € Agy(U, E) is ®-epi,
so D # (). The same reasoning as in Theorem 2.7 guarantees that D is closed. Also
DNOU =  from (2.4). Thus there exists a continuous map u : U — [0, 1] with
w(OU) =0 and u(D) = 1.

Define a map J : U — K(E) by
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Now (2.3) guarantees that J € B(U, E) and for x € U we have J(z) = 0 + ®(z)
®(x),s0J € By(U, E). Now since F is ®-epi there exists z € U with F(x)NJ(z)
Thus € D and as a result u(x) = 1. Consequently F(x) N G(x) # 0.

=

O

Remark 2.10. We also have an analogue of Remark 2.8 in this case also.

Finally we restate Theorem 2.9 as a result of Leray-Schauder type.

Theorem 2.11. Let E be a normal topological vector space and U an open subset
of E. Suppose F € Apyy(U,E) is ®-epi and G € B(U, E). In addition assume (2.3)
holds. Then either

(A1). there exists v € U with F(x) NG (z) # 0,

or

(A2). there exists x € OU and A € (0,1) with F(x) N[AG(z) + (1 — N\)®(x)] # 0,
holds.

Proof. Suppose (A2) does not hold and F(z) N G(x) = () for x € U (since otherwise
(A1) holds). Also note F(z) N ®(z) = 0 for € AU since F € Ay (U, E). Thus

there exists © € OU and X\ € [0, 1] with F(z) N [AG(x) + (1 — \)®(z)] # 0

cannot occur, so (2.4) holds. Now Theorem 2.9 guarantees that there exists © € U
with F(x) N G(z) # 0. O

We now show that the ideas in this section can be applied to other natural
situations. Let E be a Hausdorff topological vector space, Y a topological vector
space, and U an open subset of E. Also let L : domL C E — Y be a linear (not
necessarily continuous) single valued map; here dom L is a vector subspace of E.
Finally T : E — Y will be a linear, continuous single valued map with L + T :
dom L — Y an isomorphism (i.e. a linear homeomorphism); for convenience we say

T e HL(E,Y)

Definition 2.12. Wesay F' € A(U,Y;L,T)if F: U — 2¥ with (L+T)"Y(F+T) €
AT, E).

Definition 2.13. Wesay F' € B(U,Y; L, T)if F: U — 2¥ with (L+T)"Y(F+T) €
B(U,E).

In our next two results we fix a ® € B(U,Y; L,T).

Definition 2.14. We say F € Ay (U,Y;L,T) if F € AU,Y;L,T) with (L +
)" F+T)z)N(L+T)(®+T)(x) =0 for z € OU.

Definition 2.15. Wesay I € Bs(U,Y; L, T)if F € B(U,Y;L,T) and (L+T)*(F+
T)x) C(L+T) (P +T)(x) for x € IU.
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Definition 2.16. A map F € Ayy(U,Y; L, T) is (L, T)®-epi if for every map G €
Bs(U,Y; L, T) there exists # € U with (L+T) " (F+T)(z)N(L+T)"Y(G+T)(z) # 0.

Remark 2.17. Suppose F' € Ay (U,Y; L, T) is (L, T)®-epi. Then there exists z € U
with (L4+T)" Y F+T)(x2)N(L+T)" (®+T)(z) # 0 (take G = ® in Definition 2.16).

Theorem 2.18. Let E be a normal topological vector space, Y a topological vector
space, U an open subset of E, L : domL C E — 'Y a linear single valued map and
T € H(E,Y). Suppose F' € Agy(U,Y; L, T) is (L, T)®-epi and H : U x [0,1] — 2¥
with (L + T)™*H : U x [0,1] — K(E) an upper semicontinuous map and (L +
T)'*H(z,0) = {0} for x € OU. In addition assume the following conditions hold:
if Iy € B(U,Y; L,T) then Fy(-) + H(
(2.5) cdot, u(-)) € B(U,Y; L, T)
for any continuous map p: U — [0,1] with p(0U) =0
and
(2.6) {zeU: (L+T) Y (F+T)x)N(L+T) ' ®(x)+ H(z,t) +T(x)] #0
' for some t € [0,1]} does not intersect OU.
Then F(-) — H(-,1) is (L, T)®-epi.
Proof. Let G € Be(U,Y;L,T) and
D={zecU : (L+T)YF+T)(x)N(L+T) " G()+ H(z,t)+T(z)] #0
for some ¢ € [0, 1]}.

