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ABSTRACT. We analyze set-valued stochastic integral equations whose solutions are mappings
with values in the hyperspace of subsets of square integrable random vectors space. In this paper
we give a new formulation of these equations resulting in a new property of solutions. Namely,
the diameter of the solution values will be a nonincreasing function. Hence we call these equations
“narrowing”. We prove a result on existence and uniqueness of the solution to the narrowing set-
valued stochastic integral equations. We establish a boundedness type result for the solution and
an error of an approximate solution. Also the continuous dependence of the solution with respect

to data of the equation is shown.
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1. INTRODUCTION

Set-valued mappings appear naturally in many branches of science, such as eco-
nomics, biomathematics, physics, game theory, artificial intelligence (see e.g. [7, 13]
and references therein). There is a huge interest in this area due to many applica-
tions in control theory and optimization (see e.g. [4]-[6] and references therein). Also,
thinking about mathematical models of dynamical systems with incomplete informa-
tion or systems with velocities that are not uniquely determined, one often focuses

on set-valued differential equations [25].

Set-valued differential equations with solutions taking on values in compact and
convex subsets of the Euclidean space were introduced in [9, 10, 12] and studied since
then by many authors. Their range includes, for instance, existence of solutions [1],
stability [2, 3, 8, 16, 17, 19, 41, 43], equations involving causal operators [14, 16, 23],
monotone iterative technique [15], variation of constants formula [18], equations on
time scales [20, 28, 43], periodic solutions [21], monotone flows [27], equations with

second type Hukuhara derivative [29]-[32], quasilinearization [42].
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On the other hand a new mathematical apparatus in a form of set-valued sto-
chastic integral equations [33]-[40] generalizes the deterministic set-valued differential
equations to a stochastic extent. The papers we have been doing so far use a for-
mulation of the set-valued stochastic integral equations in such a form, nevertheless
- very natural, which causes that the diameter of the solution values is a nondecreas-
ing function. We show this in Theorem 3.1 of the current paper, where we consider
the set-valued stochastic integral equations with solutions being set-valued mappings
taking on values in the hyperspace of nonempty closed bounded and convex subsets
of square integrable random vectors space. This paper presents a study of set-valued
stochastic equations with solutions having a nonincreasing diameter of their values.
This is shown in Theorem 3.2 later on. Accordingly to the new property of solutions
we call these equations “narrowing”. Consequently the equations studied earlier are
called the “widening” set-valued stochastic integral equations. We show that the the-
ory of the narrowing set-valued stochastic integral equations is well-posed. Existence
of unique solution is shown together with the stabilities of the solution under small
changes of the equation parameters. As distict from the usual analysis, to obtain
existence of solutions we impose existence of some Hukuhara differences, see condi-
tion (H4). This condition is necessary and cannot be omitted. It is not used in the
previously studied widening equations, because in their analysis there is no need to
use the Hukuhara differences. The existence of solutions is obtained under Lipschitz
condition with an integrable stochastic process instead of the Lipschitz constant and

a condition of boundedness by an integrable stochastic process.

The paper is organized as follows. In Section 2 we summarize some preliminary
facts and properties on the Hukuhara difference, set-valued stochastic processes and
set-valued stochastic trajectory integrals. The main results are presented in Section 3.
We introduce the notion of the narrowing set-valued stochastic integral equation.
Then, the existence and uniqueness of solutions is proven. Also, the continuous
dependence of solutions with respect to data of the equation is shown. We indicate
that under conditions (H1)-(H3), considered in Section 3, the similar results can be

obtained for the widening set-valued stochastic integral equations.

2. PRELIMINARIES

Let X be a separable Banach space, and let K%(X) be the hyperspace of all
nonempty closed bounded and convex subsets of X'. The Hausdorff metric Hy in
Kb(X) is defined by

Hx (A, B) := max {sup distx(a, B), sup dist v (b, A)} :

acA beB

where disty(a, B) := gn]g |la—b||x and ||-||x denotes a norm in X. It is known (see [22])
S

that (K5(X), Hy) is a complete metric space. The addition and the multiplication by
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reals are defined as usual, i.e. for A, B € K5(X) and y € R we have A+ B :={a+b:
a € Ab € B}, uA := {pa : a € A}. The Hukuhara difference of A, B € K%(X) is
defined as the set A© B € K%(X) such that (A© B) + B = A. If A© B exists, it is

unique.

