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1. INTRODUCTION

Fractional calculus has recently devolved as an interesting and important field

of research. As a generalization of differentiation and integration to arbitrary non-

integer order, fractional calculus is a significant tool for solving complex problems

from various fields such as engineering, science, pure and applied mathematics. Much

attention has been focused on the study of the existence and multiplicity of solutions

or positive solutions for boundary value problems of fractional differential equations

by using techniques of nonlinear analysis. For more details, we refer the reader to

[1, 2, 3, 4, 5, 6, 7, 8, 9] and the references therein.

Although the boundary value problems of the fractional differential equation with

m-point fractional boundary conditions have been studied in many literature, only

a few papers can be found in the literature on the existence of solutions for the

fractional differential equation with m-point fractional integral boundary conditions,

see [10, 11, 12]. In particular, we would like to mention some excellent results.

In [2], Ahmad, Ntouyas and Alsaedi considered the existence and uniqueness of

solutions for a boundary value problem of nonlinear fractional differential equations

of order q ∈ (1, 2] with three-point integral boundary conditions given by






cDqx(t) = f(t, x(t)), 0 < t < 1, 1 < q ≤ 2,

x(0) = 0, x(1) = a

∫ η

0

x(s)ds, 0 < η < 1,

where cDq denotes the Caputo fractional derivative of order q, f : [0, 1] × X → X is

continuous, and a ∈ R is such that a 6= 2/η2. Here, (X, ‖ · ‖) is a Banach space and
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C = C([0, 1], X) denotes the Banach space of all continuous functions from [0, 1] → X

endowed with a topology of uniform convergence with the norm denoted by ‖ · ‖.

In [3], Boucherif and Ntouyas considered the following first order initial value

problem for fractional differential equations with nonlocal conditions










cDqx(t) = f(t, x(t)), 0 < t < T, 0 < q ≤ 1,

x(0) +

m
∑

j=1

γix(tj) = 0,

where cDq denotes the Caputo fractional derivative of order q, f : [0, 1] × R → R,

tj , (j = 0, 1, . . . , m) are given point with 0 ≤ t1 ≤ · · · ≤ tm ≤ T and γj are real

numbers with 1 +

m
∑

j=1

γj 6= 0.

In this study, we discuss the existence and uniqueness of solutions of Riemann-

Liouville fractional differential equation involving the p-Laplacian operator with m-

point integral boundary conditions given by










−Dβ(φp(D
αx(t))) = f(t, x(t)), 1 < α ≤ 2, t ∈ [0, 1],

Dδx(0) = 0, Dδx(1) =

m−1
∑

i=1

αi

∫ ηi

ηi−1

Dδx(s)ds, Dαx(0) = 0,
(1.1)

where 0 < δ ≤ 1, 1 < α−δ < 2, 0 < β ≤ 1, 0 = η0 < η1 < · · · < ηm−2 < ηm−1 = 1, and

αi ≥ 0 for i ∈ 0, . . . , m − 1,
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ
6= 1. Here, D(.) denotes the Riemann-

Liouville fractional derivative of order (.), f is given continuous function and φp(s) is

a p-Laplacian operator, i.e., φp(s) = |s|p−2s, p > 1, (φp)
−1 = φq,

1
p

+ 1
q

= 1.

We note that the m-point boundary condition is related to m− 1 intervals of the

area under the curve of solution u(t) from t = ηi−1 to t = ηi for i = 1, . . . , m − 1.

The rest of the paper is organized as follows. In Section 2, we present some

definitions and lemmas that will be used to prove our main results. In Section 3, we

prove an existence and uniqueness results by using the Banach’s fixed point theorem.

Finally, as an application, the results are demonstrated with an example.

2. PRELIMINARIES

In this section, we give some basic definitions and lemmas which are useful for

the presentation of our main results.