When t = 0 we have G(-) + H(-,0) € B(U,Y;L,T) and for € U we have (L +
T 'G(z) + H(z,0) + T(z)] = (L+T)"(G+T)(z) C(L+T)Y®+ T)(z) so
G(-)+ H(-,0) € B$(U,Y; L,T) and this together with the fact that F is (L, T)®-epi
yields D # (). Similar reasoning as in Theorem 2.7 guarantees that D is closed. Also
(2.6) guarantees that D N OU = () so there exists a continuous map p : U — [0, 1]
with #(0U) = 0 and (D) = 1. Define a map J : U — 2" by

J(x) = G(z) + H(z, p(x)).
Now J € B(U,Y;L,T) and for z € 0U we have (L +T)"(J + T)(x) = (L +
T YG(x) + H(z,0) + T(x)] = (L+T) G+ T)(x) C(L+T)Y(®+T)(x). Thus
J € Bs(U,Y; L, T) so since F is (L, T)®-epi there exists z € U with (L +T)"(F +
T)Yz)N(L+T)YJ+T)(x)#0. Thus x € D so u(x) =1 and we are finished. [

Remark 2.19. We also have an analogue of Remark 2.8 in this case also.

Remark 2.20. If we change Definition 2.12 (respectively Definition 2.13) to F' €
A(U,Y; L, T) (vespectively F € B(U,Y;L,T)) if F: U — 2¥ with (L +T)"'F €
A(U, E) (respectively (L+T)"'F € B(U, E)), Definition 2.14 to F' € Agy(U,Y; L, T)
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if Fe AU,Y; L, T) with (L+T)*F(z)N(L+T)"'®(z) = 0 for x € U, Definition
2.15t0 F € Be(U,Y; L, T)if F € B(U,Y;L,T)and (L+T)™'F(x) C (L+T)"'®(z)
for x € OU, Definition 2.16 to F' € Agy(U,Y; L, T) is (L, T)®-epi if for every map
G € Bs(U,Y; L,T) there exists x € U with (L +T)'F(x) N (L +T)"'G(x) # 0,
then we have an analogue of Theorem 2.18 if (2.6) is replaced by

{zeU:(L+T)'F(z)N(L+T)'®(z) + H(z,t)] # 0 for some t € [0,1]}
does not intersect OU.

(L, T)®-epi maps of this type when ® = 0 were discussed in [5].

Theorem 2.21. Let E be a normal topological vector space, Y a topological vector
space, U an open subset of E, L : domL C E — 'Y a linear single valued map and
T € HL(E,Y). Suppose F € Apy(U,Y; L, T) is (L, T)®-epi, G € B(U,Y;L,T) and

assume the following conditions hold:

2.7) p(-)G()+ (1= p(-)®(-) € B(U,Y; L, T) for any
' continuous map p: U — [0,1] with p(0U) =0

and

(2.8)

{zeU: (L+T)" Y (F+T)(z)N(L+T)tG(x) + (1 —t)P(z) + T(x)] # 0
for some t € [0,1]} does not intersect OU.

Then there exists x € U with (L +T) Y (F +T)(x) N (L+T)"Y (G +T)(x) # 0.

Proof. Let

D={zeU : (L+T) Y F+T)(x)N(L+T)'tG(x) + (1 —t)®(z) + T(z)] # 0

for some ¢ € [0, 1]}.

Now D # () is closed and D N AU = (). Thus there exists a continuous map pu: U —
[0, 1] with u(QU) = 0 and p(D) = 1. Define a map J : U — 2¥ by

J(2) = p@2)G (@) + (1 = p(x)) ().