For the metric Hy and A, B,C, D € K%(X) and p € R one has

(P1) Hy(A+ B,C+ D) < Hx(A,C) + Hx(B, D),

(P2) Hy(uA, uB) = || Hy(A, B),

(P3) Hx(A+C,B+C) = Hx(A,B),

(P4) if A© B exists then Hy(A© B,{0}) = Hx(A, B),

(P5) if Ao B and A& C exist then Hy(Ae B,Ac C) = Hx(B,C),

(P6) if A© B and C © D exist then Hy(A© B,C & D) < Hx(A,C) + Hy(B, D).

Also, it is known [22] that the family of nonempty, closed and convex subsets of a
separable and reflexive Banach space & supplied with the Mosco topology Tas, is
a Polish topological space. The Mosco topology is metrizable and weaker than the

topology 7x, generated by the Hausdorff metric Hy.
Let (U, U, 1) be a measure space. Recall that a set-valued mapping F: U —

Kb(X) is said to be U-measurable (or set-valued random variable) if it satisfies:
{ueU:FluynO # 0} €U for every open set O C X.

A set-valued random variable F' is said to be LP-integrally bounded (p > 1), if u —
Hx(F(u),{0}) belongs to LP(U,U, u; R).

Define I := [0,7T], where T" < oo. Let (Q, A, {A;}icr, P) be a complete fil-
tered probability space satisfying usual hypotheses, i.e. { A} is an increasing and
right continuous family of sub-o-algebras of A and Ay contains all P-null sets. Let
{B(t)}ser be an {A;}-Brownian motion. Let N denote the o-algebra of the nonan-
ticipating elements in I x €, i.e.

N={AecpaA: A € A, for every t € I},

where [3; is the Borel o-algebra of subsets of I and A" = {w : (t,w) € A}. A d-
dimensional stochastic process f: I x  — R? is called nonanticipating if f(-,-) is

N -measurable.

By A we denote the Lebesgue measure on (I, 3;). Consider the space
LA x P):= L*(I x Q,N,\ x P;R%).

Then for every f € L% (A x P) and 7,¢t € I, 7 < t the Itd stochastic integral
f: f(s)dB(s) exists and one has f: f(s)dB(s) € L*(Q, A;, P;RY) C L?(Q, A, P;RY).
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Let F': I x Q — K%(R?) be a set-valued stochastic process, i.e. a family of A-
measurable set-valued mappings F(t,-): Q — K(R?), t € I. We call F nonanticipat-

ing if F'(,-) is an A/-measurable set-valued mapping. Let us define the set

SAFAX P):={f€Li(AxP): f€F, \Ax P-ael}.

If F'is L3,(Ax P)-integrally bounded, then by the Kuratowski and Ryll-Nardzewski
Selection Theorem (see [24]) it follows that S%.(F,A x P) # (. Hence for every

T,t € I, 7 < t we can define the set-valued stochastic Aumann trajectory integral
(9) f: F(s)ds as a subset of L?(Q, A;, P;R?) in the following way:

) [ Pt = { [ siopas s re sirax )

Now we consider the set-valued stochastic 1to trajectory integral. Like in the
preceding considerations, let F': I xQ — K2(R?) be a nonanticipating and L3,(Ax P)-
integrally bounded set-valued stochastic process. Then for 7,t € I, 7 < t we can

define the set-valued trajectory It stochastic integral
t t
(S)/ F(s)dB(s) = {/ F($)dB(s) : f € S2(F,\ x P)}.

By this definition we have [’ F(s)dB(s) C L*(Q, A;, P;RY).

Lemma 2.1. Let r € R and let F: I x Q@ — K%RY) be a nonanticipating and
L3, (A x P)-integrally bounded set-valued stochastic process. Then for T <t (t,t € 1)

(S) / trF(s)ds:r(S) / tF(s)ds and (S) / trF(s)dB(s):r(S) / tF(s)dB(s).

