Dynamic Systems and Applications 24 (2015) 243-258

NECESSARY CONDITIONS OF OPTIMALITY FOR STOCHASTIC
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ABSTRACT. This paper is devoted to optimal control problem of stochastic switching systems.
Dynamics of this processes governed by stochastic differential equations with control terms in the
drift and diffusion coefficients. Necessary conditions for optimality of described systems with the
restrictions in each interval are obtained. The constraints on the transitions are described by the
set of functional inclusions. Ekeland’s variational principle are applied to prove maximum principle

in general form.
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1. INTRODUCTION

Optimal control problems of stochastic systems have a multitude practical appli-
cations in fields such as pricing an option,forecasting the growth of population and
determining optimal portfolio of investments,etc. [1, 2, 3, 4, 5]. Modern theory of
stochastic optimal control in the main has been developed along the two lines: maxi-
mum principle and dynamic programming [6, 7]. The analogue of maximum principle
for stochastic systems has been first obtained by Kushner [8]. Earlier results on the
developments of Pontryagin’s maximum principle for stochastic control systems are
met in [9, 10, 11, 12]. Investigation of stochastic maximum principle by using random
convex analysis was obtained by Bismut [13]. In [14, 15, 16] are obtained the modern
presentation of maximum principle for stochastic systems with backward stochastic
differential equations . Many real systems have unpredictable structural changes in
their behavior from causes of random failures, sudden disturbances, abrupt variation
of the connecting points on a mechanisms. These processes have been described by
the collection of stochastic differential equations [17, 18] are known as hybrid systemns.
A switching systems are special class of hybrid systems and have the advantage of
modeling nature phenomena with the continuous changing law of system’s structure.
Therefore optimization problems of switching systems provide both theoretical and
practical interest [19, 20, 21, 22, 23].
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This paper is dedicated to the stochastic optimal control problems of switching
systems with controlled drift and controlled diffusion coefficients. We obtain necessary
condition of optimality in the form of a maximum principle for such systems, where
the restrictions on transitions are described by functional constraints in the each of

constituent interval.

In present paper, backward stochastic differential equations have been used to
prove a maximum principle for stochastic optimal control problems of switching sys-
tems. Optimal control problems of stochastic switching systems with uncontrolled
diffusion coefficients have been considered by the authors in [24, 25, 26, 27]. The
problem with controlled diffusion coefficients without endpoint constraints is studied
in [28]. Stochastic switching systems with controlled diffusion and with the special

type of restrictions were investigated in [29, 30].

This paper contains five sections. Notations, definitions and the statement of
main problem are given in Section 2. Section 3 is devoted to problem of optimality
of stochastic switching systems with controlled coefficients. In section 4 stochastic
optimal control problem of switching system with endpoint restrictions is treated. It
is proved some important facts for our goal and is established necessary condition of

optimality in form of maximum principle. Conclusion finalizes the present paper.

2. DESCRIPTION OF MAIN PROBLEM

Following notations are used throughout present paper. R™ represents the m
dimensional real vector space; | - | denotes the Euclidean norm. We use N as notation
for some positive constant; 1,7 denotes the set of integer numbers 1,...,r. Assume
that o-algebras F! = &(wl,t;_, < t < t;) are generated by independent Wiener
processes w;, w2, ..., wl. Let (2, F, P) be a complete probability space with filtration

{F,t € [0,T)}, where I, = 6(F!,l = 1,7). L3,(0,T; R™) denotes the space of all

T
predictable processes x;(w) in R™ such that E [ |x,(w)|?dt < +o00. RF*™ represents
0

the space of all linear transformations from R® to R™. Let O; C R™, Q; C R™, be
open sets. Unless specified otherwise, we will use following notations: t = (¢, . ..,%.),
u=(u!,...,u") and x = (z',...,2")

Consider the following stochastic control system:

(2.1) dat = gl(ah ul, t)dt + (ol ul, t)dwl, te (toy, ]l =T1,7;
(22) l’g—l:@l(gj’il,tl)l::[”r—]_ ;xio :ga
(2.3) uhb € Uy = {ul(-,") € L3.(t;_1,t;; R™)|ul(t,-) € U C R™ a.c.}

where {t;} denote the time that z; is heavily changed, which are a series of unknown

moments satisfying t; < to <tz <---.
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Elements of Uy = U} x U3 x --- x U} are called admissible controls. Our main
goal is to find optimal inputs (x!, 22, ... 2", u!,v? ... u") and switching sequence
t1,ta,...,t., which are minimize following cost functional:

(2.4) J(u) = E |z} ) + Z /pl(xi,ui,t)dt

l:lth1

on the decisions of the system (2.1)-(2.3), which are generated by all admissible

controls at conditions:

(2.5) Ed(z})ed, 1=Tr.
G' are a closed convex sets in R!.
To establish necessary condition of optimality for the stochastic control problem

(2.1)-(2.5) we need to the following assumptions.

(H1) Functions ¢!, f!, p!, ®!, ¢! are twice continuously differentiable with respect to
foreach [ =1,2,...,r.

(H2) Foreachl = 1,2,...,r functions ¢', f', p!, and all their derivatives are continuous
n (z,u). gt,gt., f, fL.,pL. are bounded and hold the linear growth conditions.

(H3) Functions ¢(x) : R™ — R are twice continuously differentiable and hold the

condition:
|o(@)] + [u(2)] < N1+ [2]), [¢ra(z)] < N.
(H4) For each I =1,2,...,r — 1 functions ®!(x,t) : R™ x T — R! are twice continu-
ously differentiable with respect to (¢) and satisfy the condition:
}(IDl(:B,t)} + ‘@f,c(:)s,t)‘ < N1+ |z|), }@ﬁm(z,t)} < N.

(H5) Functions ¢! (x) : R™ — R/l =1,r are continuously differentiable with respect

to (z) and meet the condition:

' (@)] + |- ()| < N1+ z]), |du(2)] < N.

Consider the sets:

Ai:Ti+1X]jOij[Qj, 'é:]-ar>
j=1 j=1

with the elements

i 1,2 i1 2 i
= (to, b1y iy Ty, Ty o Xy w U LU,

Definition 2.1. Collection of stochastic processes {z} = 2!(t,7)}, t € [t;-1,4],1 =
1,7 is called a solution of variable structure system (2.1)—(2.2) corresponding to an
element 7" € A,, if stochastic process 2! € O; almost certainly continuous on the
interval [¢;_1, ], holds the condition (2.2) at point ¢; and satisfies the equation (2.1)

almost everywhere.
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Definition 2.2. 7" € A, is called the admissible element if pairs (2%, ul),t € [t;_1, ],
[ =1,r satisfy (2.1)-(2.3) and conditions (2.5).

Definition 2.3. Let A? be the set of admissible elements. The element 7" € A?, is
called an optimal solution of problem (2.1)—(2.5) if there exist admissible controls .,
t € [t;_1,t] and corresponding solutions of system (2.1)—(2.2) such that pairs (z!, @),

[ = 1,7 minimize the functional (2.4).

3. MAXIMUM PRINCIPLE OF STOCHASTIC SWITCHING
SYSTEMS

Applying the similar technique as in [28] following necessary condition of opti-
mality for stochastic control system (2.1)—(2.4) is obtained.