Now J € B(U,Y; L,T) and for x € OU we have (L+T) Y (J+T)(z) = (L+T)7 [0+
(® + T)(z)], so J € Bo(U,Y; L, T). Now since F is (L,T)®-epi there exists z € U
with (L+T) Y (F+T)(x)N(L+T)"Y(J+T)(x) # 0. Thus x € D and as a result
wu(x) =1, so we are finished. O

Remark 2.22. We also have an analogue of Remark 2.8 in this case also.
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3. -ESSENTIAL MAPS

Let E be a completely regular topological space and U an open subset of E.

As in Section 2 we will consider classes A and B of maps.

Definition 3.1. We say F € A(U, E) (respectively FF € B(U,E)) if F € A(U,E)
(respectively F' € B(U, E)) and F : U — K(E) is an upper semicontinuous map.

In this section we fix a ® € B(U, E) in the first two results.

Definition 3.2. We say F € Agy(U,E) if F € A(U, E) with F(z) N ®(x) = 0 for
x € dU.

Definition 3.3. Let F,G € Ayy(U,E). We say F = G in Agy (U, E) if there exists
an upper semicontinuous map ¥ : U x [0,1] — K(E) with ¥(-,n(-)) € A(U, E) for
any continuous function n : U — [0,1] with n(0U) = 0, ¥;(z) N ®(x) = O for any
x€0U and t € [0,1], ¥y = F, Uy = G and {z € U : ®(z) N V(z,t) # 0 for some
t € 10,1]} is relatively compact (here Wy(z) = ¥(z,t)).

Remark 3.4. We note if H : U x [0,1] — K(E) is an upper semicontinuous map
then (similar reasoning as in Section 2) M = {z € U : ®(z) N H(x,t) # () for some
t €10,1]} is closed so that if M is relatively compact then M is compact.

The following condition will be assumed in our next two results:
(3.1) >~ s an equivalence relation in Ayy (U, E).

Definition 3.5. Let ' € Agy(U,E). We say F : U — K(E) is ®-essential in
Aoy (U, E) if for every map J € Apy (U, E) with J|sy = Floy and J = Fin Ayy (U, E)
there exists z € U with J(z) N ®(z) # 0. Otherwise F is ®-inessential in Ay (U, F)
i.e. there exists a map J € Agy(U, E) with J]|gy = Floy and J = F in Ayy (U, E)
with J(z) N ®(z) = 0 for all z € U.

Theorem 3.6. Let E be a completely reqular topological space, U an open subset of
and assume (3.1) holds. Suppose F € Agy(U, E). Then the following are equivalent:

(i). F is ®-inessential in Agy (U, E);

(ii). there exists a map G € Agy (U, E) with G = F in Agy (U, E) and G(z)N®(z) = ()
forallz € U.

Proof. (i) implies (ii) is immediate. Next we prove (ii) implies (i). Suppose there exists
amap G € Agy(U, E) with G = F in Agy(U, E) and G(z) N ®(z) = for all z € U.
Let H : U x[0,1] — K(E) be a upper semicontinuous map with H(-,n(-)) € A(U, E)
for any continuous function n : U — [0,1] with (0U) = 0, H,(z) N ®&(z) = 0
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for any x € OU and t € [0,1), Hy = F, Hy = G (here Hi(z) = H(z,t)) and
{z €U :®(x)NH(z,t) # 0 for some t € [0,1]} is relatively compact. Consider

D={zeU:®x)NH(x,t)#0 for some ¢t € [0,1]}.

If D = then in particular ) = ®(x) N H(z,0) = ®(z) N F(x) for z € U so F is
®-inessential in Agy (U, E) (take J = F in Definition 3.5). Next suppose D # (.
Essentially the same reasoning as in Theorem 2.7 guarantees that D is closed in F
so D is compact from Remark 3.4. Also D N oU = (). Thus (note F is a completely
regular topological space) there exists a continuous map p : U — [0, 1] with u(0U) = 0
and p(D) = 1. Define J : U — K(E) by J(z) = H(x, u(x)). Note J € A(U, E) and
Jlov = Hylov = Flay. Also note if there exists a € U with J(z) N ®(z) # 0 then
r € D so u(xr) =11ie G(z)N®(x) # 0, a contradiction. Thus J € Agy(U, E) and
Jlov = Flov and J(z) N ®(z) = O for x € U. We now claim

(3.2) J = F in Agu(U, E).