Definition 2.1 ([13, 14]). The Riemann Liouville fractional integral of order α ∈ R
+

of a function h : (0,∞) → R is defined by

Iα
0+h(t) =

1

Γ(α)

∫ t

0

(t − s)α−1h(s)ds,

provided that the right hand side is defined pointwise.
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Definition 2.2 ([13, 14]). The Riemann-Liouville fractional derivative of order α > 0

of a function f : (0,∞) → R is defined by

Dα
0+f(t) =

( d

dt

)n

In−α
0+ f(t) =

1

Γ(n − α)

( d

dt

)n
∫ t

0

(t − s)n−α−1f(s)ds,

where n is the smallest integer greater than or equal to α, provided that the right-hand

side is defined pointwise. In particular, for α = n, Dn
0+f(t) = f (n)(t).

Lemma 2.3 ([14]). The equality Dγ
0+Iγ

0+f(t) = f(t) with γ > 0 holds for f ∈ L1(0, 1).

Lemma 2.4 ([14]). Let α > 0. If we assume u ∈ C(0, 1)∩L(0, 1), then the fractional

differential equation

Dα
0+u = 0

has a unique solution u(t) = c1t
α−1 +c2t

α−2 + · · ·+cnt
α−n, ci ∈ R, i = 1, . . . , n, where

n is the smallest integer greater than or equal to α.

Lemma 2.5 ([14]). Let u ∈ C(0, 1) ∩ L(0, 1) with a fractional derivative of order α

(α > 0) that belongs to C(0, 1) ∩ L(0, 1). Then

Iα
0+Dα

0+u(t) = u(t) + c1t
α−1 + c2t

α−2 + · · ·+ cntα−n,

for some ci ∈ R, i = 1, . . . , n, where n is the smallest integer greater than or equal to

α.

The basic properties of the p-Laplacian operator which will be used in the fol-

lowing studies are listed below.

(i) If 1 < p < 2, xy > 0, and |x|, |y| ≥ m > 0, then

|φp(x) − φp(y)| ≤ (p − 1)mp−2|x − y|.

(ii) If p ≥ 2, |x|, |y| ≤ M, then

|φp(x) − φp(y)| ≤ (p − 1)Mp−2|x − y|.

Observe that the substitution x(t) = Iδy(t) = D−δy(t) transforms the boundary value

problem (1.1) to the following form:











−Dβ(φp(D
α−δy(t))) = f(t, y(t)), t ∈ [0, 1],

y(0) = 0, y(1) =
m−1
∑

i=1

αi

∫ ηi

ηi−1

y(s)ds Dα−δy(0) = 0.
(2.1)

To define the solutions of the problem (2.1), we need the following lemma.
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Lemma 2.6. For any h ∈ C[0, 1], the unique solution of the linear fractional boundary

value problem










−Dα−δy(t) = h(t), t ∈ (0, 1),

y(0) = 0, y(1) =

m−1
∑

i=1

αi

∫ ηi

ηi−1

y(s)ds
(2.2)

is

y(t) = −Iα−δh(t) +
tα−δ−1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

(

Iα−δh(1) −

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δh(s)ds
)

.

Proof. It is well known by means of Lemma 2.5 that the solution of fractional differ-

ential equation in (2.2) can be written as

(2.3) y(t) = −Iα−δh(t) − c1t
α−δ−1 − c2t

α−δ−2,

where c1, c2 ∈ R are arbitrary constants. Using the boundary condition y(0) = 0, we

conclude that c2 = 0. Then we have

y(1) = −Iα−δh(1) − c1.

Hence, by the boundary condition y(1) =
∑m−1

i=1 αi

∫ ηi

ηi−1
y(s)ds, we obtain that

c1 =
1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

[

− Iα−δh(1) +

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δh(s)ds
]

.

Substituting these values in (2.3) yields

y(t) = −Iα−δh(t) +
tα−δ−1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

(

Iα−δh(1) −

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δh(s)ds
)

.

This completes the proof.

Note that, by Lemma 2.5, the equation −Dβ(φp(D
α−δy(t))) = h(t) subject to the

boundary conditions given by (2.1) can be written as

φp(D
α−δy(t)) = −Iβh(t) − c1t

β−1.

