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ABSTRACT. We study a first-order boundary value problem subject to some boundary conditions
given by Riemann-Stieltjes integrals. Using a monotone iterative method, we formulate sufficient
conditions which guarantee the existence of extremal or quasi-solutions in the corresponding region
bounded by upper and lower solutions of our problems. The case when a unique solution exists is

also investigated. Some examples are given to illustrate our results.
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1. INTRODUCTION

In this paper, we investigate the first-order differential equation of the form:
(1.1) 2 (t) = f(t,z(t)) = Fa(t), te J=1[0,T], T < oo,

subject to various nonlocal Boundary Conditions (BCs):

(1.2) 2(0) = A[z] + d,
(1.3) 2(T) = Az] + d,
(1.4) 2(0) = —Alz] +d,
(1.5) #(T) = —\[z] +d,

where f € C(J x R,R), d € R. Here, A denotes a linear functional on C'(.J) given by

Riemann-Stieltjes integral
T
Az] :/ x(t)dA(t)
0

with a suitable function A of bounded variation. The advantage is that the well-

studied multipoint and integral BCs are both included as special cases.
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Note that, BCs in (1.2)—(1.5) cover some nonlocal BCs, for example

ANzl = pz(T) + a,

Ma] =D Biw(&)+b, 0<&<&<-<&<T,
i=1

Alz] :/0 x(t)g(t)dt + ¢, ge C(J,Ry).

Ifa=0and 8 =1or = —1, then we have periodic or anti-periodic problem, see
for example [1], [3], [11], [12], see also [7]; for multipoint problems, see [4], [6], and
BC with g(t) = k € R, see [5]. Indeed, we have more papers in which boundary value
problems have been discussed with BCs as in the above mentioned special cases for

A.

It is important to indicate that boundary conditions involving Stieltjes integrals
appeared in some papers in which the problem of existence of positive solutions to
differential equations have been discussed. When we apply fixed point theorems
in cones, then we can obtain conditions which guarantee the existence of positive
solutions in cones for boundary problems also for cases when the measure dA changes

sign, see for example, [13], [14], [8], [9].

It is well known, that the monotone iterative technique offers an approach for
obtaining approximate solutions to boundary value problems of differential equations,
see for example [12], [2]. According to our knowledge, using the monotone iterative
technique, the existence results are formulated only for special cases of functional
A. In this paper, we study problem (1.1) under quite general boundary conditions
given by functional A. To obtain the existence results we use the monotone iterative
method based on inequalities and therefore we are not able to discuss our problems
when the measure dA changes sign. Therefore, we discuss boundary value problems
under the assumption that the measure dA in functional A is non-negative. Looking
on BCs (1.4), (1.5) we see that the measure —dA is now non-positive to cover the
case of anti-periodic solutions too. The monotone iterative method has also been

discussed in paper [10] to second order differential equations with Stieltjes integrals.

We establish sufficient conditions under which boundary value problems have
solutions: extremal, quasi or a unique solution too. Two examples are added to

verify theoretical results. Let us introduce the following assumption:

H,: feC(JxRR), Ais a function of bounded variation and the measure dA is

non-negative.
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2. LEMMAS

First, we consider two boundary value problems:

(2.1) { ?(t) = —M()x(t) + h(t), te
' 2(0) = \z]+d, deR,

(2.2) Z(t) = M(t)z(t) = h(t), teJ,
| o(T) =Na]+d, deR.

Lemma 2.1. Suppose that:

Hy: M,h € C(J,R), and A is a function of bounded variation and moreover

/0 ’ exp (_ /Ot M(S>ds) dA(t) # 1.

Then problem (2.1) has a unique solution given by

o) = P(t){[l— /0 TP(s)dA(s)} h [d + /0 ' (P(s) /0 SP_l(u)h(u)du) dA(s)]}

+P(1) /0 P1(s)h(s)ds

P = (- [ ar(eiac).
Proof. Note that

2(t) = exp (— /0 tM(s)ds) {x(O) + /0 exp ( /0 S M(T)df) h(s)ds] .

