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ABSTRACT. In this paper, by using four functionals fixed point theorem and five functionals fixed
point theorem, we study the existence of at least one positive solution and three positive solutions
respectively of a fourth-order four-point boundary value problem with alternating coefficient on a

time scale. Examples are also included to illustrate our results.
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1. INTRODUCTION

The theory of time scales was introduced by Stefan Hilger [11] in his PhD thesis
in 1988. Theoretically, this new theory has not only unify continuous and discrete
equations, but has also exhibited much more complicated dynamics on time scales.
Moreover, the study of dynamic equations on time scales has led to several important
applications, for example, insect population models, biology, neural networks, heat
transfer, and epidemic models, see [1, 2, 3, 10, 17]. Some preliminary definitions and
theorems on time scales can be found in the books [7, 8] which are excellent references
for the calculus of time scales. Due to the unification of the theory of differential and
difference equations, there have been many investigations working on the existence of
positive solutions to boundary value problems for dynamic equations on time scales
3, 4, 12, 15, 16, 19, 20].

There have been extensive studies on two-point and multi-point boundary value
problems via many methods- for example [3, 4, 9, 10, 12, 13, 14] and references
therein. In most of these studies, the coefficient function is assumed to be nonnegative.
There is not much studies on multi-point boundary value problems with alternating
coefficient, see [9, 13, 14, 18]. Especially the existence and positive solutions for
fourth-order multi-point boundary value problems with alternating coefficient on time

scales has never been discussed. So this paper fills the gap.

In this paper, we consider the following fourth-order four-point boundary value
problem (BVP)
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yA () = h(t)f(t,y(t), t€ [0,1] C T,
(1.1) y(0) =0, y(1) =0,
Y2 (&) — ByA (&) =0, 1y~ (&) + 0y (&) =0

where T is a time scale, and h(t) is the alternating coefficient on [0, 1].

Q

Throughout this paper we assume that following conditions hold:

(H1) a,3,7,0 >0,0< & <& < 1,and D = ay(§& — &) + ad + 6 > 0.

(H2) h : [0,1] — R is continuous and such that h(t) < 0, t € [0,&]; h(t) > 0,
t € [&1,&]; h(t) <0, t € [&,1]. Moreover, it does not vanish identically on any
subinterval of [0, 1].

(H3) f e C([0,1] x [0,00) x [0,00)).

By using four functionals fixed point theorem [5] and five functionals fixed point
theorem [4], we get the existence of at least one positive solution and of at least three

positive solutions respectively.

This work is organized as follows. After this section, we give some preliminary
lemmas. In Section 3, we give our main results Theorems 3.3 and 3.4. Examples are

also given to show our results.

2. PRELIMINARIES
In this section, we present auxiliary lemmas which will be used later.

Lemma 2.1. Assume that the condition (H1) is satisfied. If g € C[0,1]

yA () = g(t), t €[0,1],
ay(&) — By (&) =0, yy(&) + 0y> (&) =0

has a unique solution

where

(21) G(t, S) = S € [51,52], 5 {




FOURTH-ORDER FOUR-POINT BOUNDARY VALUE PROBLEMS 315

Proof. Tt is easy to see that G(t, s) satisfies the boundary conditions

ay(&) — By (&) = 0,
vy(&) + 6y~ (&) = 0.

For each ¢ € [0, 1], we consider three cases:

Case 1:t € 1[0,&].
&1 1
y(t) = /t (s = )h(s)f(s,y(s))As + 5 [Oé(& —t) = A][v(& — ) + d]g(s)As.
Case 2 : t € [£1, &)

W = = [ later = 5) = A& 1) + A (5. (o) s

&2
D/ﬁ a(& —t) = Bl[v(& — 5) + 0]h(s) f(5,y(s))As.

