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1. INTRODUCTION

The purpose of this paper is to investigate the following boundary value problem

of fractional functional differential equation with p-Laplacian operator

‘DPgp(“Du(t))] + f(t,ult — 7),u(t +0)) =0, te(0,1),
Du(0) = 0,

au(t) —bu'(t) = n(t), te[—T,0],

cu(t) +du'(t) =&(t), te[l,1+46],

(1.1)

where 1 < o < 2,0 < 3 < 1, D% and ¢D” are the Caputo fractional derivatives,
0<T7,0<1,a,d>0,b,c> 0 are real constants satisfying b > %a and ¢,(x) is a
p-Laplacian operator defined by ¢,(z) = |z|P~%2, p > 1, ¢, = ¢, ", % + % =1.
We will suppose that the following assumptions are satisfied:
(A1) f € C(]0,1] x [0,400) X [0,+00),RT), f(t,u,v) > 0 for all (t,u,v) € [0,1] X
[0, +00) x [0, 4+00).
(A2) n € C([—T,0],]0,00)), £ € C([1,1 4 6],[0,00)) and n(0) = &(1) = 0.

Recently, the study of nonlinear fractional boundary value problems has gained
much attention because of their applications in various research areas of applied sci-
ences and engineering. In particular, many authors have investigated the existence
results of positive solutions of nonlinear boundary value problems for fractional dif-
ferential equations. (See [1, 2, 8, 9, 10, 11, 12] and the references therein.) But there

are relatively few works available for the existence of positive solutions for fractional
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functional differential equations. For instance, in [5], Li et al. considered the following

boundary value problem of fractional functional Sturm-Liouville differential equation

Du(t) + a(t)f(t,u) =0, te(0,1),
(1.2) —au(t) + bu'(t) = n(t), te[-T,0],
cu(t) +du'(t) =&(t), te[l,1+46],

where 1 < a < 2 and D* is the Caputo fractional derivative. By means of the Guo
Krasnoselskii fixed point theorem, they obtained the existence of positive solutions
for the fractional functional BVP (1.2).

In [4], by means of fixed point theorems on cones, Zhao et al. investigated the

following fractional functional boundary value problem

Deu(t) +r(t)f(u;) =0, te(0,1), g€ (n—1,n,
u'(0) =0, 0<i<n-—3,

au A (t) — pulD(t) = n(t), te[-7,0],
Fu=D(t) + sum V() = £(t), te[l,1+0].

(1.3)

In [3], by using the Guo Krasnoselskii fixed point theorem on cones, Li et al.

established the positive solutions for the following fractional functional differential

equation

Df[p(t)Du(t)] + f(t,u(t —7),u(t+6)) =0, te(0,1),
(1.4) Du(0) = D%u(1) = (D*u(0))" = 0,

au(t) — bu'(t) =n(t), te[—,0],

cu(t) +du'(t) =&(t), te[l,1+46],

where 1 < a < 2,2 < 3 <3, D* and D? are the Caputo fractional derivatives.

We notice that all the results in the papers mentioned above are obtained by
means of fixed point theorems on cones. Motivated by these papers, but taking
completely different technique from [3, 4, 5], we will consider the functional fractional
boundary value problem (1.1). Here, we will use the monotone iterative technique
to establish the existence results of positive solutions for the fractional BVP (1.1).
We not only get the existence results of positive solutions, but also construct two
iterative schemes for approximating the solutions. Furthermore, the technique does
not require the existence of upper and lower solutions. To the author’s knowledge,
few works were done in the literature concerning the existence of positive solutions
for boundary value problems of fractional functional differential equations with p-
Laplacian operator by means of the monotone iterative method. Therefore, the aim

of this paper is to fill this gap.

The plan of this paper is as follows. In section 2, we give some definitions and

lemmas that are used throughout the paper. In section 3, we establish our main
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results by using the monotone iterative technique. Finally, in section 4, an example

is worked out to demonstrate the applicability of our main result.

2. PRELIMINARIES

In this section, we present some definitions and lemmas which are useful for the

proof of our main result.

Definition 2.1 ([6, 7]). The Riemann Liouville fractional integral of order a € R*

for a continuous function h : (0,00) — R is defined by

(2.1) h(t) = ﬁ /0 (t — 5)°h(s)ds.

where I'(.) is the Euler Gamma function, provided that the integral exists.

Definition 2.2 ([6, 7]). If h € C™[0, 1], then the Caputo fractional derivative of order
« is defined by

1 t
(2.2) °Dh(t) = T —a) / (t —s)" 2 WM (s)ds = I"hM(t), n—1<a<n,
n—uoa 0

where n = [a] + 1 and [« denotes the integer part of the real number a.