In the rest of the paper, for the sake of convenience, we will write L? instead
of L?(2, A, P;RY) and L? instead of L%*(Q, A;, P;R?) where t € I. From now on we

assume that the o-algebra A is separable with respect to the probability measure P.
We have the following properties for the stochastic trajectory integrals (see e.g.

37, 38]).

Lemma 2.2. For a nonanticipating and L3,(\ x P)-integrally bounded set-valued
stochastic process F: I x Q — K%(R?) and for every 7,a,t € I, 7 < a < t it holds
that

(S) / " Fls)ds = () / " F(s)ds + (9) / " F(s)ds, and

(S) / F(s)dB(s) = (S) / " F(s)dB(s) + (9) / F(s)dB(s).
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Lemma 2.3. Let F,G: I xQ — K(R?) be nonanticipating and L3,(\ x P)-integrally

bounded set-valued stochastic processes. Then for every r,t € I, 7 <t

H2, ((5) / tF(s)ds,(S) / tG(s)ds) <(t—7) / HZ2,(F,G)ds x dP, and

[Tt xQ

2, ((5) / ' F(s)dB(s). (5) / tG(s)dB(s)) < / H2.(F, G)ds x dP.

[Tt xQ

Lemma 2.4. Let F': I x Q — K5(R?) be a nonanticipating and L3,(\ X P)-integrally

bounded set-valued stochastic process. Then the mappings
t t
[7,T] >t~ (S)/ F(s)ds € KYL?), [r,T]>t~ (S)/ F(s)dB(s) € Kb(L?)

are Hrz2-continuous.

3. SET-VALUED STOCHASTIC INTEGRAL EQUATIONS

Let F,G: T x Q x KY(L?) — K.(R?) and X, € K%(L32) be given. By a set-
valued stochastic integral equation we mean the following relation in the metric space
(KCe(L?), Hpz):

(31)  X()=Xo+(5) / tF(s,X(s))ds+(S) / tG(s,X(s))dB(s) for t € I.

By a global solution to (3.1) we mean an H2-continuous set-valued mapping
X: I — K%L?) that satisfies (3.1). A global solution X: I — K%(L?) to (3.1) is
unique if X (t) = Y (¢) for every t € I, where Y: I — K%(L?) is any solution of (3.1).
Let .J :=[0,T] € I = [0,T], where T < T. A set-valued mapping X : J — K4(L?) is
said to be a local solution to (3.1) if it is H2-continuous and satisfies (3.1) for t € J.

The uniqueness of the local solution is defined in an obvious way.

Theorem 3.1. Suppose that X: I — Kb(L?) is a global solution to (3.1). Then the

function t — diamX (t) is nondecreasing.

Proof. Since X is a solution to (3.1) and Lemma 2.2 holds, we can write for 7 < ¢
(1,t € I) that

X(t)=X(r)+ (S)/ F(s,X(s))ds + (S)/ G(s, X(s))dB(s).

Let x be a fixed point from the set (5) f: F(s,X(s))ds + (5) th G(s, X (s))dB(s).
Then we have X (t) D X (7) 4+ {z} which implies that diamX (¢) > diamX (7). 0O
The same property is true for local solutions to (3.1) and it convinces that we can

call equations of type (3.1) as the widening set-valued stochastic integral equations.
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In order to consider the mappings X : I — K2(L?) with the nonincreasing diam-
eter function diam X () as some solutions to the set-valued stochastic integral equa-
tions, it is necessary to change the form of the equation. Below we present such a
variation of formulation of the set-valued stochastic integral equations. Namely, we

will consider the equations of the following form:
t t
(3.2) X(t)+(5)/ (—1)F(s, X(s))d8+(5)/ (—=1)G(s, X (s))dB(s) = Xq for t € I.
0 0

It is easy to see that in the case of singleton-valued Xy, F' and G the equations (3.1)
and (3.2) coincide. Both of them generalize the classical single-valued stochastic

differential equations.

Note that the equation (3.2) can be rewritten as

33) X@t)=Xoo {(S)/o (—1)F(s,X(s))ds+(S)/0 (—1)G(s, X(s))dB(s)

for t € I. We will call the equations (3.2) as the narrowing set-valued stochastic
integral equations because, as we prove below, their solutions X possess property
that diamX(-) is nonincreasing. The global and local solutions to (3.2) and their

uniqueness are defined like for the global and local solutions to (3.1).