If (3.2) is true then F is ®-inessential in Agy (U, E).

It remains to show (3.2). Let Q : U x [0,1] — K(FE) be given by Q(x,t) =
H(z,tp(z)). Note Q : Ux[0,1] — K(FE) is an upper semicontinuous map, Q(-,n(-)) €
A(U, E) for any continuous function n : U — [0, 1] with n(0U) = 0 and

{zeU:0+#@x)NQ(z,t) = ®(x) N H(z,tu(z)) for some ¢ € [0,1]}

is closed and compact. Note Qg = F' and ()1 = J. Finally if there exists a t € [0, 1]
and z € OU with ®(x) N Qy(z) # 0 than ®(x) N Hy,wy(x) # 0 so € D and so
pu(z) =1ie ®(z) N Hy(x) # 0, a contradiction. Thus (3.2) holds. O

Theorem 3.7. Let E be a completely reqular topological space, U an open subset of
E and assume (3.1) holds. Suppose F and G are two maps in Agy (U, E) with F = G
in Apy(U, E). Then F is ®-essential in Agy (U, E) if and only if G is ®-essential in
Apy(U, E).

Proof. F is ®-inessential in Aay (U, E) iff there exists a map ¥ € Agy(U, E) with
F = Vin Agy(U, E) and ®(x) NV (x) = 0 for x € U iff (since (3.1) holds) there exists
amap ¥ € Aygy(U, E) with G 2 VU in Ayy (U, E) and ®(z) N ¥(x) =0 for z € U iff
G is ®-inessential in Agy (U, E). O

Remark 3.8. If E is a normal topological space then the assumption that
{z eU:®(x)NY(z,t)#0 for some t € [0,1]}

is relatively compact can be removed in Definition 3.3 and we still obtain Theorem 3.6
and Theorem 3.7.
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Remark 3.9. A result of Theorem 3.7 type was established in [4, Theorem 2.8] but
however an assumption was omitted. In [4, Theorem 2.8] the result will work for
subclasses of the admissible maps in [4] where = is an equivalence relation in that

class (for example the Kakutani and acyclic maps [6, §]).

We next present a result where (3.1) is not needed.

Theorem 3.10. Let E be a completely regular topological space, U an open subset
of E and let F € Apy(U, E) be ®-essential in Agy(U, E). Suppose there exists an
upper semicontinuous map H : U x [0,1] — K(E) with H(-,n(-)) € AU, E) for
any continuous function n : U — [0, 1] with n(0U) = 0, ®(z) N Hy(x) = O for any
v €0U andt € (0,1], Hy=F and {x € U : ®(x) N H(x,t) # 0 for some t € [0,1]}
is relatively compact. Then there exists x € U with ®(x) N Hy(x) # 0.

Proof. Let
D={zeU:®x)NH(zt)#0 for some ¢t € [0,1]}.
Note D # 0 since F is ®-essential in Ay (U, E) (note F = F in Agy (U, E)). Es-

sentially the same reasoning as in Theorem 2.7 guarantees that D is closed in E so
D is compact from Remark 3.4. Also D N 9U = () (note Hy = F so for t = 0 we
have ®(z) N Hy(z) = 0 for x € AU since F' € Asy(U, E)). Thus there exists a con-
tinuous map u : U — [0,1] with u(0U) = 0 and u(D) = 1. Define J : U — K(E)
by J(z) = H(z,u(x)). Note J € Apy(U, E) with J|oy = Flor (note if z € U
then J(z) = Hy(xz) = F(z) and J(z) N ®(x) = F(x) N ®(x) = 0). Also as in The-
orem 3.6, J = F in Agy(U, E) (take as before Q : U x [0,1] — K(E) given by
Q(z,t) = H(z,tu(z))). Now since F is ®-essential in Agy (U, E) then there exists a
v € U with J(z) N ®(x) # 0 (i.e. Hygy(z) N P(x) # 0), and thus € D so p(x) =1
and as a result Hy(z) N ®(x) # 0. O

Remark 3.11. If F is a normal topological space then the assumption that
{z €U :®(x)NH(z,t) # 0 for some t € [0,1]}

is relatively compact can be removed in the statement of Theorem 3.10 and we still
obtain Theorem 3.10.