Now, using the boundary condition x(0) = A[z] + d and Assumption Hs, we have the

with

assertion of this lemma. O

Similarly as Lemma 2.1, we can prove the following result.

Lemma 2.2. Suppose that:
Hs: M,h e C(J,R), and A is a function of bounded variation and moreover

/OTexp <— /T M(s)ds) dA(t) # 1

Then problem (2.2) has a unique solution given by

z(t) = {{1—/ Q(s)dA(s ] h [d+/0 (Q(s)/STQ_l(T)h(T)dT) dA(s)”

T

Q) / Q(s)h(s)ds

Qt) = exp (— / ' M(&)d&) |

with
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Lemma 2.3. Suppose that:
Hy: M € C(J,R), A is a function of bounded variation, the measure dA is non-

negative and moreover

(2.3) /OT exp (— /Ot M(s)ds) dA(t) < 1

Let p € C*(J,R) and

—N
%\
=

IA N
|
=
S
=
~
m
]

Then p(t) <0 on J.

Proof. Indeed,

< (- | t M(s)ds ) 0).

Now, using the condition p(0) < A[p] and (2.3), we have the assertion. O
In a similar way, we can prove the following lemma.

Lemma 2.4. Suppose that:
Hs: M € C(J,R), A is a function of bounded variation, the measure dA is non-

negative and moreover

(2.4) /0 " e (- /t : M(s)ds) dA(t) < 1.

Let p € CY(J,R) and
M(t)p(t), teJ,
[p]-

—
< o
S =
VANAYS
>

Then p(t) <0 on J.

3. SOME COMMENTS TO SECTION 2

1. Let T
/0 (AW = ra(r), 7> 0.

Then conditions (2.3) and (2.4) take respectively the form

7exp< /M s)<1, e (0,7,
vexp< /M s)<1, wel0,T).

/(; Z’yz ,uz Yi > 0.

2. Let
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Then conditions (2.3) and (2.4) take respectively the form

Z%exp( / M(s

<1, O0<p <po<- - <pby <T,

3. Let
T

T
(s)ds) <1, 0< g <pg<-++<fiy,<T.
Hi
T
/ x(t)dA(t) :/ z(t)g(t)dt, ge C(J,R,).
0 0
d

Then conditions (2.3) and (2.4) take respectively the form

[ e (- [ arcoyas) attyae < 1.

/OTeXp (— t M(s)ds) g(t)dt < 1.

/OTx(t)dA(t) = 2:: / V 2(s)g(s)ds,

wheregGC(J,R+), Oglul<71<:u2<72<"'<ﬂm<7m§T-
Then conditions (2.3) and (2.4) take respectively the form

Z/ eXp( /M ds) t)dt < 1,
Z/ exp( /M ds) (t)dt < 1.

5. Also we can consider the case when the above points 2 and 4 are combined.

4. Let

4. EXISTENCE OF SOLUTIONS TO PROBLEMS (1.1), (1.2) and
(1.1), (1.3)

Now, we derive a fixed point result for nondecreasing mappings in ordered spaces
which play a central role in our investigations. We say that @ : [a,b] — [a,b] is
nondecreasing if Qx < Qy for z,y € [a,b] and = < y. We say that x € [a,b] is the
least fixed point of @ in [a, ] if = Qx and if z < y whenever y € [a,b] and y = Q.
The greatest fixed point of @) in [a, b] is defined similarly, by reversing the inequality.
If both least and greatest fixed point of @ in [a, b] exist, we call them extremal fixed
points of @ in [a.b].

Theorem 4.1 (see [2]). Let [a,b] be an ordered interval in a subset Y of an ordered
Banach space X and let @Q : [a,b] — [a,b] be a nondecreasing mapping. If each
sequence {Qx,} C Q([a,b]) converges, whenever {x,} is a monotone sequence in
la,b], then the sequence of Q-iteration of a converges to the least fixed point x, of
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Q) and the sequence of Q-iteration of b converges to the greatest fized point x* of Q).
Moreover,

z, =min{y € [a,b] : y > Qu}, and z* = max{y € [a,b] : y < Qu}.
Let us introduce the following definition.
We say that u € C'(J,R) is a lower solution of (1.1), (1.2) if
u'(t) < Fu(t), t € J, u(0) < Au|]+d,
and it is an upper solution of (1.1), (1.2) if the above inequalities are reversed.