Case 3 :t € [&,1].
&2
o) = |16 =) = AbE — )+ Ao u()As
—I—/ (t —s)h(s)f(s,y(s))As.
&2
For each of three cases, we get y2°(t) = g(¢). This completes the proof. O

Lemma 2.2. Assume that (H1) holds. If > a& and § > (1 — &), then G(t, s) is
nonpositive on [0, 1] x ([0,&] U [€2, 1]) and nonnegative on [0, 1] X [&1,&].

Proof. The lemma follows from (2.1) immediately. O

Lemma 2.3. Assume that the conditions (H1)-(H3) are satisfied. Then the BVP

(1.1) has a unique solution

1 1
vt) = [ Gilt) [ Gl Sy A, te0.1),
0 0
where G is defined as in (2.1) and

(2.2) G (ts) = { tl—s), tss,

s(1—t), s<t

Proof. Consider the following boundary value problem

03 { / Gt ) y(s))As, te[0,1],

y(0) =0, y(1
The Green’s function associated with the BVP (2.3) is G (t, s). This completes the
proof. O

Throughout this paper, we assume w,v € T with £ <w < v < &.



316 I. Y. KARACA

Lemma 2.4. Under the condition (H1) the Green’s function G1(t,s) satisfies

(2.4) 0 < Gi(t,s) < Gi(s,s) for (t,s) € 0,1] x [0,1]
' Gi(t,s) > kGi(s,s) for (t,s) € |w,v] x[0,1]

where
(2.5) k = min{w, 1 —v}.
Proof. From (2.2), one can easily see these inequalities (2.4). O

Lemma 2.5. Let (H1)-(H3) hold. Then the unique solution of BVP (1.1) satisfies
y(t) = klyll fort € lw,v],

where ||y|| = maxcpo11y(t) and k is as in (2.5).
Proof. We have from (2.4) that for all ¢ € [0, 1]

v < [ Gils) [ G u) BT
which implies that : :

< [ 6i6s.5) [ Glom) sy aras

Thus for ¢ € [w, V],

/ (s, s / (s, 7)h(F) f (7, y(r)) ArAs

Gi(t, s)
_/0 Gl(s,s)Gl(s’s)/o G(s, T)h(T)f(7,y(T))ATAS

U

Lemma 2.6. Assume that (H1)-(H3) hold. If 3 > a& and 0 > (1 — &), then the
unique solution y(t) of BVP (1.1) is positive on [0, 1] and concave on [0, 1].

Proof. By Lemma 2.2, Lemma 2.3 and Lemma 2.4, y(¢) is positive on [0, 1].
Fort € [0,51],

&1
1) = / (s — )h(s) (s, y(s)) As

&2
#3510t =0 = Bl = ) + T (5. () As <0

Similarly, for t € [£1, &) and t € [&,, 1], we get y2°(t) < 0. Hence y(t) is concave on
[0, 1]. O
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We work in the Banach space B = {C[0,1] : y(0) = y(1) = 0} with the norm
|y|| = maxyep,1) y(t). Then define a cone P in B by

P={yeB:y(t) >0, yis concave on [0,1]}.

Define an operator A by

Ay(t) = /0 Ga(t,5) /0 G(s, T)h(7) f(,y(r))ATAs, t € 0,1].
Set
= —fl fol T)AT — ff T)AT
+5[8+ al& — )]0 +7(& — &) [ h(r)Ar.

Lemma 2.7. Assume that (H1)-(H3) hold. If f > a& and 6 > (1 — &), then
Q(a, B,r, R) is bounded and A : Q(«, B,r, R) — P is completely continuous.