Remark 2.3. If « = n € Ny, then the Caputo derivative coincides with a conventional

n-th order derivative of the function h(t).

Lemma 2.4 ([6, 7]). Letn = [a]+1 fora ¢ N andn = a fora € N. Ify(t) € C"[0,1],
then

(17D (8) = (1) =

Lemma 2.5 (6, 7]). Let a >0 andn = [a]+ 1 fora ¢ N and n = o for a € N. If
h(t) € C[0,1], then the homogeneous fractional differential equation

°D*h(t) =0
has a solution
h(t) = c1 + cot + Cat? 4 -+ et
where ¢; € R, (i=1,2,...,n).

Lemma 2.6 ([3]). If1 < a <2 and f € C([0,1] x [0,400) x [0,400),RT), then the
boundary value problem for fractional functional differential equation

D(t) + f(t,u(t —7),u(t+60)) =0, te(0,1),
(2.3) au(t) —bu'(t) = n(t), te|[—10],

cu(t) +du'(t) = &(t), te€[l,1+0]
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18 equivalent to the integral equation

u(—7,1), t e [—T,0],
(2.4) u(t) = [ G(t,5)f(s,u(s — 1), u(s +0))ds, t€[0,1],
u(6,t), tell,1+0].

(2.5) u(—T,t):e(“/b)t(% /t s ()ds+u(0)), te -0,

(2.6) (0,1) e—(c/d)t ( f elc/d) (s )ds—i—ec/du(l)), te[l,1+40], d+#0,
. u s =

@= tell,1+46], d=0,
and
(2.7)

Glt.s) = — {(tS)(al)ﬂtf”(C(lS)(“”+d(a1)(1s)(“’), s<t,

Do) | Bt (c(1 — 5)@ D + d(a — 1)(1 — 5)@2), t<s,
where p = bc + ac + ad.

Lemma 2.7. If 1 <a<2,0< <1 and f € C([0,1] x [0,+00) x [0,+00), RT),

then the boundary value problem for fractional functional differential equation

DP[6p(*Du(t))] + f(t,ult — 7),u(t +0)) =0, te(0,1),
e Deu(0) = 0,

au(t) — bu'(t) =n(t), te[-T,0],

cu(t) +du'(t) =&(t), te[l,1+40]

(2.8)

18 equivalent to the integral equation

u(—,t), t € [-T,0],
(2.9) u(t) = fo (t, 8)p(I° f(s,u(s — 7),u(s + 0)))ds, te]0,1],
u(0,t), te(l,1+ 6],

where u(—T,t), u(f,t) and G(t,s) are defined by (2.5)~(2.7) respectively.

Proof. For any f € C(]0,1] x [0, +00) x [0,400),R*"), by Lemma 2.4, we have
0p(“Du(t)) = —I" f(t,u(t — 7),u(t + 0)) + co, co € R.

Using the boundary condition *D®u(0) = 0, we get ¢g = 0. Hence, we obtain

(2.10) CDu(t) + ¢y (I° f(t,u(t — 7),u(t + 6))) = 0.
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By means of Lemma 2.6, a solution of (2.10) with the boundary conditions of (2.8)

can be expressed as

u(—r,1), t e [-T,0],
(2.11) u(t) = fo (t, )P (I° f(s,u(s — 7),u(s + 0)))ds, te€][0,1],
u(6,1), tell,1+4,
in which u(—7,t), u(6,t) and G(t, s) are given by (2.5)-(2.7) respectively. O

Now, we will present the properties of the Green’s function:

Lemma 2.8 ([5]). The function G(t, s) given by (2.7) verifies the following properties:
(i) G(t,s) is continuous on [0,1] x [0, 1).

(ii) Forb> 2%a, we get G(t,s) > 0 for t,s € (0,1).

(iii) G(t,s) < G(s,s) fort,s € (0,1).

Throughout this paper, let x¢(t) be a solution of the BVP (1.1) with f = 0, then

it satisfies
xo(—71,t), te€[-T,0],
(2.12) zo(t) = 4 0, tel0,1],
xo(0,t), te[l,1+46],

where

a/b)t 0

2 / e_(“/b)sn(s)ds, te[-r,0]
t

(
1’0(_77 t) = c

and
e—(c/d)té flt el/sg(s)ds, te[l,1+6], d+#0,

C

Io(e, t) =

Assume that wu(t) is a solution of the BVP (1.1) and x(t) = wu(t) — x¢(t). Since
x(t) = u(t) for 0 <t <1, z(t) verifies
(2.13)
x(—1,t), te[-T1,0],
z(t) = fo (t, )P (IP f (s, (z + 20) (s — 7), (x + o) (s + 0)))ds, t € [0,1],
x(0,t), tel,1+46],

where
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and

e~ @/Dt=Ng(1), te[l,1+0], d#0,

x(0,t) =
0, te[l,1+6], d=0.