Theorem 3.1. Suppose that,
7" = (to, t1,. .. texp, .., xh ut, L u”)

is an optimal solution of problem (2.1)~(2.4) and conditions (H1)—(H4) hold . Then,

a) there exist stochastic processes (Y1, B1) € L%, (t_1,t;; R™) x L2, (t;_1, t;; R™*™™) and
(WL, KL) € L2, (ti1, ti; R™) X L2, (i1, tr; R™™™) which are the solutions of the follow-

mg conjugate equations:

dyl = —HL(L ol ul t)dt + Bldwl, ¢ <t <t,l=1,r,
(3.1) vl =t el (el ), l=Tr =1,
,lvbtr = pr(xtr)>

dv; = [H (W, g, ug, t) + HY, (Y, @, ug, t)

+ (b ul, )WL (2l ul, 1)) dt + Kldwl, t € [t_q,t)
Ul =0l (ol ), 1=Tr—1,
\:[I;r = _909090(56:5;)

(3.2)

b) almost everywhere in 0 € [t;_1,t;], and ¥V @' € U', 1 = 1,7, almost certainly (a.c.)
fulfills the maximum principle:
(3.3)

HY (b, 2, ul, 0) — HY (Y, 2b, ub, 0) + 0.5A 0 f1* (2l ul, ) UL A fH (b, uly, 0) <0

c) following transversality conditions hold:

(3.4) Y oy(al ) =0,1=T,r—1, ac.

Here we used following notations:
Hl(%; Ty, Up, ) = wtgl(xta ug, t) + 6tfl(xt7ut7 t) — pl(xtu ug, ),

H' (\Iltvxtvutu t) = ‘I’tgl (xt, utvt) + gl* (xtautu t) v, + thl (xtvutv ) + f (xta Ut, )Kt-
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Proof. Let ! = ul+ Al [ = 1,7 represent some admissible controls and z! = z! + Az!
[ = 1,r represent the corresponding trajectories of system (2.1)—(2.3). Let 0 =ty <
t; < --- <t, =T be switching sequence. Then following identities are obtained for
some sequence 0 =) <t; <---<t, =T
(3.5)

dAZ, = [Apg' (2, ul, t) + gL (2, ul, ) AL + 0.5Az; gl (2, ul, t) Ay | di+

[Ag fi(ad, ul,t) + fL(2h, ul, 6)AZL + 0.5Ax; fL (2, ul, 6) Az, | dwl + ), t € (-1, 1)

Az =0,

Azl =0 (@ ) — e (el ), =27

where
1

ntl = {/ |:g:c (Zlft + HAftaut> ) gx (zt’ut’ )} AItd’u

0

1
+ 0.5 /Ai{f* [gxx(xt +/J’Axt7ut7 ) gxx(xffvutv )] Amtdu}d
0

1
+ { / [fo (2l + pAzy al, ) — f2 (o), ul, )] Azldp

0
1

+0.5- /Al’i* [ (xt + MAxtvutu ) o f (xffvutv )} Axtd:u’}dwt
0

According to Ito’s formula implies that following identities are true:
(3.6)
d(pr AZLAL) = dyl ATLAL, +w§*dAfiAfl + { B [Au fi (2l ul, ) + fL(al, ul, t) Az

+0.5Az fL (2L, ul, ) AZUAL + B> f [ fL(2) + pAz, al, t) — fL(al,al,t)] AT ALdp
+0.50 fAi’t* [ ro(@) + pAT A, t) — f1 (2], g, )] Az AL } dt
0

and
(3.7)
d(AZFUIATIAL) = AT ULAT + Azl dUIAZ AL + A UldATL AL+
dAZFULATIAL + {KYF[Agfi (2l ul, t) + fLal, ul, ) Az + 0.5AZ fL (2l ul, t) AT AL,
HAfy (@, up 1) + fi(wg, up, AT, + 0.5AFY fi, (wf, uy, ) AT W}
[Apfi(al,ul,t) + fL(xl, ul, ) AZL + 0.5AZ fL (2, ul, t) AT AL Hdt

Note that linear terms in (3.5) can be handled in the following way. Consider the

following matrix-valued equations:
dZt = Attht + Btth'lUt,
Zy =1,
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which have a unique solution Z; with Esup || Z,||* < co,s > 1, if A, and B, are the
predictable and bounded matrices (see [11]). It is easy to show that the matrix Z;

has an inverse and G, = Z; ' is a solution of the equation:

dG’t = — (GtAt — GtBtBt) — GtBtdwt,
Go=1.