Remark 3.12. The result in Theorem 3.10 also holds (proof is easier also) if we
change Definition 3.5 as follows: Let F' € Aay(U,E). Wesay F : U — K(E) is
P-essential in Apy (U, E) if for every map J € Ay (U, E) with J|oy = F|ay there
exists z € U with J(z) N ®(x) # 0.

Let E be a Hausdorff topological vector space, Y a topological vector space, and
U an open subset of E. Also let L : domL C E — Y be a linear (not necessarily

continuous) single valued map; here dom L is a vector subspace of E. Finally T :
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E — Y will be a linear, continuous single valued map with L + 7T : dom L — Y an

isomorphism (i.e. a linear homeomorphism); for convenience we say T' € H(E,Y).

Definition 3.13. We say F' € A(U,Y;L,T) (respectively F' € B(U,Y;L,T)) if
(L+T)Y(F+T)e A(U,E) (respectively L +T)"Y(F+T) € B(U, E)).

We now fix a ® € B(U,Y; L, T).

Definition 3.14. We say F € Aypy(U,Y;L,T) if F € AU,Y;L,T) with (L +
)" F+T)z)N(L+T)(®+T)(x) =0 for z € OU.

Definition 3.15. Let F,G € Ayy(U,Y;L,T). We say F = G in Agy(U,Y; L, T) if
there exists a map ¥ : U x [0,1] — 2¥ with (L+T) %0 +T):U x [0,1] — K(FE)
a upper semi continuous map, (L + T)~ (¥ (-, n(-)) + T(-)) € A(U, E) for any con-
tinuous function n : U — [0,1] with n(0U) = 0, (L + T)"1(¥; + T)(x) N (L +
Ty (® + T)(z) = 0 for any x € U and t € [0,1], ¥, = F, ¥, = G and
{2 €U : (L+T) " (2+T)(2)N(L+T) (¥ +T)(x) # 0 for some ¢ € [0,1]} is rel-
atively compact (here W, (z) = ¥(z,t)).

The following condition will be assumed in our next two results:

[a¥)

(3.3) >~ s an equivalence relation in Ay (U,Y; L, T).

Definition 3.16. Let F € Ay (U,Y; L, T). Wesay F is (L, T)®-essential in Ay (U,Y; L, T)
if for every map J € Agy(U,Y; L, T) with J|sy = Floy and J = Fin Agy(U,Y; L, T)

there exists x € U with (L+T)"Y(J+T)(x)N(L+T)"(®+T)(x) # 0. Otherwise F’

is (L, T)®-inessential in Asy (U, E) i.e. there exists a map J € Apy(U,Y; L, T) with

Jlov = Floy and J = F in Agy(U,Y; L, T) with (L+T)"Y(J+T)(z) N (L+T)""(® +

T)(x) =0 forallz € U.

Theorem 3.17. Let E be a completely reqular topological vector space, Y a topological
vector space, U an open subset of £, L : dom L C E —'Y a linear single valued map,
T € H(E,Y), and assume (3.3) holds. Suppose F € Ayy(U,Y; L, T). Then the

following are equivalent:

(i). F is (L, T)®-inessential in Agy(U,Y; L, T);

(ii). there exists a map G € Agy(U,Y;L,T) with G = F in Apy(U,Y; L, T) and
(L+T)" MG+ T)(x)N(L+T) Y (®+T)(x)=0 for allz € U.