Let B =C[—7,1+ 6] be endowed with the norm Hx||— [malx , |z(t)|, then it is clear
+

that B is a Banach space. Define a cone K C B as follows
K={rxeB:xz(t)>0 forany t € [-7,1+0]}.

Consider the operator T': K — K

(2.14)
at/bjl G(0,8)g(I° f (s, (x + x0) (5 — 7), (x + 20) (5 + 0)))ds, te€ [-7,0],
Tx(t) = fo (t, )0 (I°P f (s, (x + 20) (s — 7), (x + o) (s + 0)))ds, t € [0,1],
Ax(t), te[l,1+46],
in which
e~ (e/d)(t=1) fol G(1,8)p (I f (s, (x + 20) (5 — 7), (x + x0) (s + 0)))ds,
Ax(t) = tell,1+6], d#0;
0, te[l,14+6], d=0o.

It is easy to see that w is a positive solution of the BVP (1.1) if and only if

T = u — o is a nontrivial fixed point of 7', where x, is given by (2.12).

Lemma 2.9. Assume that (Al) and (A2) hold. Then T : K — K is completely

continuous.

Proof. From the definition of T, it is obvious that Tz(¢) > 0 for t € [—7,1 + 0], i.e
Tx € K,Vx € K. Also, using the Arzela Ascoli theorem and the standard arguments,

one can easily show that T': K — K is completely continuous operator. O

Remark 2.10. Note that for any ¢t € [—7,0] and ¢t € [1,1 + 0], Tx(t) < Tz(0) and
Tz(t) < Tx(1) hold respectively. So,

Tx| = ||T = Tx(t).
[Tl = 1Tl = max [T(t)]

To guarantee the existence of positive solutions, we will assume the following

condition:
e (H1) There exists 0 > 0 such that 0 < wuy < up <0+ ||20][[—r0, 0 <01 <0y <
0 + Hx0||[1,1+9} and t € [0, 1] 1mply f(t, Uy, Ul) S f(t,UQ, Ug).

Lemma 2.11. Suppose that (A1), (A2) and (H1) hold. Then for any x1,zo € K;
with x1(t) < zo(t), t € [—7,1 + 0] implies (Txy)(t) < (T'x2)(1).
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Proof. Let x,, w3 € K;. Then, for any v € [0, 1], we have

(2.15)
0 < (21 +20)(v—7) < (22 +20) (v — 7) < |22 + ||T0[[=r0) < 6+ ||T0l][=r 01,

0 < (21 +20) (0 +0) < (2 +20)(v+0) < laall + llzoll i) < 0+ zolls 0

It follows from (2.15) and (H1) that

S (v, (214x0) (0=7), (21 +20) (V+0)) < f(v, (22420) (0=T), (22+20)(v+0)), v € [0,1],
thus we have

I f (v, (21 + @) (v = 7), (21 + @) (v +0)) < I f (v, (22 + @0) (v = 7), (22 + 20) (v + 0)).
Since ¢, is increasing on R, we derive that

Gg(1°f (v, (21+20) (v=7), (11+20) (v40))) < bg(I” f (v, (wat20) (V7). (wa+20) (v6))),
so, we obtain

(2.16)
(Az1)(t) — (Az2)(t)

e Jy G, 8) (@1 (s, (1 + o) = 7), (w1 + 20)(s+ 0))
= =01 f(s, (w2 + 20)(5 = 7). (w2 + 20)(s +6))) ) ds, L€ [1,146], dA0,
0, te€[l,146], d=0.

Hence for any t € [—7,1+ 0], by (2.14) and (2.16) we have
(Ty)(£) — (Tw2) (1)

[ [ 60,5 (1516 (o1 205 = 7). o1+ 20+ 0)
— g (1P f (s, (w2 + 20) (5 — T), (T2 + ) (5 + 9))))(15, t e [-T,0],
A )(%(lﬁf( (1 +x0)(s — 7), (21 + 20)(s + 0)))
I8 f(s, (wy + x0)(s — 7), (22 + 10) (s + 9)))>ds, t €10,1],
— (Azy)(t), te[l,1+0]

G(t,
_¢q(
[ (Azy)(t

<0.

f
)

Therefore, (Tx1)(t) < (T'z2)(t) is satisfied for t € [—7,1+60]. The proof is completed.
U

3. MAIN RESULT

In this section, we obtain the existence of positive solutions and its monotone
iterative scheme for the fractional BVP (1.1).