Theorem 4.2. Assume that Assumption H, holds. Let 3,29 € C*(J,R) be lower
and upper solutions of problem (1.1), (1.2) respectively and yo(t) < zo(t), t € J. In

addition, we assume that:
Hg : there exists a function M € C(J,R) such that condition (2.3) holds and
ftur) = ftv) < M()[vr — ui]
if yo(t) < uy < wvr < 2(1).
Then problem (1.1), (1.2) has, in the sector |yo, 20|, extremal solutions, where

[0, 20] = {w € CH(J,R) : yo(t) < w(t) < 2(t), t € J}.

Proof. Foreach h € C(J,R), problem (2.1) has a unique solution  given in Lemma 2.1.
Indeed, x is also a unique fixed point of operator Sy, so x = Spx. Choose hq, hy €
C(J,R) such that hy(t) < hy(t) on J. Let 21, x5 denote the solutions of problem (2.1)
with hq, ho instead of h, respectively. Put p = x1 — x5. Then,

Pt) = —M()pt) + hi(t) — ho(t) < —M(t)p(t), t € J,

p(0) = Alpl.
In view of Lemma 2.3, we see that z1(t) < z3(t) on J; so the operator S, is nonde-
creasing. It is also continuous.

For u € [yo, 20|, we put
Fu(t) = Fu(t) + M(t)u(t),

where the operator F' is defined as in problem (1.1). We define the operator S = Sr.

Let 1y = Syg, x5 = Sz, so

{x&(t) = M) (t) + Fyo(t),

and
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Now, apply Lemma 2.3 with p = yo—x1; so it is easy to show, using the definition
of the lower solution g, that yo < x1 = Syo. Similarly, we can show Szy = x5 < 2.

Put x = 1 — 2. Then
d(t) = —M(t)x(t) + Fyo(t) — Fzo(t) + M(t)[yo(t) — 20(t)] < —M(t) (1),
z(0) = Az

Using again Lemma 2.3, we see that x; < x9; so the operator S is nondecreasing. It

means that yo < Su < zy for u € [yo, 20]. Hence S : [yo, 20] — [y, 20] and operator S
is bounded because ||Su|| < max(||yol|,||20]]) = B.

Let {y,} be a monotone sequence in [y, 20]; S0 Yo < Sy, < 29. Hence ||Sy,| < B.
It is easy to show that {Sy,} is equicontinuous. By Arzeli-Ascoli theorem, {Ay, }
is compact. It proves that {Sy,} converges in S([yo, 20]). Finally, operator S has a
least and a greatest fixed point in [y, 20, by Theorem 4.1. It results that problem

(1.1), (1.2) has minimal and maximal solutions in [yo, zo]. This ends the proof. O

Theorem 4.3. Assume that all assumptions of Theorem 4.2 hold. In addition, we

assume that the following assumption H; holds with:

H; : there exists a function L € C(J,R) such that M(t) + L(t) > 0, t € J, condition
(2.3) holds with L instead of —M and

f(tv1) = f(tur) < L(t)[or — ud
if yo(t) <y <wvr < 2(1).
Then problem (1.1), (1.2) has, in the sector [yo, 20|, a unique solution.

Proof. In view of Theorem 4.2, yy < y < z < 2y, where y, z are corresponding minimal

and maximal solutions of problem (1.1), (1.2) in [yo, 20]. Put p = z — y. Hence,

p(t) = Fz(t) — Fy(t) < L(t)p(t),
p(0) = Alp].
By Lemma 2.3, z < y, so the assertion holds. O

Now, we will discuss problem (1.1), (1.3). We say that u € C'(J,R) is a lower
solution of (1.1), (1.3) if

W'(t) < Fu(t), t€J, u(T)> Nu]+d,
and it is an upper solution of (1.1), (1.3) if the above inequalities are reversed.