(2.6)

Proof. From the definition of A, it is clear that A(P) C P. It is obvious that A is
continuous in view of continuity of f, G, and G;. Let Q C P be bounded. Then,
there exist positive constant C' > 0 such that |f(¢t,y)| < C, Vy € . Thus for all
y € Q, we have

[Ayl] = max Ay(t)

te(0,1]

< Cmax/ GltsAsmax[max/GST

s, [ s, s [ ot }
< Ctrélguf/ GltsAsmax[sg§g]</s (s — T)h(r) AT
+5 [ lats= &)+ flhie - 1) + i ),
s 5 ([t =0+ Al — 9+ ahir)ar
+ [ ats — )+ At~ ) + lmac).
s (3 [t~ + (e 9+ annar+ [ - aninar )]
< Cmp [ Gutpomax [ —rimac + 117 "B ) + dh(rar
b 10 =) + Al ) + Sh(r)ar

&2
+55 [ lols = &)+ A& =)+ Ap(r)Ar
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1 “ da(t — &) + Blh(r)AT + /1 —(1- T)h(T)AT:|
D & ' &2
1 & &2
< Ctem[gi(}/o G4 (t, s) max {/0 —7h(T)AT + %ﬁ[v(fg — &)+ 6] /51 h(T)AT,
1

&2
(€ — &) + A€ — &) + 0 / h(r)Ar,

&1

D
ool — &) + ] /& h(r)Ar — /1(1 _ T)h(f)m]
c

&1 &2
< trél[gplg/ Gi(t, s) {/ —7h(T)AT — /521(1 — 1)h(T)AT
1 &2
+plales—6) + Aot~ &)+ [ o]

IN

C' max /0 exe S)As{—gl /0 A /&1 h(r)Ar

te[0,1]

&2
+plala =)+ Abie &)+ [ hinar

&1

< CNmax/Glts

te[0,1
which implies that the operator A is uniformly bounded.

In addition, for t1,t, € [0, 1], we have

|Ay(t1) — Ay(t2)| = |/ Gi(t1, s / G(s, 7)h(T)f(m,y(T))ATAs

- / Galts, s) / G(s, T)h(r) (7, y(r)) ArAs|

1
S CN/ |G1(t1,8)—G1(t2,$)|AS
0

which implies that A is equicontinuous on [0, 1]. Thus, by the Arzela-Ascoli Theorem,
A : P — P is completely continuous. U

3. MAIN RESULTS

In this section, we discuss the existence of at least one positive solution and
three positive solutions for the BVP (1.1) by using Theorem 3.1 and Theorem 3.2
respectively.

Let «, 1 be nonnegative continuous concave functionals on P, and § and 6 be
nonnegative continuous convex functionals on P. Then for positive numbers r, j, [
and R, we define the sets

Qla, B8, R)={y € P:r < al(y), By) < R},
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U, 1) ={y € Q(a, 8,7, R) : 1 <(y)},
V(0,v) ={y € Qa, 3,7, R) : 0(y) < v}.

Theorem 3.1 (Four Functionals Fixed Point Theorem [5]). If P is a cone in a real
Banach space B, o and v are nonnegative continuous concave functionals on P, 3 and
0 are nonnegative continuous convex functionals on P, and there exist nonnegative

positive numbers r, I, v and R such that
A:Q(a, 8,7, R) — P
is a completely continuous operator, and Q(a, 3,7, R) is a bounded set. If
(i) {y € U,1) : B(z) < RN {y € V(8,0) : 7 < aly)} £,
(17) a(Ay) >r, for ally € Q(a, B,1, R), with a(y) =7 and v < 6(Ay),
(1i1) a(Ay) >, for ally € V(0,v), with a(y) =,
)
)

) >
B(Ay) < R, for ally € Q(«, B,r, R), with 5(y) = R and ¥(Ay) <,
B(Ay) <

(1w
(v
then A has a fized point in y in Q(a, 5,7, R).

R, for ally € U4, 1), with B(y) = R,

We are now in a position to present the five functionals fixed point theorem.
Let v, 3,60 be nonnegative continuous convex functionals on P and «, ¢ nonnegative
continuous concave functionals on P. For nonnegative numbers h, a, b, d, and ¢, define

the following convex sets:
P(y,c) ={z € P:v(x) <c},
P(v,a,a,¢c)={z € Pra<ax), v(z) <},
Q(v,B,d,c) ={x € P: f(z) < d, v(x) < c},
P(v,0,a,a,b,c) ={z € P:a<a(zx), 0(z) <b, y(x) <c}.
Theorem 3.2 (Five Functionals Fixed Point Theorem [4]). Let P be a cone in a real
Banach space B. Suppose that there exist nonnegative numbers r and M, nonnegative

continuous concave functionals o and ¢ on P, and nonnegative continuous convex
functionals v, B, and 8 on P, with

a(z) < f(x), [le] < Mry(z), Vze P(y,c).