382 F. Y. DEREN, N. A. HAMAL, AND T. S. CERDIK

For convenience, let us denote

= ath 1c — )t a— — 5)* )Pl s
4 p[F(ﬁ+1)]q‘1F(a)/o((1 7 dla = 1)1 = 8T e

Theorem 3.1. Assume that (A1), (A2) and (H1) hold. Suppose also that there exists
0 > 0 such that

5
max F(#:0 4 l2ollr0: 0 + l2ollp,110) < 6p()-

Then the BVP (1.1) has two positive solutions w*(t)+xo(t) and v*(t)+xo(t) satisfying

0<w"<§, limw,= lim T"w,=w",

n—oo n—oo

where

( at/b
214 ql/)GOS FlaVgs, te[-r,0],

Bla—1)
[ (ﬁ+1 q—l/ G(t,s)s" " Vds, te|0,1],

—(c/d)(t—1)
ﬂ+1 /<;1sﬁ@1 te1,1+6], d#0,

0, te[l,1+6], d=0,

and

0<v* <9, lim v, = lim T"vg = v",

n—~0o0 n—0o0

where vo(t) =0, —7 <t < 1+86.

Proof. Let € Ks. Then for any t € [0, 1] we have

) 0< (@+ao)(t —7) < el + Izolln < 5+ 2oli—ra
| 0< (@+20)(t +0) < [l + leollrsa) < 6+ oo

From (3.2), it follows that

(3.3)

0<f@£f+$®@—7%@+ww@+9ﬁSf@ﬁ+ﬂ%mqmﬁ+ﬂ%meD§¢A%%
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thus we have

|Tz|| = max |Tx(t)
te[—r,140]

— T
Q%Ixﬁl

= max
t€[0,1]

/0 G(t, s)gbq(ﬁ /08(3 — 2)97 (2, (2 + 20) (2 — 7), (z + 20) (2 + 0))d2)ds

< /0 G(s, s)qﬁq(ﬁ /Os(s — 2)57 (2, (x4 20) (2 — 7), (. + 20) (2 + 0))d2)ds

5
= ATB+1

1
)]q_lf G(s,s)s? 0 Vds < 6.
0

Hence, we get TKs C K;. Let

( 56at/b

1 5)s”= Vs -7
A J, G0 el
5
(34)  w(t) = [(ﬁ+n]

(¢/d)(t—1)
6+1q1/(?1s BlaBgs, te[l,1+6], d#0,

1
-1
= 1/ G(t,s)s? @ Vds, te0,1],

0, tel,1+6), d=0,

\
then [|wo|| < & and wy(t) € K;. Let w; = Twy, then w; € K;5. We denote
(3.5) Wpyr = Tw, =T"wy (n=0,1,2,...).

Since TK;s C Kj, we get w,, € K5 (n =0,1,2,...). By Lemma 2.9, T is compact, we
assert that {w,}°%, has a convergent subsequence {w,, }3°, and there exists w* € K;
such that w,, — w*. From the definition of 7', (3.4) and (3.5), we have

wi(t) = (Two)(?)

~

et/ [ G(0,5)g(I° f (s, (wo + z0)(s — 7), (wo + o) (s + 0)))ds,
t € [—T,0];

f()l G(ta S)¢q([ﬁf(s> (wo + fO)(S - 7_)7 (wO + xO)(S + 9)))d3a

= t €0, 1];

e~ (/D=1 [ G(L, 8)g(I° f (s, (wo + 20) (s — ), (wo + 20) (s + 0)))ds,
te[l,1+06], d#0;

0, te[l,1+6], d=0
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( 5at/b
‘ /GOS Ba-Ngs  te -0,

6—1—1
g 6‘1‘1 /Gts Ala—bds, te0,1],
N 5€—ct 1)/ Bla-1)
[(ﬂ—l—l)]—/G(l s)s?\ " ds, te[1,14+6], d#0,
0
0, tell,1+6), d=0

\

= wy(t), te[-7,1+4].

Hence, wq(t) < wp(t). By means of Lemma 2.11, we obtain Tw;(t) < Twy(t), i.e.,
wy(t) <wy(t), te[—7,1460]. Thus, we have

Wyt (1) Swy(t), t€[-7,1+0], (n=0,1,2,...).

Therefore, w,, — w*. Let n — oo in (3.5). Then we get Tw* = w* since T

*

is continuous. Evidently, w* is a fixed point of the operator T, that is y;(t) =

w*(t) + z0(t) is a positive solution of the BVP (1.1).
Let vo(t) = 0, t € [—7,1 + 0], then vy(t) € Ks. Let v; = Ty, then v; € Kj, we

denote
Upgp1 = T, =Ty (n=0,1,2,...).