Theorem 4.4. Assume that Assumption H, holds. Let yo,zy € C*(J,R) be lower
and upper solutions of (1.1), (1.3), respectively and zo(t) < yo(t), t € J. In addition,
we assume that the following assumption Hg holds with:

Hyg : there exists a function M € C(J,R) such that condition (2.4) holds and
[t u) = ftv) 2 =M(E)[v1 — w]



202 T. JANKOWSKI
if 20(t) < uyp < vy < yolt).

Then problem (1.1), (1.3) has, in the sector [zo, o], extremal solutions.

Proof. For each h € C(J,R), problem (2.2) has a unique solution x given in Lemma 2.2.
Indeed, z is a unique fixed point of operator Dy, so z = Dpz. Choose hy, hy € C(J,R)
such that hi(t) < hy(t) on J. Let x1, 25 denote the solutions of problem (2.2) with
hi, ho instead of h, respectively. Put p = x; — x5. Then,
{ P(t) = ME)p(t) — hi(t) + ha(t) > M(t)p(t), t € J,

p(T) = Alpl.
In view of Lemma 2.4, we see that x1(t) < x2(t) on J; so the operator Dy, is nonde-
creasing. It is also continuous.

For u € |29, yo|, we put
Fu(t) = Fu(t) — M(t)u(t),

where the operator F' is defined as in problem (1.1). We define the operator D = D.
Let x1 = Dz, ©9 = Dyp, so

zi(t) = M()z1(t) + Fzo(t),
1 (T) = M| +d,
and
zy(t) = M(t)za(t) + Fyolt),
2o(T) = Mag] +d.
Now, apply Lemma 2.4 with p = x9 —yp; so it is easy to show, using the definition
of the lower solution vy, that yo > x9 = Dyg. Similarly, we can show Dzy = 21 > 2.
Put x = 21 — 5. Then
2'(t) = M()zt) + Falt) — Fyo(t) + M(E)[yo(t) — 20(t)] = M(t)x(t),
z(T) = Mz
Using again Lemma 2.4, we see that x; < x9; so the operator D is nondecreasing. It
means that zyp < Du <y, for u € [20,y0]. Hence D : [z, 0] — |20, %0] and operator
D is bounded because ||Dul|| < max(|lyoll,||20]]) = B. Similarly as in the proof
of Theorem 4.2, we can show that problem (1.1), (1.3) has minimal and maximal

solutions in [z, yo]. This ends the proof. O

Theorem 4.5. Assume that all assumptions of Theorem 4.4 hold. In addition, we

assume that the following assumption Hg holds with:

Hy : there exists a function L € C(J,R) such that M(t) + L(t) > 0, t € J, condition
(2.4) holds with —L instead of M and

ftv) = f(t,ur) > —L(t)[v1 — ]

if 20(t) < wy < o < yo(t).
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Then problem (1.1), (1.3) has, in the sector [z, yo|, a unique solution.

Proof. In view of Theorem 4.4, zy < z <y < 1y, where z, y are corresponding minimal

and maximal solutions of problem (1.1), (1.3) in [z0, yo]. Put p =y — z. Hence,
p(t) = Fyt) — Fz(t) = =L(t)p(t),
p(T) = Alpl.
By Lemma 2.4, y < z, so the assertion holds. O

5. EXISTENCE OF SOLUTIONS TO PROBLEMS (1.1), (1.4) and
(1.1), (1.5)

Note that BCs (1.4) and (1.5) have minus before the functional A. It means that
in our considerations will appear the notations of coupled lower and upper solutions.
As the consequence of it, we have to discuss systems of equations or inequalities giving

corresponding lemmas.

First, we consider the linear system of the form:

{y'<t> = —M(t)y(t) +h(t), ted, y(0)=-\z+d,

(5.1)
() = —M(6)(t) + ha(t), t€J, 2(0) = Ay +d.

Lemma 5.1. Suppose that Assumption Hy holds with hq, ho instead of h.