In order to establish the existence and uniqueness of solution of adjoint stochastic
differential equations, it is enough to follow the method described in the article [10]
and to make use the independence of Wiener processes w;,...,w! in the each in-

terval [t;_1,t], | = 1,...,r. The stochastic processes 1!, Ul [ = 1,7, at the points

t1,to,...,t,. are defined as:

(3.8) b, = Ve L (g, 1), L=T,r =15 4y = —pu(af)
and

(3.9) U =0l (o) ), I=Tr=1; U] =—p.(z)

Using the expressions (3.5)-(3.9) for the increment of a functional (2.4) we obtain the

form as indicated below:
(3.10)

AJ(u)zE{so(zz;) ol >+if[ @,ui,w—pl<xi,ui,t>}dt}:

=1t
_ZEI {Aqul (Wf, 2, ug, t) + H (94, xp, g, )Axt +0.5 - Ag f7(af, uf, 1) Wy
A f! (xt>ut’ )_O 5A1’fe*fl*($taut> VL fs (Itaum )Aftl +Aa:i*A 19 (Itaum )\IIIA%Z

—Axf;;gi(xt, ul, )\IflASL’tl + Axi*Auzf (2, ul, )Kletl Axi*fl (2, ul, )Kletl
‘l'wllt*Aulgx(xuut’ )A%l + By A folal, uf, )Aftl Agpl (wf, ug, t) Axt }Atldt

+ Z i By (af,, t) ALidt + 10 + Yo,
=1
where

= ~E[ (1— ) [ (af, + ) — 3 (a])] A dy—
(3.11) oD

E [ (1= p)Azy [0h, (2], + pAzy) — ¢h, (2] AZ] dp
0
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and
(3.12)
772 1= =F f of 1_ [Hl wt,l’t _'_:qutvuta ) H! (¢taxtuta )} A:L’i Atldﬂdt_
ti—1
1
—E [(1— )yt [@L (! + pAzl, ) — L (2, )| Azl Afydp
0
1
L f L({‘ 1 - ALEé* [ :lc:c(wévxi + MAE%,U%, t) (¢t7 xtutu ):| A'C(‘,t Atld:udt_
ti—1

1
—E[ (1= p) Az [0 (af + pAz t)— 0L (af, )] Azt Afidp
0

According to (3.1), (3.2), (3.8) and (3.9) , through the simple transformations expres-

sion (3.10) may be written as:

(3.13)
AJ(u Z f [ lHl ¢t>zt’ut> t)+ Ay ’Hl (wt’xwut’ )Axt
=1 t_
0.5 ulfl*( : ut’ ) \I]lAulfl(xwut’ )—05Aji*fl*(xi,uf§, )\Iflfl(l’é’ui, )Ai{fl

+ATF A gl (), uf, t) WAL, — Aatifgi,(a:t, up, t) WIAZ, + AT Ay f! (xt,ut, t) KiAZ] —
— Az fl(ah, ul, ) KIA T4 ] Afdt + l; Vi O (@) ) Atydt + mo + l;”tu

Based on fact that 77 = (t,x,u) is optimal solution, using the independence of
increments respective to different arguments and assumption (H4) from expression
(3.13), we obtain that (3.4) is true.

Consider the following spike variations:

0,t¢[0,0,+¢1),e0>0, 0 €[ti_1,t)

A A =
Ut Utal { ﬂl—ui, te [91,91+61),ﬂl €L2(Q,F61,P;Rm)

where g, are enough small numbers. Then the expression (3.13) takes the form of:

r 0;+<;

AgJ( 1) = Z f [ ulHl(@btaItauta )+Aqull(1/)t,:L't,ut, )Axt
(3.14) =1 0

+0.50 f1* (2}, ul, t) - ULAG fH(h, b, t) | dt +2n91+€l
In order to obtain estimation for increment (3.14), we introduce following lemma.
Lemma 3.2 (Gronwall’s inequality [6]). Let m(t) is a continuous function satisfying:
0 <m(t) < h(t) + fg m(7)dr,s <t < ty, here g(t) is continuous,h(t) is bounded
functions and fg t)dt < +o0o. Then following holds:

t t

m(t) < h(t) + /g(T)h(T) exp[/g(u)du]dT, s<t<t

S S
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Proof of following lemma can be found in [29]. Here, the brief proof will be given

in due to make comprehensible content for this paper.