Theorem 3.2. Let X: I — K%(L?) be a global solution to (3.2). Then the function

t — diam X (t) is nonincreasing.

Proof. Note that due to Lemma 2.2 we have
X(t) + (S) / (—1)F(s, X(s))ds + (S) / (—1)G(s, X (s))dB(s)
= X6 {(S) /OT(—l)F(s,X(s))ds + (9) /OT(—I)G(S,X(S))dB(S)

for 7 < t. The Hukuhara difference above exists because X is a solution to (3.2) and it
equals X (7). Choosing any point x that belongs to the set (5) f:(—l)F(s, X(s))ds+
(S) [H(—=1)G(s, X (s))dB(s) we get

X(t)+{z} C X(7).
As a consequence, the inequality diamX (t) < diamX (7) follows easily. O

A similar assertion holds true for the local solutions to (3.2).
Below we present an existence and uniqueness theorem. It will be achieved with
the following conditions imposed on the data of the equation.
Assume that Xo € K2(L2) and F,G: I x Q x K%(L?) — K(R?) satisfy
(H1) the set-valued mappings F(-,-,-), G(-,-,-): I x Q x K%(L?) — K2(R?) are N x
B(7um,,)-measurable, where 3(7y,,) is the Borel o-algebra induced by the Mosco

topology Tar,,
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(H2) there exists Kp € L*(I x Q,3; ® A, A x P;R) such that A x P-a.e. for every
A, B € Kb(L?)
H.(F(t,w, A), F(t,w, B)) < Kp(t,w)H}:(A, B),
and there exists Kg € L*(I x Q, 31 ® A, A x P;R) such that A x P-a.e. for every
A, B € Kb(L?)
Hpa(G(t,w, A),G(t,w, B)) < Kg(t,w)H}2(A, B),
(H3) there exists Cr € L*(I x Q, 31 ® A, A X P;R) such that A\ x P-a.e.
Hza(F(t,w,{0}),{0}) < Cr(t,w),
and there exists Cg € L'(I x Q, 8 ® A, A x P;R) such that A\ x P-a.e.
Hza(G(t,w,{6}),{0}) < Co(t,w),

where ©, 0 denote the zero elements in L? and R¢, respectively,
(H4) there exists 7' € (0, 7] such that the sequence {X,}2°, described by

XO(t) = X0> teJ= [O>T]>

and forn =1,2,... and fort € J

t t
Xn(t) = X0 O [(S)/ (=1)F(s, Xp_1(s))ds + (S)/ (=1)G(s, Xp—1(s))dB(s)
0 0
can be defined, i.e. the Hukuhara differences do exist.

Notice that the conditions (H2) and (H3) formulated with integrable stochastic pro-
cesses Kp, Kg,Cr, Cg are weaker than the Lipschitz assumptions with constants and
boundedness conditions with constants. The condition (H4) cannot be omitted in the
studies of equation (3.2). It is motivated by the representation (3.3).

In what follows we present a result on existence of unique solution to (3.2). Due
to (H4) this solution can be local or global depending on whether T<TorT=T.
In its proof, the sequence {X,}22, will be exploited. Below we make a discussion
that under conditions (H1)—(H4) each X, is a well-defined Hp2-continuous set-valued
mapping.

Indeed, starting with X,(-) we see easily that Xy(+) is well-defined. Now, using
(H1), we observe that the set-valued mappings F'(-, -, Xo), G(-, -, Xo): I x Q — K5(R?)
are nonanticipating. Due to (H2) and (H3) the following inequalities hold A x P-a.e.

H2.(F(t,w, Xo), {0}) < 2Kp(t,w)Hzz(Xo, {0}) + 20k (t, w),

H[g&d (G(t> W X0)> {9}) < 2KG’(t> W)Hz2 (X0> {@}) + 2CtG'(ta (.U).
Hence we can infer that F(-,-, Xo) and G(-,-, X,) are L3,(\ x P)-integrally bounded.