Then problem (5.1) has a unique solution given by

v = Py i- [ OTP ) Hy(s)dA(s)

- (d -/ ) P<s>H1<s>dA<s>) / ) P(s)dA<s>] + H1<t>} ,

) = t{%{d OTP Hy()dA(s)

(4= [ Pomoae) [ peiae) + o)

2

P = oo (- [aei). a=1-([ roue)

Hy(t) = /OP_l(s)hl(s)ds, Hg(t):/() P7(s)hy(s)ds.

with

y(t) = P@)y(0) + Hi(t)],
2(t) = P(t)[2(0) + Ha(1)]-
Now, using the boundary conditions to eliminate y(0), z(0) and Assumption Hs, we

have the assertion of this lemma. O
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Lemma 5.2. Suppose that Assumption Hz holds with hq, ho instead of h.
Then problem
(5.2) y't) = M@y@)—hi(t), teJ, yT)=-A:+d,
| Y(l) = M=) — ha(t), teJ, 2(T) = -y +d

has a unique solution (y,z) given as in Lemma 5.1 with
2

xp (— / TM(&)ds), A=1- ( / TP(s)dA<s>) ,

Hy (1) ::l/ P1(s)hy (s)ds, 1&&):1/ P1(s)ha(s)ds.

t t

P(t)

Lemma 5.3. Suppose that Assumption Hy holds.
Let p,q € CY(J,R) and

pt) < M@p(t), ted, p(0) <A,
q(t) < M(t)(t), teJ, q(0)=<A[p.
Then p(t) <0, q(t) <0 on J.
Proof. Indeed,
t
p(t) < exp (—/ M(s ds)
q(t) < exp ( / M(s ds)
Now, using the conditions for p(0), ¢(0) and (2.3), we have the assertion. O
Lemma 5.4. Suppose that Assumption Hs holds.
Let p,q € CY(J,R) and
pt) = M(t)p(t), ted, p(T)<Ad,
¢(t) = M(t)q(t), ted, q(T)<Apl
Then p(t) <0, q(t) <0 on J.
Proof. Indeed,
T
p(t) < exp(—/ Msds) (1),
q(t) < exp < / M(s ds) (T).
Now, using the conditions for p(0), ¢(0) and (2.4), we have the assertion. O

We say that u,v € C'(J,R) are coupled lower and upper solutions of problem
(1.1), (1.4) if
{uﬁ)g Fu(t), teJ, u(0)
>

<
Fo(t), ted, v(0)>—
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We say that U,V € C1(J,R) are coupled quasi-solutions of problem (1.1), (1.4)
if
Ut) = FU),ted, U0 ==\V]+d,
V'(t) = FV(t),teJ, V(0)=-=NU]+d.
Theorem 5.5. Assume that Assumptions Hy, Hg hold. Let yo,z9 € CH(J,R) be
coupled lower and upper solutions of (1.1), (1.4) and yo(t) < zo(t), t € J.

Then problem (1.1), (1.4) has, in the sector [yo, z0], coupled quasi-solutions y, z
and y < z.

Proof. Let n,€ € [yo, 20]. Put ¢(t) = sup[n(t),&(t)], (t) = inf[n(t),&(t)]. Consider
the following system:

5.3 { V() = Fo(t) — MO)[u(t) — )], ted v(0)=—Nuw]+d,
' wW(t) = Folt)— M®)wt) — @), ted, w0)= -] +d.

By Lemma 5.1, system (5.3) has a unique solution. Therefore, we can define the

operator

(5.4) B:Q— C'Y(J) x C'(J), B(n,€) = (v, w),
where (v, w) is the solution of (5.3), Q = [yo, 20] X [v0, 20]-
Now, we want to show that

(5.5) yo(t) <o(t) <w(t) < z(t), t €.

Put p =y — v, g = w — zp. Then

p(t) < Fyo(t) — FO@) + M(¢)[v(t) — 2(t)] < M@)[P(t) — yo(t)] = =M (¢)p(1),
() < Fo(t) = M()[wt) —¢t)] — Fzlt) < —M(t)q(?)
Moreover
p(0) < —Alzo] + Alw] = Alg],
q(0) < —Afv]+ Alyo] = Alpl.