Lemma 3.3. Suppose that conditions (H1)-(H2) are satisfied. Then, the following

18 obtained:

l

lim :)stal — 1 § Ney, ace.int € [ti_1,t), l=1,r.

El—>0

Here xf’al are the solutions of system (2.1)—(2.2), corresponding to the controls uffal =
ul + Aul L,

Proof. Let’s denote the following: &}, = xf’al — . It is clear that Vt € [t;_1,6;) I} ., =

0, = W Then for Vt € [91, 0, + El)
di’ff,g = [gl(xff + glii,alu ﬂl? t) gl(xiv Uy, ):| di+ [f (xff + glji,alu alv t) - fl(l’i, uf‘,u t):| dwi

xel,al = _(gl($élaal>9l) - g($(l917u10179l))

or

01+<;

b [ 1 b0~ o ()] ds
0
01+<;

[ (2l + ad s 8) — (s 8)] duwsg

0
01+

+ / [gl(xls,ﬁl,s) — gl(xlgl,ﬂl,el)] ds
0,

Therefore from the conditions (H1)-(H2) and using the Lemma 3.2 we have

2 l2
‘ xtal_xt

<N

el sup FE

E ‘xeﬁ-fl €l
0,<t<6;+¢

+¢&f  sup E‘xt —xgl‘ 2
0,<t<6;+¢
~ ~ 2
+ sup glE‘gl(xftvul7t> _gl(xlelvulvel)‘
0,<t<0;+¢;

01+¢;
2
—|—81E/ ‘fl(xi,ui,t)—fl(arlgl,ulgl,@)‘ dt
0,
0;+¢;
2
28 [ 1o el ukit) — o'Gah 00

0,
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Hence: E‘iéﬁhal‘z <gN,e — 0,Vt € [0,,0,+¢;). According to identity (3.5) for
special spike variation of control Vt € [0, + ¢;, ] :

diy, = [g'(x; + iy up, ) =g (2, up, )] dt + [ (2 + i, i, 1) = fla, 0y, 1)) duw

which can be rewritten as follow:
1

1
dii,el = /g(lﬂ(xllf + /’Lgl:i'llf,{-:l? ullf’ t)ji,eldudt + /f:i(xllf _I_ /"Lglj'llf,é:l? ullf’ t)ji,eldﬂdwt
0 0

illgri'auﬁzgl = _(gl<xl91+az7 ulﬁz—i-au 91) - g(xlel-i-eu al’ 91))

Hence: E‘[Z’igl‘z S ElN, for Vt € [91 + El,tl], if g — 0.
Thus: sup E}ffzalf < Ng, Il=1,r. O

t 1 <t<ty

From the expression (3.12), due to Lemma 3.3 for each [ implies following esti-
mation:
e, = ole).
Then according to fact that 6, = (u},u?, ..., u}) is optimal of control from (3.14)
for each [ it follows that:

Ang(u) =—-F ['ng;Aal gl(l’(lgl, ulgl, 91) — Aﬁlpl(xllgl, ulel, 91)
+ 0'5Aﬁlfl*(xl9[a ul€l> el)\IIZGZAﬂlfl(xépule el) ] At_l + O(El) >0

Finally, due to the smallness and arbitrariness of €; (3.3) is achieved. O

4. NECESSARY CONDITION OF OPTIMALITY FOR SWITCHING
SYSTEMS WITH CONSTRAINTS

First, we recall notion Ekeland’s variational principle to use in our main result.