This allows us to claim that the set-valued stochastic trajectory integrals in formu-
lation of X;(t) are well-defined and belong to Kb(L?). Since Xy € Kb(L3) C KY(L?)
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and it is assumed that the Hukuhara differences in (H4) exist, we obtain that X;(¢) €
Kb(L?) for every t € J. Lemma 2.4 allows us to infer that the mapping t — X, (t) is
Hjp»-continuous. Since the Mosco topology 7y, is is weaker than the topology gener-
ated by the Hausdorff metric Hyz2, the mapping ¢ — X;(¢) is continuous with respect
to topology 7u,, as well. Hence the set-valued mappings (t,w) — F(t,w, X;(t)) and
(t,w) — G(t,w, X1(t)) are nonanticipating. Since

Hia(F (1,0, X0(1)), {6)) < 2Ke(t ) sup HE (Xa (1), {0)) + 205 (1, ),

HE4 (Gt 0, Xa(1)), {9)) < 2Ko(t, ) sup HE(Xa (1), {0) + 205 (1, )

and sup,c; H7. (X1(t),{0©}) < oo, we get that (t,w) — F(t,w, X1(t)) and (t,w) —
G(t,w, X;(t)) are L3,(\ x P)-integrally bounded. Now we are able to state that Xy is
well-defined and Hp2-continuous. Proceeding recursively one can see that every X,

is well-defined and Hj2-continuous.

Theorem 3.3. Let Xy € K8(L3) and F,G: I x Q x KY%(L?) — K5(RY) satisfy condi-
tions (H1)—(H4). Then equation (3.2) has a unique local (or global) solution.

Proof. 1t is clear that using Lemma 2.4 we obtain that each X, is continuous with
respect to the metric Hz2. We shall show that {X,,}7°, is a Cauchy sequence in the

space C'(J, KY(L?)) endowed with a supremum metric.

Due to property (P6), Lemma 2.1, (P3) and (P1) we have for ¢t € J
Hi> (X (1), Xo(1))

— 13 () [ Plexos+(9) [ 6. x0a80).(0})
< 2H3, ((S) /OtF(s,Xo)ds,{G)}) + 2H?%, ((S) /OtG(s,Xo)dB(s),{G}).

Now by Lemma 2.3
H2(X:(t), Xo(t))
< Qt/ H24(F(s, Xo),{0})ds x dP + 2/ H2.(G(s, Xo), {0})ds x dP
[0,¢]x$2 [0,t] x Q2
< 4 / H2,(F(s, Xo), F(s, {©}))ds x dP
[0,¢]x Q2
- 4t/ Hz.(F(5,{0}),{0})ds x dP
[0,t] x Q2

+4 / H2,(G(s, Xo), G(s, {O}))ds x dP
[0,¢] x Q2

+ 4/ H2,(G(s,{O)), {})ds x dP
[0,t] x Q2
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and by the assumptions (H2) and (H3)

HZ(X1(1), Xo(t) < (4t +4)HE (X0, {O}) / (Kr(s) + Ka(s))ds x dP

[0,t] x Q2

b+ 4)/ (Cr(s) + Cals))ds x dP

[0,t] x Q2
< My,
where
M, = (T ) [H(X, {@})/J (p(5) + Ks))ds  dP
(3.4) + / (Cr(s) 4+ Ca(s))ds x dP] < 00.
Jx€)

For n > 2 we have
Hio(Xn(t), X (1))

< o / Kp(s)H2 (X, 1(5), Xo_a(s))ds x dP
[0,t] x Q2

49 / Ko(s)H2 (X 1(5), Xo_a(s))ds x dP
[0,t] xQ

1/2 1/2
< |2t (/ KZ%(s)ds x dP) +2 (/ KZ%(s)ds x dP)
[0,t]xQ [0,6]xQ2
1/2
« < / HY (X0 1(5), Xoa(s))ds x dP)
[0,¢] x Q2
Hence
t
HA (X, (), Xoa(8)) < My / H2 (X 1(5), X a(s))ds,
0
where
(3.5) M, = 8T? K2%(s)ds x dP + 8 K2(s)ds x dP.