This and Lemma 5.3 show that yo(t) < v(t), w(t) < z(t), t € J. To show that
v(t) <w(t), t € J, we put p=v — w. Then
pt) = Fo(t) — Fo(t) — M(t)[v(t) — () —w(t) + ¢(t)] < —M(t)p(t),
p(0) = —Afw]+ Afv] = Alpl.
This and Lemma 2.3 show that v(t) < w(t), t € J so (5.5) holds.
Hence B : Q — €. Using (5.3), we can define two sequences {y,, 2, } by relations
Yni1(t) = Fyn(t) = MO)[ynt1(t) —ya®)], 1€ T, yn11(0) = =Alzps] + d,
Z;L+1(t) = an(t) - M(t)[zn—i-l(t) - Zn(t)]> te J> Zn-i—l(o) = _)‘[yn—i-l] +d

forn=0,1,.... In view of (5.5), we have
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The sequence {y,} is nondecreasing while {z,} is nonincreasing. Note that the se-
quences {yy, 2, } are uniformly bounded. Indeed, y,, 2, are equicontinuous too.

The Arzela-Ascoli theorem guarantees the existence of subsequences {yy, , zn, } of
{Yn, zn}, respectively, and continuous functions y, z with y,,, , z,, converging uniformly

on J to y and z, respectively. Note that y,,, z,, satisfy the integral equations

Ynir(t) = ynk+1(0)+/0 [EYni (8) = M) (Yny41(8) = yni (s))] ds, T € J,

tt(t) = Znsa(0) + / [F 20, (8) = M(1) (20, 1(5) — 2y ()] ds, 1€ J,

and

ynk-l-l(O) = _A[an-i-l]—i_d?
Z+1(0) = =Alyng41] + -

If n, — oo, then from the above relations, we have
y(t) = y(0)+ /Ot Fy(s)ds, te J, y(0)=—-\z]+d,
2(t) = 2(0)+ /Ot Fz(s)ds, te J, 2z(0)=—-Ay]+d
because f is continuous. Thus y,z € C*(J) and
y'(t) = Fy(t), 2'(t)=Fzt), te
It proves that y, z are coupled quasi-solutions of problem (1.1), (1.4) and y < z. This

ends the proof. O

Our next theorem concerns the case when problem (1.1), (1.4) has a unique

solution.

Theorem 5.6. Assume that all assumptions of Theorem 5.5 are satisfied. In addition

assume that Assumption H; holds.

Then problem (1.1), (1.4) has, in the sector [yo, 20|, a unique solution.

Proof. Theorem 5.5 guarantees that functions y, z are coupled quasi-solutions of prob-
lem (1.1), (1.4) and yo(t) < y(t) < 2(t) < 20(t), t € J. We first show that y(t) = 2(¢),
teJ. Put p=2—y. Then

p't) = Fz(t) - Fyt) < L(t)pt), te

p(0) = Alpl.
In view of Lemma 2.3, y(t) > z(t), t € J. It proves that y = z, so problem (1.1),
(1.4) has a solution.

It remains to show that y = z is a unique solution of (1.1), (1.4) in the sector
(Y0, 20]. Let w € [yo, 20] be any solution of (1.1), (1.4). We assume that y,,(t) <
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w(t) < zp(t), t € J for some m. Let p = yp1 — w, ¢ = W — zp11, where y,,, 2, are
defined as in Theorem 5.5. Then,

P(t) = Fym(t) = MO)ymir(t) = ym(t)] = Fuw(t) < =M (@)p(t),
q(t) = Fuw(t) = Fzn(t) + M(t)[zm41(t) — 2m(t)] < =M (t)q(t),

and

It gives Yma1(t) < w(t) < zpya(t), t € J. By induction, y,(t) < w(t) < z,(t),
teJ, n=20,1,.... If n — oo, then y = z = w which proves the assertion of our

theorem. O

Now, we will discuss problem (1.1), (1.5). We say that u, v € C*(J,R) are coupled
lower and upper solutions of problem (1.1), (1.5) if

wW(t) < Fu(t), ted, (Tl
v’ >

Z _
(t) Fot), ted, o(T)<-

We say that U,V € C*(J,R) are coupled quasi-solutions of problem (1.1), (1.4)
if
Ult) = FU@t),ted UT)=-NV]+d,
Vi(t) = FV(t),ted V(T)=-\U]+d.
Theorem 5.7. Assume that Assumptions Hy, Hg hold. Let yo, 20 € CY(J,R) be

coupled lower and upper solutions of (1.1), (1.5) and z(t) < yo(t), t € J.