Using boundary condition Dα−δy(0) = 0, we get c1 = 0. Hence, we obtain

(2.4) −Dα−δy(t) = φq(I
βh(t)).

Thus, the boundary value problem (2.1) is equivalent to the following problem:










−Dα−δy(t) = φq(I
βh(t)), t ∈ (0, 1),

y(0) = 0, y(1) =
m−1
∑

i=1

αi

∫ ηi

ηi−1

y(s)ds,

Lemma 2.6 implies that boundary value problem (2.1) has a unique solution,

y(t) = −Iα−δφq(I
βh(t)
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+
tα−δ−1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

(

Iα−δφq(I
βh(1)) −

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δφq(I
βh(s))ds

)

.

Then, the solution of −Dβ(φp(D
αx(t))) = h(t) given by boundary conditions (1.1),

x(t) = Iδy(t)

= Iδ
[

− Iα−δφq(I
βh(t)) +

tα−δ−1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

(

Iα−δφq(I
βh(1))

−

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δφq(I
βh(s))ds

)]

= −Iαφq(I
βh(t)) +

1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

(

Iα−δφq(I
βh(1))

−

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δφq(I
βh(s))ds

) 1

Γ(δ)

∫ t

0

(t − s)δ−1sα−δ−1ds

= −Iαφq(I
βh(t)) +

1

1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ

(

Iα−δφq(I
βh(1))

−

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δφq(I
βh(s))ds

){ tα−1

Γ(δ)

∫ 1

0

(1 − ν)δ−1να−δ−1dν
}

.

Here, we have used the substitution s = tν in the integral of the last term. Using the

relation for the Beta function B(·, ·),

B(α, β) =

∫ 1

0

(1 − u)α−1uβ−1du =
Γ(α)Γ(β)

Γ(α + β)
,

we get

x(t) = −Iαφq(I
βh(t)) +

tα−1Γ(α − δ)

Γ(α)(1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ
)

×
(

Iα−δφq(I
βh(1)) −

m−1
∑

i=1

αi

∫ ηi

ηi−1

Iα−δφq(I
βh(s))ds

)

.

Then,

x(t) = −
1

Γ(α)

∫ t

0

(t − s)α−1φq

( 1

Γ(β)

∫ s

0

(s − η)β−1h(η)dη
)

ds

+ tα−1θ
[ 1

Γ(α − δ)

∫ 1

0

(1 − s)α−δ−1φq

( 1

Γ(β)

∫ s

0

(s − η)β−1h(η)dη
)

ds

−
m−1
∑

i=1

αi

∫ ηi

ηi−1

1

Γ(α − δ)

∫ s

0

(s − τ)α−δ−1φq

( 1

Γ(β)

∫ τ

0

(τ − η)β−1h(η)dη
)

dτds
]

,
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where

θ =
Γ(α − δ)

Γ(α)[1 −
∑m−1

i=1 αi
ηα−δ

i
−ηα−δ

i−1

α−δ
]
.

3. MAIN RESULTS

In this section, we will use the Banach contraction mapping principle to prove

existence and uniqueness of the solution for the fractional boundary value problem

(1.1).

Let C = C([0, 1], R) denote the Banach space of all continuous functions from

[0, 1] → R endowed with the norm defined by ‖x‖ = maxt∈[0,1] |x(t)|. Now consider

Ti : C[0, 1] → C[0, 1], i = 0, 1, with

T0x(t) =
1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η))dη

and

T1x(t) = −
1

Γ(α)

∫ t

0

(t − s)α−1φq(x(s))ds

+ tα−1θ
[ 1

Γ(α − δ)

∫ 1

0

(1 − s)α−δ−1φq(x(s))ds

−

m−1
∑

i=1

αi

∫ ηi

ηi−1

1

Γ(α − δ)

∫ s

0

(s − τ)α−δ−1φq(x(τ))dτds
]

.