Jx€) Jx

This allows us to infer that

<M2t>“—1)”4

(3.6) Hpa (X, (1), X1 (1) < (Mlm

and

L\ A4
sup Hr2 (X, (t), X,—1(t)) < <M1%) )
teJ (n — 1)'

Consequently for m < n

n—1 N\ k 1/4
sup Hy2(X,(t), Xpu(t)) < (MI(MQT)> .

/

teJ
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Now it is clear that {X,} is a Cauchy sequence in C(J,K%(L?)). Thus there exists
X € C(J,K2(L?)) such that

sup Hr2(X,(t), X(t)) — 0 as n — 0.

teJ

In the sequel we shall show that X is a solution to (3.2). Observe that for every
fixed t € J we have

H?, (X(t),Xoe [(S) /0 (—1)F(s, X(s))ds + () /0 (—1)G(S,X(s))dB(S)D
< 2HE,(X (1), Xa(t)) + 2R, (1),

where

Rt) = 13 (%e[©) |

t

(“DF (s Xma()ds 4 (5) [ (F)G(s. X, (5B,

Xo© [(S) /Ot(—l)F(s, X(s))ds + (S) /Ot(—l)G(s, X(s))dB(s)} )

Note that

r < 2t () [ Bl X (5)ds. (5) [ tF(aX(s))ds)
#2112 ((9) [ 66 X636 (5) [ 6o X(a0))

1/2 1/2
ot ( / K2(s)ds x dP) +9 < / K2(s)ds x dP)
[0,¢] x Q2 [0,t] x Q2

1/2
« ( / Hfg(Xn_l(s),X(s))dsde) |
[0,¢] x Q2

<

Hence

R(t) < M, /0 HY (X, 1 (s), X (s))ds

< T (sup Hs (o0, X<t>>)4 .

teJ

Since sup,e ; Hp2(Xn_1(t), X(t)) == 0, we have R, (t) == 0 for every t € J. Now it

is easy to see that

i (x0). %08 [(5) (DR X (s (5) [ t<_1>a<s,x<s>>dB<S>D 0

for every t € J. This means that X is a solution to (3.2).

Suppose that X: J — K%(L?) and Y: J — K.(L?) are two solutions to (3.2).
Then it can be verified that for t € J

Hi(X(1),Y (1) < M2/0 H72(X(s),Y(s))ds.
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Thus, after application of the Gronwall inequality, we can infer that
H:(X(t),Y(t)) =0 for every t € J

which implies that X(t) = Y(¢) for every ¢t € J. Hence the uniqueness of X is

proven. ]

The sequence {X,,} defined in (H4) converges to the solution X : J — Kb(L?) to
(3.2). Hence it can derive some approximate solutions to (3.2). An estimation of an
error between the nth approximation X, and the exact solution X is a subject of the

next result.

Proposition 3.4. Let for Xy € K%(L%) and F,G: I x Q x K%(L?) — KY(R?) the
conditions (H1)—(H4) be satisfied. Then for every n € N it holds that

L\ 1/4
MsT)" ~
sup Hre (X, (t), X (t)) < 2%/ (M1%> exp{2M-,T},

teJ

where the constants My and My are defined as in (3.4) and (3.5), respectively.
Proof. Proceeding similarly like in the proof of Theorem 3.3 we get for t € J
H(Xa(1), X (t))

1/2
< 2t (/ KZ%(s)ds x dP/ H}2(X,-1(5), X (5))ds x dP)
[0,¢] x Q2 [0,t] x Q2

1/2
+ 2 (/ K% (s)ds x dP/ H}2(X,1(5), X (5))ds x dP) :
[0,t]xQ [0,t] X2
Hence
Hia(Xa(t), X (1))
t
< M, / H}2(X,_1(s), X (s))ds
0
t t
< 8M, / HY (X, 1(5), Xo(s))ds + 8Mo / HY (X, (s), X (s))ds
0 0

and by (3.6) we can write

(M,T)"
n!

Hi2 (X, (), X (1) < 8M, + 8M, /Ot H72(X,(8), X (s))ds.

Thus by the Gronwall inequality

(M)

n!