Suppose that A : P(y,r) — P(~,r) is completely continuous and there exist nonneg-
atiwe numbers h,a, k,b with 0 < p < q such that

(i) {x € P(7.0,c,q,v,7) s alx) > ¢} # 0 and a(A(z)) > q forz € Q(7,6, 0, ¢, v,7),
(i)) {x € P(y,B, ¢, h,p, 1) : B(x) < p} # 0 and B(A(z)) < p forz € Q(v, B, ¢, h,p,7),
(1i1) a(Ax) > q for x € P(vy,«,q,7) with §(Az) > v,
() B(Azx) < p for x € Q(v, 5, p,r) with p(Ax) < h,
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then A has at least three fized points x1, xo, x5 € P(7y,r) such that
B(x1) < p, a(x2) > q, B(x3) > p, with a(x3) < g.
Set
M = max{M;, My},

where

&2 v
M, :ﬁé/ Gl(w,s)/ h(T)ATAs,

&1 w
&2 v

M, = /65/ G1(v, s)/ h(T)ATAS.
&1 w

Let k and N be as in (2.5), (2.6), respectively.

Theorem 3.3. Let 3 > a& and 0 > (1 — &). Assume that (H1) — (H3) hold,
if there exist constant r, I, v, R with v > max{2l,7}, | > r, R > max{2l, é}, and
suppose that f(t,y) satisfies the following conditions:

-1
(1) flt,y) < & [maxte[o,l} fol Gi(t, S)AS} , (t,y) €[0,1] x [0, R],

(1) f(t,y) = 57, (ty) € [w,v] x [ 0],

then the boundary value problem (1.1) has a fized point y € P such that

min y(t) >r, max y(t) < R.
telw,v] tew,v]

Proof. The BVP (1.1) has a solution y = y(¢) if and only if y solves the operator equa-
tion y = Ay. Thus we set out to verify that the operator A satisfies four functionals

fixed point theorem which will prove the existence of a fixed point of A.

Define maps

a(y) = ¥(y) = min y(1),

tew,v]
B(y) mnax y(t), 0(y) nax y(t)

To check condition (i) of Theorem 3.1, we choose y(t) = 21, 0 <t < 1. It is easy
to see that ¥(y) > 1, B(y) < R, 6(y) < v and a(y) >r. So,y € {y € U(,1) : B(y) <
RyN{yeV(0,v):r < a(y)} # 0 which means that (i) in Theorem 3.1 is satisfied.

For all y € Q(«, 3,7, R), with a(y) = r and v < 8(Ay), from Lemma 2.5, we have
a(Ay) = n[lin} Ay(t) > k|| Ay|| > k0(Ay) > kv > r.
te|w,v

For all y € Q(a, 8,7, R) with 5(y) = R and ¢¥(Ay) <,
1 1 [
< — 1 _ — — .
B(Ay) < ? tg[g’rllj] Ay(t) k@b(Ay) < ? <R

Hence (i) and (iv) in Theorem 3.1 are hold.
For any y € V(6,v) with a(y) =,
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Case 1 :
a(Ay) = Ay(w) = / Gi(w, 5) / G(s,7) f(r,y(r))h(r)ATAs

> [0 les/ny h(T)ATAS
&

v

%55/&2@(%3) /w h(T)ATASs

= %Mlz’f’.

a(Ay) = Ay(w) = / Gr(v.5) / G(s,7) f(r,y(r))h(r) ATAs
G1 (v, s T, T)ATASs
> s / flry(r

>—5 G h(TYATA
> ﬁ/& 1<”)/w (r)ArAs
:MMQE’I".