Then the operator T : C[0, 1] → C[0, 1], defined by T = T1 ◦ T0 is continuous and

compact. Clearly, a fixed point of the operator T is a solution of the problem (1.1).

Theorem 3.1. Assume that 1 < p ≤ 2 holds and the following condition is satisfied.

(A1) f : [0, 1] × R → R is continuous function, there exist a nonnegative function

w ∈ C[0, 1] and a constant L > 0 such that

|f(t, x)| ≤ w(t), for any (t, x) ∈ [0, 1] × R,

|f(t, x) − f(t, y)| ≤ L|x − y|, for t ∈ [0, 1] and x, y ∈ R.

If

Λ1 =
L(q − 1)M q−2

Γ(β + 1)

( 1

Γ(α + 1)
+ θ

[ 1

Γ(α − δ + 1)

+
1

Γ(α − δ + 1)

m−1
∑

i=1

αi

ηα−δ+1
i − ηα−δ+1

i−1

α − δ + 1

])

< 1,

where

M = max
t∈[0,1]

1

Γ(β)

∫ t

0

(t − η)β−1w(η)dη

then the problem (1.1) has a unique solution.
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Proof. Let 1 < p ≤ 2, then we have q ≥ 2 from 1
p

+ 1
q

= 1. By using (A1), for any

t ∈ [0, 1], x ∈ R, we obtain

(3.1)

|T0x(t)| = |
1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η))dη|

≤
1

Γ(β)

∫ t

0

(t − η)β−1|f(η, x(η))|dη

≤ max
t∈[0,1]

1

Γ(β)

∫ t

0

(t − η)β−1w(η)dη

= M.

By using (ii), (3.1) and (A1), for any x, y ∈ R, we have

∣

∣

∣
φq(T0x(t)) − φq(T0y(t))

∣

∣

∣
=

∣

∣

∣
φq

( 1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η))dη
)

− φq

( 1

Γ(β)

∫ t

0

(t − η)β−1f(η, y(η))dη
)
∣

∣

∣

≤
(q − 1)M q−2

Γ(β)

∣

∣

∣

∫ t

0

(t − η)β−1f(η, x(η)) − f(η, y(η))dη
∣

∣

∣

≤
(q − 1)M q−2

Γ(β)

∫ t

0

(t − η)β−1L|x(η) − y(η)|dη

≤
(q − 1)M q−2

Γ(β + 1)
L‖x − y‖.

Therefore, for any x, y ∈ R

|Tx(t) − Ty(t)|

= |T1(T0x)(t) − T1(T0y)(t)|

=
∣

∣

∣

1

Γ(α)

∫ t

0

(t − s)α−1(φq((T0x)(s)) − φq((T0y)(s)))ds

+ tα−1θ
[ 1

Γ(α − δ)

∫ 1

0

(1 − s)α−δ−1(φq((T0x)(s)) − φq((T0y)(s)))ds

+

m−1
∑

i=1

αi

∫ ηi

ηi−1

1

Γ(α − δ)

∫ s

0

(s − τ)α−δ−1(φq((T0x)(τ)) − φq((T0y)(τ)))dτds
]
∣

∣

∣

≤
L(q − 1)M q−2

Γ(β + 1)

( 1

Γ(α)

∫ t

0

(t − s)α−1ds + θ
[ 1

Γ(α − δ)

∫ 1

0

(1 − s)α−δ−1ds

+

m−1
∑

i=1

αi

∫ ηi

ηi−1

1

Γ(α − δ)

∫ s

0

(s − τ)α−δ−1dτds
])

‖x − y‖

≤
L(q − 1)M q−2

Γ(β + 1)

( 1

Γ(α + 1)
+ θ

[ 1

Γ(α − δ + 1)

+
1

Γ(α − δ + 1)

m−1
∑

i=1

αi

ηα−δ+1
i − ηα−δ+1

i−1

α − δ + 1

])

‖x − y‖
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= Λ1‖x − y‖.