Hi2 (X, (1), X (1)) < 8M, exp{8Msyt} for every t € J

and the assertion follows easily. O
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Proposition 3.5. Under assumptions of Theorem 3.3 for the solution X: J —
Kb(L?) to (3.2) it holds that

sup Hy2(X(1),{0}) < Mz exp{8M,T?},

teJ

where

M; = [8H§2(X0, {©1) 4 2°T? (/ Cr(s)ds x alP)2

Jx€)

+ 28( Co(s)ds x dP) 2] v

IxQ
and My is defined like in (3.5).

Proof. By (P4), the triangle inequality, Lemma 2.1 and (P1) we have for ¢ € J
HL(X(1), {0))
< |Hpp(Xo, {O))
b Hp ((S) /OtF(s,X(s))der(S) /OtG(s,X(s))dB(s),{G})r.
Hence
HL(X(1), {0))
< SHE(Xo {0})
vttt (1) [ P X+ (9) [ 6. X080, (6}).
Thus
HL(X (1), {O))

< 8H}2(Xo,{0}) +2°H}, ((S) /OtF(s,X(s))ds,{G})

+ 2°H7}, ((S)/O G(s, X(s))dB(s), {@}) .
Due to Lemma 2.3
Hp2(X(t),{6})
< 8H}H(Xy,{0}) +2° [275/ H2,(F(s,X(s)), F(s,{0}))ds x dP
[0,t] x Q2
+ oot / H2,(F(s,{O}), {6))ds x dPr
[0,t] x Q2
2002 / H2.(G(s, X(5)), Gls, {O}))ds x dP
[0,t] x Q2

+ Q/MXQ H24(G(5, {0}), {6))ds x dP|



THE NARROWING SET-VALUED STOCHASTIC INTEGRAL EQUATIONS 411
and due to assumptions (H2) and (H3)
Hp(X(1),{6})
< 8Hpx(Xo,{6})

pr [Qt /[0 B Kp(s)H2(X (), {©V)ds x dP + 2t /

[0,t] xQ

Co(s)ds x dP]

2
Cr(s)ds x dP}
2
+ 26 [2/ Kg(s)H72(X(s),{0})ds x dP + 2/ :
[0,¢] x Q2 [0,¢] x Q2
Further
Hi:(X(1),{6})
< SH?/Q(X(M {9})
1/2
+ 26 [2t (/ K#(s)ds x dP/ H7.(X(s),{0})ds x dP)
[0,t]xQ [0,6] X2

2
+ 21&/ Cp(s)ds x dP}
[0,t] x Q2

1/2
+ 26 [2 </ K% (s)ds x dP/ H72(X(5),{0})ds x dP)
[0,t] x Q2 [0,t] x Q2
2
+ 2/ Ce(s)ds x dP} .
[0,¢] x Q2
Hence

Hp»(X(t),{6})
< 8Hp»(Xo,{6})

+ 28 [4152/ K2 (s)ds x dP/ H72(X(s),{0©})ds x dP
[0,5]xQ [0,t]xQ
2
+ 4t ( / Cp(s)ds x dP) }
[0,t] x Q2

+ 28 [4/ KZ(s)ds x dP/ Hj2(X(s),{0©})ds x dP
[0,t]x2

[0, xQ
+ 4</MXQ Ce(s)ds x dpﬂ

t
< M+ 320, / H, (X (s), {0))ds.
0
Applying the Gronwall inequality we infer that
H72(X(t),{0}) < My exp{32Mt} for every t € J,

which yields the assertion. O

It is worth mentioning that the theory of narrowing set-valued stochastic integral

equations will be well-posed, if we show that the solutions to (3.2) do not change
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much if the data of the equation have some small changes. Below we present some

studies in this direction.

Consider equation (3.2) and the same equation with another initial value X, i.e.
t t
(3.7) X()+(S) / (=1)F(s, X (5))ds+(S) / (—1)G(s, X ())dB(s) = Xo for t € 1.
0 0

Let X: J; — Kb%(L?) and Y: Jo — K%(L?) denote the unique solutions (if they exist)
to these equations, respectively, J; = [0,7}], J, = [0, T3] for some Ty, Ty € (0,T]. Let
J=JiNJs.