And for all y € U(y,1) with B(y) =

7

B(Ay) = max/ Glts/ G(s,7)f(r,y(T))h(T)ATAS

t€[0,1]

< max/Glts/GST T)ATAS
Nmaxtem fO GltSASte()l

&1
d / G1(t, s)As[— fl/ h(T)AT
N maxeqo 1) fo G1 (t,s)As t€01 0 0

&2

B / A()AT + 58+ alea — E)][3 + (& — &) / h(r)Ar]

&2 &

R 1
T max/ G1(t,s)As = R.
NmaXte[oﬂ fO Gl(t, S)AS t€(0,1] 0

Hence (7iz) and (v) in Theorem 3.1 hold. Thus, all the conditions of Theorem 3.1 are
satisfied. A has a fixed point y € Q(a, 3,7, R). Therefore, the BVP (1.1) has at least
one positive solution y € P such that

min y(t) >r, max y(t) < R.
te[w,v] te[w,v]

O

Theorem 3.4. Let § > &y and § > y(1 —&). Assume that (H1), (H2), and (H3)
hold. If there exist constants p,q,r,v with v > max{2q, {}, h < min{kp, £}, 2¢ <,
p < q further suppose that f(t,y) satisfies the following conditions:
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(BY) £(ty) < & [masicon i Grt.9)As] . (1) € 0.1] x [0.p],
(B2) f(t,y) > &, (t,y) € [w,v] x [q,v], »
(B3) f(t,y) < £ [maxicpy [ Galt, S)As} (ty) € [0,1] x [0, 7],

then the BVP (1.1) has at least three positive solutions y; yo and ys such that

max y;1(t) < p < max y3(t), min y3(t) < g < min ys(t).
te|w,v] te[w,v] te|w,v]

tew,v]

Proof. Define the maps
ay) = p(y) = min y(t), B(y)=0(y) = max y(t), ~(y) = max y(t).
te[w,v] tew,v] te[0,1]

It is clear that

aly) < B(y), llyll <~(y), Yye P(y,7).

From Lemma 2.7, we obtain that A : P(y,r) — P is completely continuous. Thus,

we only need to show that A : P(y,r) — P(v,r). Let y € P(y,r), then from (B3)
we have

v(Ay) = max Ay(t)

te[0,1]
r 1 &
As|[— A
S e e /0 Gr(t, 5)As[—&1 /0 h(r)Ar
1 &2
- [ nrac+ Si+ate - @l +e -6 [ hear
&2 &

r

1
T max/ Gi(t,s)As=r
N maxqeo 1) fO G1(t, s)As t€lo.1] Jo

which implies that A(P(v,r)) C P(y,r).
We take y(t) = 2q, t € [0,1]. It is easy to see that y(t) € P, aly) > q,

0(y) < v and y(y) < r. That is {y € P(7,0,0,q,0,7) : ay) > q} # 0. For
y € P(v,0,a,q,v,7), we have, by condition (B2),

Case 1:
&2 v
a(Ay) = (Ay)(w ) Gi(w, s 7,y(7))h(T)ATAS
(4y) (y)()>ﬁ/§l ( )/wf( y(r)h(r)
q &2 v
> 3% G /w h(r)ArAS
= %M1ZQ-
Case 2 :
&2 v
o) = ()0 > 5 [ Gl [ rspenanas

> L / * G s) / " h(r)ArAs

&1 w
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q
= —M, >q.
mr =

So, a(Ay) > q. Hence, condition (i) of Theorem 3.2 holds. We take y(t) = £. It
is easy to see that y(t) € P, B(y) < p, p(y) > h and y(y) < r. That is {y €
Ple, B¢, h,p,r) : Bly) <p} # 0.