Hence, for any x, y ∈ R

‖Tx − Ty‖ ≤ Λ1‖x − y‖,

where 0 < Λ1 < 1. This implies that T : C[0, 1] → C[0, 1] is a contraction mapping.

By Banach contraction mapping principle, T has a unique fixed point in C[0, 1] which

is a solution of problem (1.1).

Theorem 3.2. Assume that p > 2 holds and the following condition is satisfied.

(A2) f : [0, 1] × R → R is continuous function, there exist λ > 0, δ ≥ 0, L > 0 such

that (δ + β)(q − 2) + 1 ≥ 0 and

f(t, x) ≥ λtδ, for any (t, x) ∈ (0, 1] × R,

|f(t, x) − f(t, y)| ≤ L|x − y|, for t ∈ [0, 1] and x, y ∈ R.

If

Λ2 = ∆
( Γ((δ + β)(q − 2) + 1)

Γ(α + (δ + β)(q − 2) + 1)
+ θ

[ Γ((δ + β)(q − 2) + 1)

Γ(α − δ + (δ + β)(q − 2) + 1)

+
m−1
∑

i=1

αi(ηi − ηi−1)
Γ((δ + β)(q − 2) + 1)

Γ(α − δ + (δ + β)(q − 2) + 1)

])

< 1,

where

∆ =
(q − 1)L

Γ(β + 1)

λq−2Γ(δ + 1)q−2

Γ(δ + β + 1)q−2

then the problem (1.1) has a unique solution.

Proof. From the definition of operator T0, for any x, y ∈ C[0, 1], we have |φq(T0x(0))−

φq(T0y(0))| = 0 and for t > 0, we obtain the following inequalities

(t − η)β−1ληδ ≤ (t − η)β−1f(η, x(η))

1

Γ(β)

∫ t

0

(t − η)β−1ληδdη ≤
1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η))dη

λΓ(δ + 1)

Γ(δ + β + 1)
tδ+β ≤

1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η))dη.

By using (i), (A2) and the definition of the operator T0, for any x, y ∈ R, we have
∣

∣

∣
φq(T0x(t)) − φq(T0y(t))

∣

∣

∣

=
∣

∣

∣
φq

( 1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η))dη
)

− φq

( 1

Γ(β)

∫ t

0

(t − η)β−1f(η, y(η))dη
)
∣

∣

∣

≤ (q − 1)
[ λΓ(δ + 1)

Γ(δ + β + 1)
tδ+β

]q−2∣
∣

∣

1

Γ(β)

∫ t

0

(t − η)β−1f(η, x(η)) − f(η, y(η))dη
∣

∣

∣
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≤ (q − 1)
[ λΓ(δ + 1)

Γ(δ + β + 1)
tδ+β

]q−2 1

Γ(β)

∫ t

0

(t − η)β−1L|x(η) − y(η)|dη

≤
(q − 1)

Γ(β + 1)

[ λΓ(δ + 1)

Γ(δ + β + 1)
tδ+β

]q−2

L‖x − y‖.

Hence, for any t > 0, we can get

|Tx(t) − Ty(t)|

= |T1(T0x)(t) − T1(T0y)(t)|

=
∣

∣

∣

1

Γ(α)

∫ t

0

(t − s)α−1(φq((T0x)(s)) − φq((T0y)(s)))ds

+ tα−1θ
[ 1

Γ(α − δ)

∫ 1

0

(1 − s)α−δ−1(φq((T0x)(s)) − φq((T0y)(s)))ds

+

m−1
∑

i=1

αi

∫ ηi

ηi−1

1

Γ(α − δ)

∫ s

0

(s − τ)α−δ−1(φq((T0x)(τ)) − φq((T0y)(τ)))dτds
]
∣

∣

∣

≤ ∆
( 1

Γ(α)

∫ t

0

(t − s)α−1s(δ+β)(q−2)ds + θ
[ 1

Γ(α − δ)