Similar to {w,}>2,, we claim that {v,}7°; has a convergent subsequence {v,, }3,
and there exists v* € K; such that v,, — v*, which means v, (t) — v*(t), k — oo,
t € [-7,1+46)]. Since v; = Twy = T0 € Kj;, we have

vi(t) = Two(t) = (TO)() = 0,
that is
vo(t) = (Twy)(t) > (T0)(t) = v (t), t € [-1,1+0].
By induction, it is obvious that

Upt1(t) > v,(t), t€[-m,14+60] (n=0,1,2,...),

so, we have v, — v* in norm || . || and Tv* = v*. Therefore, T has fixed points w*
and v*, which means that y,(t) = w*(t) + zo(t) and yo(t) = v*(t) + xo(t) are positive
solutions of the fractional BVP (1.1). The proof is completed. O

Remark 3.2. It is obvious that w* 4+ zy and v* + z( are the maximal and minimal
solutions of the BVP (1.1). If they coincide then (1.1) has a unique positive solution
in K5.
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Corollary 3.3. Assume that (A1), (A2) and (H1) hold. Suppose also that there exist
0< o <oy <---<0, such that

)
Inax f (&, 06 + N|@oll[-r0), 0 + llzol[[1,140) < &p (Zk) '

Then the BVP (1.1) has 2n positive solutions wj(t)+xo(t) and vi(t)+xo(t) satisfying

0 < wj < o, hm wg, = lim T"wy, = wy,
where
( 5k€at/b 1
G(0,5)s" 9 Vds, te[-7,0
AT+ D! / gt e
5k / -1
G(t,s)sﬁ(q )ds, t € 10,1],
(3.6)  wy(t) = [5(%11))]/3 to, [0,1]
ke T -
G(1,s)s" 9 Vds, te[l,1+6], d+#0,
A, 60 e
o, te[l,1+6), d=0,
and
0 <vy <, hm U, = lim T"vy, = vy,

where vg, (t) =0, —7 <t < 1+6.

4. AN EXAMPLE

Consider the following fractional functional boundary-value problem:

DY2(6o(D¥2u(t) + F(tut — 1), ult + 1) =0, e (0,1),
D3/24(0) = 0,

(4.1 u'(t) = sin(wt), t € [—3,0],
u(t)=e'"t =1, te[1,8],
where
1 18
ft,u,v) =t+1+—(u+v), (t,u,v)e€ [——,—] x [0, 00) x [0, 00),

40 6°7
anda=d=0,b=c=1, p:2 q:2 a:§ ﬁ:%,f—%,Q—%. Notice
that n(t) = —sin(nt), and £(t) = — 1 are nonnegative functions satisfying n(0) =
(1) = 0. By easy calculation, we evaluate zo(t) = 2sin®*(3t), for t € [—4,0] and
zo(t) = et — 1 for t € [1,%], so lzolli—1.0 = 2SII12( 3)s lzolljs,s; = 0. Choosing

0 =20, we get A = % Moreover, it is obvious that f(¢, u,v) satlsﬁes
(1) f(t,ur,v1) < f(t,ug,ve) for any 0 < ¢t < 1,0 < ug < ug < 20 + %Sinz(%),
0 < v < vy <20;
(2) maxocsc £t 0+ ol _s s+ lzollp sp) = £(1,20+2 sin?(5),20) < éa(3) = 40.
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Thus, by means of Theorem 3.1, the BVP (4.1) has two positive solutions w* +

and v* + x9. Forn =0,1,2,..., the two iterative schemes are as follows:

s, -5 <t <0,
wo(t) = ¢ (1 -5, 0<t<1,
0, 1<t<g,

wn—i-l(t)

(2 (11 - V2 (r 414

5)1/2[f08(5 -

4—10[(wn + xo) (T — %) + (wy, + x0) (T

t €[50l
= \/_f (t,8)fy (s = 7) 727 + 1+ g5l (wn + 20) (7 = §) + (wn + 20) (T
€ [0,1];
L0, tell,f],
vo(t) =0,
Un-i-l(t)
(2 [ = 8)2[f(s — 7)7V2(7 + 1+ [(vn +20) (T — &) + (0 + 20)(7
t € [~5,05;
- #f (t, )] fo (s=7)" 1/2(T+1+40[(Un+x0)( (13>+(Un+$0)(7
€ [0,1];
0, tell,?]
in which
2 —Vt—s++1—-5s, s<t,
G(t’S)_\/?r 1—s, t <s.
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