By condition (B1), we get for y € Q(v, 5, ¢, h,p, 1),

B(Ay) = max/ Gl(t,s)/o G(s,7)h(T)f(T,y(T))ATAs

telw,v] Jo

b ./ G (t, s)As[— t/ h(T)AT
N max;cjo 1) fo Gl t,s)As t€[0 1]

&2

= [ HaT+ Sla+ale - )5 +2(6 - &) [ hnAT)

&2 &1
p
N maxeo ) fol G1(t,s)As te[w v

IA

N /GltsAs<p

Thus, condition (iz) of Theorem 3.2 is satisfied.
On the other hand, for y € P(v, a, q,r) with 8(Ay) > v, we have

a(Ay) = nin, Ay(t) > k|| Ayll > k0(Ay) > kv > q.

For y € P(v,3,p,r) with ¢(Ay) < h, we can obtain

<P

Enl s

BAy) < 7 min Ay(t) = TU(Ay) <

tew,v]

Thus, (#7i) and (iv) in Theorem 3.2 hold.

So, by Theorem 3.2, we obtain that the BVP (1.1) has at least three positive
solutions yi, Yo, y3 € P(,7) such that

max y;(f) < p < max y3(t), min y3(t) < ¢ < max yo(t).
te(w,v] te€(w,v] te€(w,v] te€(w,v]

4. EXAMPLES

We illustrate Theorem 3.3 with specific time scale T = {27 :n € NT} U {0} U

[1,2]. Consider the boundary value problem:

yA () = h(t) f(t,y(1), t €[0,1],
(4.1) (0) =0, y(1) =0,

1 3, 1 2,1
4yA —2y* (=) =0, 6y

1
~) =0,

5) v (5
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Wheref(tay):%g(68y_65)a 51:1_16,62:%,0‘):%77/:%,05:4,/6:277:6,
=5,

(1 0, —
— t -
Y E [ Y 16]7
1 1
h(t) = 1 te|—,=
( ) ) E [167 2]7
1
-1 te|=,1
| —L telg]]
After some calculation, we have
315 415 3474 1
M=M,=—— = — =— k=
27 4096”8192 4352 8

Choose r=1,1=2, v =10, R = 20.
Consequently f satisfies

6R
f(t.y) <150 < 150.3281 = ==, (t,) € [0,1] x [0,20],

T 11
> : — -z '
f(t,y) > 14 > 13.0031 IR (t,y)€[8,4]><[1,10]
Then all conditions of Theorem 3.3 hold. Thus, with Theorem 3.3, problem (4.1) has
a fixed point y € P such that

min y(t) > 1, max y(t) < 20.
te[%7% te[%v%}

Example 4.2 We illustrate Theorem 3.4 with specific time scale T = "1—J61 :n € N}

Consider the boundary value problem:

yA (1) = () f(ty(t)), t € [0,1],

(4.2) y(0) =0, y(1) =0,
1 AZ 1 AS 1 1 AZ 1 AS 1
g2 -1 2)=0, =y (2)+2 2) =

-2 tel0, =
) E [ 75]7
11
h(t) =< t tel|=, =
( ) ) E [57 2]7
1
—1 t -1
L ) S [2a ]a
It follows from a direct calculation that
- 377 ’ M, = 21315’ N — 2393161’ _ 1
1920 97200 1606000 4

Choosep:%,qzl,rzél,v:&
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Consequently f satisfies

) 8p 1

<— . = — —
f(ty) < 5 < 208431 = =, (t.y) € [0,1] x [0, 2],
Flty) > 5> 45601 = L (ty) e 2 2] x [1,5]
ay - . _M’ ay 473 ) )

8
F(t,y) < 20 < 21.4745 = Nr (t,y) € [0,1] x [0, 4].

Then all conditions of Theorem 3.4 hold. Thus, with Theorem 3.4, problem (4.2) has
a fixed point y € P such that

1
max y;(t) < = < max y3(t), min y3(t) <1< min yo(t).

tell 3 tell 3 tel7 3] te3,3]
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