Then problem (1.1), (1.5) has, in the sector [zo,yo], coupled quasi-solutions y, z
and z < y.

Proof. We introduce only the definitions of sequences:

Y1 (1) = Fyn(t) + M) [yni1(t) = ya()], g2 (T) = =Aznia] +d,
Zpat) = Fzo(t) + M(0)zn12(t) = ()], 202 (T) = =Alynsa] + d.

Similarly as before, we can prove the assertion of this theorem. O

Our next theorem concerns the case when problem (1.1), (1.5) has a unique

solution.

Theorem 5.8. Assume that all assumptions of Theorem 5.7 are satisfied. In addition

assume that Assumption H; holds.

Then problem (1.1), (1.5) has, in the sector [z, o], a unique solution.
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6. EXAMPLES
Example 6.1. Consider the following differential equation:
(6.1) o' (t) = 2[exp(z(t)) — exp(—1)] = Fa(t), teJ=][0,T].

Note that M(t) = 2exp(t), see the condition for f in Assumption Hg. Now we

consider equation (6.1) with the boundary condition defined in points 1. or 2.

1. Let Mz| = /0 x(s)g(s)ds, g€ C(J,Ry), so

(6.2) z(T) = /0 z(s)g(s)ds, ge€ C(J,Ry).
Let us assume that

(6.3) /0 exp[2exp(s)]g(s)ds < exp[2exp(T)],
(6.4) /0 g(s)ds <1, /0 sg(s)ds <T.

Take yo(t) =t, 20(t) = —1, t € J. Then

Fyo(t) = 2[exp(t) —exp(=1)] > 1 =y (t),
Fz(t) = 0=2z(t)

and

/oTyo<s>g<s>ds = /0T89<s>dssT:yo<T>’

by (6.4). It proves that v, zo are lower and upper solutions of problem (6.1), (6.2).
By Theorem 4.4, this problem has extremal solutions in the sector [—1,¢].

For example, if we take g(t) = t, T < /2, then conditions (6.3) and (6.4) are
satisfied.

2. Let A\[z] = —/O z(s)g(s)ds—1, ge C(J,R;), so

T
(6.5) z(T) = —/ z(s)g(s)ds—1, ge C(JR,).
0
Let us assume that conditions (6.3) and (6.6) hold with
T
(6.6) / g(s)ds < 1.
0
Put yo(t) =0, 20(t) = —1, t € J. Then

Fyo(t) > 0 =yp(t), Fzo(t) =0 = z(1)
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and

- [ atatas=1 = [ glpds—1<0= (1),
- [ wlslaps =1 = —1= ()

by (6.6). It proves that v, zo are coupled lower and upper solutions of problem (6.1),
(6.5). By Theorem 5.7, this problem has quasi-solutions in the sector [—1, 0].

Example 6.2 (see [5]). Consider the following differential equation:

)-
(6.7) 2'(t) = exp (tsin®z(t)) = Fa(t), t€J=[0,T]withT =In2.

We consider equation (6.7) with the condition defined in points 1 or 2 (the results

are taken from paper [5],

T
1. Let A[z] :/ x(s)ds, so
0

(6.9) 2(0) = /0 2(5)ds.

Note that yo(t) = 0, 29(t) = exp(t), t € J are lower and upper solutions of (6.7),
respectively. Problem (6.7), (6.8) has extremal solutions in the sector [yo, z0], by
Theorem 4.2.

T
2. Let \[z] = —/ x(s)ds, so
0

(6.9) z(0) = —/0 x(s)ds.

Indeed, yo(t) = —1, 20(t) = exp(t), t € J are coupled lower and upper solutions of
(6.7). Problem (6.7), (6.9) has quasi-solutions in the sector [yo, 29|, by Theorem 5.5.
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