Theorem 4.1 (Ekeland’s variational principle [31]). Let (X, d) is complete metric
space and [ : X — R|J(400) be a semi-continuous function from below. €, \ are
positive numbers and for some point xy € X is satisfied: f(zg) < Ixrg(l f(z)+eA, there
exist T € X such that:

1) f(z) < f(20),

2) d(z, ) < A,

3)Vr e X, f(z) < f(x) +ed(z,x).

By applying the Theorem 3.1 and Theorem 4.1 the necessary condition of opti-

mality for stochastic control problem of switching systems (2.1)—(2.5) is obtained.
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Theorem 4.2. Assume that, assumptions (H1)—(H5) satisfy and 7" = (t,z,u) is an
optimal solution of problem (2.1)—~(2.5). Then,

a) there exist non-zero vector (Ao, A, ..., \,) € R™ and stochastic functions (Y1, 3') €
L2, (i1, ty; R)X L2, (t-y, ty; R™*™) and (U, KL) € L3, (t1, ti; R™) X L2, (-1, t; R™™™)

which are the solutions of the following conjugate equations:

dyt = —HL (¢} ok ul t)de + Bldwl, t € [ti—1,6),l=T1,r
(4.1) W= =g (xh) + o, Ph(ah ), 1=T,r =1,

Yp = _)‘OSOm(x;) - )‘rq;(x;)§

d\I/i = _[Hl (\Ilffvxtvutv t) + Hl (wivxlltauzltat)
+ o (ah ul )WL (2wl b)) dt + Kldwl, t € [t_q,t)
\Ifil = —)\lqm(xtl) + \I/tlH(I)fm(xtl,tl), l=1,r—1,
Ui = —Aoan(@f,) — Ao (27,)-
b) a.e. € [ti_1,t] andV @' € U', 1 =1,r, a.c. holds the mazimum principle:
(4.3)
HY (b, 2, ul, 0) — HY (Y, 2b, ub, 0) + 0.5A 0 f1* (2l ul, ) UL A fH (b, uly, 0) <0

(4.2)

c) following transversality conditions holds:
(4.4) Yoy (@, 1) = 0, a.c.

Proof. First, we discuss the existence of uniquely solutions of adjoint equations (4.1)
and (4.2). In fact from [10, 15, 16], the first-order adjoint processes (1, 3!) and sec-
ond order adjoint processes (¥!,K!) described in a unique way by (4.1) and (4.2)
respectively. Using Theorem 4.1 , the problem is convert into the sequence of un-
constrained problems. Finally, we obtain maximum principle in the case when and
endpoint constraints are imposed. Consider following approximating functional for

any natural j :

I;(u) = S( +EZ/ pl(zh,ul, t)dt, Bq' (Itl) JEq (x))) =

lltl1

. . . 2
Juin e —1/j = EM(x, wt)]” + > |y — Bgl(al,)|
’ =1

r U
where M(x,u,t) = (2] )+ > [ p(al,ul,t)dt, y = (v1,...,y,) and x = {c: ¢ < J°,
=11,

vy € G .y, € G"}, J° minimal value of the functional in the problem (2.1)-(2.5).

Introduce space of controls V! = (U é ,d) obtained by means of the metric:
du', ) = (1@ P) {(t,w) € [ti_1, ] x Q: v, #uj}.

V1 V2 ... V7" are complete metric spaces [31]. It is easy to prove the following fact:
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Lemma 4.3. Assume that conditions (H1)—(H4) hold, for each | ul™ be the sequence
of admissible controls from V', and :El’" be the sequence of corresponding trajecto-
ries of the system (2.1)~(2.3). If the following condition is met: d(ul™ ul) — 0,

2
. 1 . . .
then, lim sup El|z" — 2! = 0, where o is a trajectory corresponding to an

oo | o1 <t<t

admissible controls ul, 1 =1,r.