∫ 1

0

(1 − s)α−δ−1s(δ+β)(q−2)ds

+

m−1
∑

i=1

αi

∫ ηi

ηi−1

1

Γ(α − δ)

∫ s

0

(s − τ)α−δ−1τ (δ+β)(q−2)dτds
])

‖x − y‖

≤ ∆
( 1

Γ(α)
B(α, (δ + β)(q − 2) + 1) + θ

[ 1

Γ(α − δ)
B(α − δ, (δ + β)(q − 2) + 1)

+

m−1
∑

i=1

αi(ηi − ηi−1)
1

Γ(α − δ)
B(α − δ, (δ + β)(q − 2) + 1)

])

‖x − y‖

≤ ∆
( Γ((δ + β)(q − 2) + 1)

Γ(α + (δ + β)(q − 2) + 1)
+ θ

[ Γ((δ + β)(q − 2) + 1)

Γ(α − δ + (δ + β)(q − 2) + 1)

+

m−1
∑

i=1

αi(ηi − ηi−1)
Γ((δ + β)(q − 2) + 1)

Γ(α − δ + (δ + β)(q − 2) + 1)

])

‖x − y‖

≤ Λ2‖x − y‖.

Thus, for any x, y ∈ R

‖Tx − Ty‖ ≤ Λ2‖x − y‖,

where 0 < Λ2 < 1. This implies that T : C[0, 1] → C[0, 1] is a contraction mapping.

By Banach contraction mapping principle, T has a unique fixed point in C[0, 1] which

is a solution of problem (1.1).

Theorem 3.3. Assume that p > 2 holds and the following condition is satisfied.

(A3) f : [0, 1] × R → R is continuous function, there exist λ > 0, δ ≥ 0, L > 0 such

that (δ + β)(q − 2) + 1 ≥ 0 and

f(t, x) ≤ −λtδ, for any (t, x) ∈ (0, 1] × R,
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|f(t, x) − f(t, y)| ≤ L|x − y|, for t ∈ [0, 1] and x, y ∈ R.

If

Λ2 = ∆
( Γ((δ + β)(q − 2) + 1)

Γ(α + (δ + β)(q − 2) + 1)
+ θ

[ Γ((δ + β)(q − 2) + 1)

Γ(α − δ + (δ + β)(q − 2) + 1)

+
m−1
∑

i=1

αi(ηi − ηi−1)
Γ((δ + β)(q − 2) + 1)

Γ(α − δ + (δ + β)(q − 2) + 1)

])

< 1,

where

∆ =
(q − 1)L

Γ(β + 1)

λq−2Γ(δ + 1)q−2

Γ(δ + β + 1)q−2

then the problem (1.1) has a unique solution.

Proof. The inequality f(t, x) ≤ −λtδ implies that λtδ ≤ −f(t, x(t)). Therefore,

replace f(t, x(t)) by −f(t, x(t)) in the proof of Theorem 3.2.

Example 3.1 Consider the following fractional boundary value problem














−D1/3(φ 9

5

(D3/2x(t))) = f(t, x(t)), 1 < α ≤ 2, t ∈ [0, 1],

D1/4x(0) = 0, D1/4x(1) = 1
2

∫ 1

4

0
D1/4x(s)ds + 1

2

∫ 1
1

3

D1/4x(s)ds,

Dαx(0) = 0,

(3.2)

Here α = 3/2, δ = 1/4, β = 1/3, a1 = 1/2, a2 = 0, a3 = 1/2, η0 = 0, η1 = 1/4,

η2 = 1/3, η3 = 1, and f(t, x) =
t

7(t + 1)
sinx and w(t) = 1. As |f(t, x)| ≤ w(t) = 1

and |f(t, x)−f(t, y)| ≤
1

7
|x−y|, then (A1) is satisfied with L =

1

7
and Λ1 ≃ 0.30 < 1.

Hence, by the conclusion of Theorem 3.1, the boundary value problem (3.2) has a

unique solution on [0, 1].
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