Proof. (i) implies (ii) is immediate. Next we prove (ii) implies (i). Suppose there exists
amap G € Agy(U,Y; L, T) with G 2 Fin Apyy(U,Y; L, T) and (L+T) Y (G+T)(z)N
(L+T)"Y(®+T)(z) =0 forallz € U. Let H : Ux|[0,1] — 2¥ with (L+T) Y (H+T) :
U x [0,1] — K(E) an upper semi continuous map, (L + T)"Y(H(-,n(-)) + T(:)) €
A(U, E) for any continuous function  : U — [0, 1] with n(0U) = 0, (L +T)~*(H, +
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T)(x) N (L+T) (@ +T)(z) =0 for any z € OU and t € [0,1], H, = F, Hy = G
(here Hy(x) = H(x,t)) and

{zeU:(L+T)(@+T)(x)N(L+T) " (H +T)(zx)#0 for some ¢t € [0,1]}
is relatively compact. Let
D={ze€U:(L+T)" (®+T)(z)N(L+T)"(H, +T)(z) # 0 for some t € [0,1]}.

If D = () we are finished. If D # ) then note D is compact, D N OU = ) so there
exists a continuous map u : U — [0,1] with u(0U) = 0 and p(D) = 1. Define
J: U — 2¥ by J(z) = H(z,u(z)). It is easy to check (a slight modification of
the argument in Theorem 3.6) that J € Apy(U,Y; L, T), Jlov = Holov = Flov,
(L+T)"H®+T)(2)N(L+T) Y (J+T)(z) =0 forz € Uand J = Fin Agy(U,Y; L, T).
Thus F is (L, T)®-inessential in Ay (U,Y; L, T). O

Theorem 3.18. Let E be a completely reqular topological vector space, Y a topological
vector space, U an open subset of E, L : domL C E — Y a linear single valued
map, T € HL(E,Y), and assume (3.3) holds. Suppose F' and G are two maps in
App(U,Y: L, T) with F = G in Agy(U,Y;L,T). Then F is (L,T)®-essential in
Apu(U,Y; L, T) if and only if G is (L, T)®-essential in Agy(U,Y; L, T).

Remark 3.19. If F is a normal topological space then the assumption that
{zeU:(L+T)(@+T)(x)N(L+T) (¥, +T)(x) # 0 for some t € [0,1]}

is relatively compact can be removed in Definition 3.15 and we still obtain Theo-
rem 3.17 and Theorem 3.18.

Theorem 3.20. Let E be a completely regular topological vector space, Y a topological
vector space, U an open subset of E, L : dom L C E — Y a linear single valued map
andT € HL(E,Y). Let F € Apy(U,Y; L, T) be (L, T)®-essential in Agyy(U,Y; L, T).
Suppose there exists a map H : U x [0,1] — 2Y with (L+T)"Y(H+T) : U x [0,1] —
K(E) an upper semi continuous map, (L+T) Y (H(-,n(-))+T(-)) € AU, E) for any
continuous function n : U — [0,1] with n(0U) = 0, (L +T) Y (H; + T)(z) N (L +
Ty Y ®+T)(z) =0 for any x € OU and t € (0,1], Hy = F (here H,(x) = H(x,t))
and

{zeU:(L+T) (2+T)(2)N(L+T) (H +T)(x)#0 for some t € [0,1]}

is relatively compact. Then there exists v € U with (L + T)"Y(H, + T)(z) N (L +
Ty Y ®+T)(x) #0.

Proof. Let

D={zeU:(L+T)"(2+T)(z)N(L+T)"(H,+T)(x) # 0 for some t € [0,1]}.
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Note D # () and D is compact, D NAU = ) so there exists a continuous map p: U —
[0, 1] with u(QU) = 0 and p(D) = 1. Define J : U — 2Y by J(x) = H(z, u(x)). Note
J € Agu(U,Y;L,T), J|lov = Flay and J = F in Agy(U,Y; L, T). Now since F is
(L, T)®-essential in Agy(U,Y; L, T) there exists x € U with (L + T)~Y(J +T)(z) N
(L+T) (@ +T)(x)#0 (le. (L+T) Y Hywy+T)(x)N(L+T)HD+T)(x)#0),
and thus z € D so pu(x) = 1 and we are finished. O

Remark 3.21. If F is a normal topological space then the assumption that
{zeU:(L+T)"(@+T)(x)N(L+T) " (H +T)(z)#0 for some ¢t € [0,1]}

is relatively compact can be removed in the statement of Theorem 3.20 and we still
obtain Theorem 3.20.
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