Due to continuity of the functionals [; : V!x--- V" — R™ according to Ekeland’s

variational principle, there are controls such as: u} : d(ut ) < /& and for Vul €
V! follows: I;(u/) < I;(u) + \/_Ed( boub),e; = %

This fact can be treated following way: (t1, ...t @, . &)? w?, .. up?)is a
solution of the following problem:

p

r U .
Tiw) = Lw) + B | 6k ul?)dt — min

I=1t;_4
dxt =g (xtvutv )dt+f (xtuutv )dwtu l—l r

4.5
(45) thj_l @l(:)stl,tl) l=1,r—-1;
l’%o = Xy,
\ ui € Ué
Here

O,u=wv
5(%1}):{ Lu#wv

Then according to the Theorem 3.1, it is obtained as follows:
1) there exist the stochastic processes (7, 37) e L3 (t—y, ty; R™)X L3, (b, ty; RM*™),

which are solutions of following system:

dw J ( zlf 7xt 7ut’j7t)dt+6t7jdwtvte [tl 17tl)l 17T;
(4.6) wt = qu@tl ) + @btlﬂq)l (%’] t),l = 1,r—1
tr = —)\o%(ftr ) )\iqx(l'tr ) .
and the random processes U7 e L2, (1, ti; R™), Kb e L2, (ti—1, ty; R™>™), which
are solutions of the system:
d\I]lJ = [Hl (\I]f;j? It autJa t) _I— Hl ( t ’xff >ut7ja t)
fl*(xt ) ut’jv t)\IllJfl (xt ) ut’jv t)] dt + Klddwt

(4.7) l l
\Ilt;]‘: )\IQxx(xtl )_‘_\Ptil@l (‘t;]atl% [ = 1>T_1a
\II;;] = _)\%wxl’(ztr ) Ag‘qmm(ztrj)'

where non-zero (M), \,..., M) € R™" meet the following requirement:

M A = ([et+ 1+ EM(X, W, 1))

(4.8) g+ By ), =y B (7)) /Y



254 C. AGHAYEVA

here

T

B = 2o — B[ + e = 1/j — EM(x,u, )

J
=1
2) ae. t€[tq,t] andVal € VI, 1 =1,r, a.c. is satisfied:
Hl( i]axfﬁj> ta ) Hl( t >$i]aut]>t>

(4.9) + 050 7 (27 uy? )W A f (2 uy? ) < 0
3) following conditions of transversality satisfy:
(4.10) PRl (24 ) = 0, a.c.
Since the following has existed [(M),A],..., )| = 1, then according to (4.8) and
conditions (H1)~(HS5) it is implied that (M), M, ..., M) — (Ao, A1, ..., As) if j — 0.

We now state the following results which will be needed in the future.
Lemma 4.4. Let ¢} be a solution of system (4.1), 1/1i;j be a solution of system (4.6).
If d(ub? ul) — 0, then

t
jlirgloE/[\wi’j— 187 = Bilde) = 0,1 =T,

ti—1

Proof. Tt is clear that Vt € [t;_1,1]:

d( Lj_QM&) [Hl( t 7xfﬁjvutj7t) Hl(wtvxtvuta ) dt+< _ﬂé)dwt
(411) [wljggc(xt 7utj7t)+ﬁl]fl(xt 7utj7t) px(xt 7utj7t) ¢tgx(xt7ut7 )
—ﬁtfl(xt,ut, )+px(xt7ut7 )] dt"‘( —ﬂt)dwt

Squaring both sides of the equation, according to Ito formula Vs € [t;_1, t;] we obtain:

t

By =) = Bl —4l)? —QE/[ — Uil (o up? ) — g (e, g, )0+

s

+gglv*(xt7 tvt)( _¢i)+(fl*(xt]7ut]7t) fl*(xtv tut)) +f:i*(x1lt7uzl‘,7t)x

(23

<(317 = ) = o a l0) 4 g e+ [ (59 = e

s

Now, using the assumptions (H1)—-(H5) we have:

tr
E/\ﬂi’j— Pt + Bt - W<EN/\¢ Pt

+EN5/| |

! 2
=y,
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Hence, by the Lemma 3.2 we establish that:
(4.12) Elm — 2 < DeNE =9 ae in [t,_y,t,],

where D = E|v;” — 7 |*. Hence from (4.1),(4.6) and conditions (H3),(H5) it follows
that ¢;” — ¢ and D — 0. Consequently, from (4.12) we obtain that ¢ — %7 in
L%(tr—lath Rm-) and thus ﬁg,j — /62 in L%(tr—l,tr; Rmxm-).

Then from expression (4.11) in view of assumptions (H1)-(H5) and according to

Lemma 3.2 we get:
Bty — 2 < DeN= ae in [ty ty], 1=T,7—1,

here D = E|¢i;j — 4{ |, which D — 0 according to (4.1), (4.6) and conditions (H3)-
(H4). Hence, from (4.12) implies that ¢}/ — ¢! in L2, (t,_1,t; R") and 85/ — (L in
L%‘l(tl—ly tl; Rnxn) U

Lemma 4.5. Let \I/ft;j be a solution of system (4.2), and W} be a solution of system
(4.7). Then

1 l
E/ |\Ifi’j—\lfi|2dt+E/ Ky — KL2dt —0,0=T,r, if j — oc.
ti—1 ti—1

Proof. Due to Ito’s formula from expressions (4.2) and (4.7) for Vs € [t;_1,1;):
d(‘;[]i’j - \Ili) {(gx (xijvutjvt)\lll] gm (xtvutv )\Ijl) (\I]ijgi(;(;t 7utjut>

\Dtgx(zt>ut> )) (fl*(zt >utjat)mljfl(zt aut]>t) fl*(xff,uft,t)@ifi(xi,ui,t))
(fl*(xt >utj?t)Klj fl*(zt’ut>t)Kl) (Kljfl(zt aut]>t) Kifi(ziauiat))+
+Him( i]>$i]>utjat) (wtaxwut? )} dt—l—( _Ki)dwzlf

Then with help simple transformations we obtain:

171 t
E/ K} — Kl 2dt + E|Uy — Uj* < EN/ Wy — W2dt

+ ENa/ Ky7 — Ki|*dt + B[}’ — 0! |2

According to Gronwall inequality a.e. in [t;_1,%;) we have:
EWl — w2 < pe~Nti=9)

where the constant D defined as:

D= Ev -0 |*+ ENa/ 1K — KY)2dt
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Follow the same steps as in Lemma 4.4 in view of (4.2), (4.7) and assumptions (H3),
(H5) we establish that: W;? — W7 . Further, according to assumptions (H1)—(H4)
and expressions (4.2), (4.6) we obtain : W)’ — U’ in L2, (t,_y,t,; R") if j — oo.

According to sufficient smallness of € follows that D — 0 . Consequently: \Ili’j —
WUl in L%l(tl_l,tl; R™) and Ki’j — Kl in L%l(tl_l,tl; R l=1,r—1. O

Due to Lemma 4.4 and Lemma 4.5 it can be proceed to the limit in systems
(4.6) , (4.7) and the fulfilment of (4.1),(4.2) are obtained. Follow a similar scheme by
taking limit in (4.9) and (4.10) it is proved that (4.3),(4.4) are true. Theorem 4.2 is
proved. O

5. CONCLUSION

A lot of theoretical and numerical advances have recently been realized in the
field of modelling and control related with randomness [3, 4, 5, 32, 33]. Necessary
conditions satisfied by an optimal solution, play an important role for investigation of
optimization and optimal control problems. The present paper is devoted to optimal
control problem of stochastic switching systems with the endpoint state restrictions
in the form of functional constraints. The necessary conditions developed in this
study can be viewed as a stochastic analogues of the problems that are formulated
in [19, 20, 23]. However, Theorem 4.2 is a natural evolution of the results given in
28, 26, 29].
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