Theorem 3.6. Let Xy, F,G satisfy the conditions (H1)-(H4). Assume also that
Xo, F,G satisfy (H1)-(H4). Then

sup HL2 (X(t), Y(t)) < 23/4HL2 (Xo, X()) exp{QMg l'Ilil'l{Tl, TQ}},

teJ

where My = 8(min{Ty, Tu})? [, o, K2(s)ds x dP + 8 [, K2(s)ds x dP.
Proof. Observe that for ¢t € J we have, accordingly to (P6), Lemma 2.1 and (P2),
H(X(t),Y () < 8HL(Xo, Xo)

+ S[HLz (/OtF(s,X(s))ds,/OtF(s,Y(s))ds)

4

w i ([ G xenase), [ G venase)]
< 8H(Xo, Xo)

+ GAHY, < /0 (s, X (s))ds. /0 tF(s,Y(s))ds)
wouttty ([ 6. x(6a0s). [ 6.8

Hence by Lemma 2.3 and the assumptions (H2) and (H3) we get
Hp»(X(1),Y (1) < 8HL(Xo, Xo)

+ 64¢° ( /[0 o Kr(s)H2: (X (s),Y(s))ds x dP)2

+ 64 (/[OM Ka(s)H2(X (s),Y (s))ds x dP)Q.

Thus
t
HAL (X (8), Y (8) < 8HL(Xo, Xo) + 81, / HA (X (s), Y(s))ds
0
and by the Gronwall inequality

HE(X(1),Y (1) < 8H}x(Xo, Xo) exp{8Myt} for every t € J.
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This leads to

sup HL2 (X(t), Y(t)) < 23/4HL2 (X(), X()) eXp{2M2 min{Tl, Tg}}

teJ

O
By this assertion the stability of solution to (3.2) with respect to small changes of

initial value follows.

Now, let us consider equation (3.2) and equations (for n € N)

(38)  X(t)+(S) /0 (=1)E (s, X ())ds + (S) /0 (=1)G(s, X (5))dB(s) = Xo

for t € I, with another coefficients F), and G,,. Let X, X,, denote the unique solutions
(if they exist) to these equations, respectively. Assume that they all are defined on a
common interval J = [0, 7] with T € (0, T7.

Theorem 3.7. Let Xy, F,G satisfy the conditions (H1)—(H4). Assume also that
Xo, F,, Gy, satisfy (H1)~(H4), in particular the conditions (H2) and (H3) are satis-
fied with the processes Kp,, K¢, and Cg,,Cgq
constants Sg, Sg > 0 such that for every n € N

respectively. Assume that there exist

n’

K}, (s)ds x dP < Sp and K, (s)ds x dP < Sg.
IxQ JIxQ

Suppose that for every A € KY(L?)

/ Hz.(F, (s, A), F(s, A))ds x dP — 0 as n — oo and
IxQ

HZ.(Gn(s, A),G(s, A))ds x dP — 0 as n — oo.
IxQ

Then for the solution X : J — Kb(L?) to (3.2) and the solutions X,,: J — Kb(L?) to
(3.8) it holds that

sup Hr2(X,(t), X(t)) — 0 as n — oc.

teJ

Proof. Proceeding similarly as in the previous proofs we obtain for t € J
t t
Hp: (X, (1), X(t) < 8Hj. ( / Fo(s, X,(s))ds, / F(S,X(s))ds)
0 0
t t
+ 8H}> (/ Gn(s,Xn(s))dB(s),/ G(s,X(s))dB(s)) :
0 0

Hence

Hi (X (1), X(1) < 32 {t /[0 t] Hﬂid(Fn(s,Xn(s)),Fn(s,X(s)))ds><dp]

X

=l /WQHn%d<Fn<87X<s>>,F<SvX<s>>>d8 " dpr
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2
+ 32 [ / H24(Go(5, Xa(5)), (s, X (5)))ds dP}
[0,t]x2
2
+ 32 {/ H2.(G(s, X (5)),G(s,X(s)))ds x dP} .
[0,t] x Q2
Since F,,, G, satisfy (H2) with the processes K, and K, , respectively, we can write
. 2
Hi (X, (1), X(1t) < 3277 [ / Kr, (s)H?:(X,(s), X (s))ds x dP}
[0,t] x Q2
) 2
+ 32772 U HZ.(F.(s,X(s)), F(s,X(s)))ds x dP}
JIxQ
2
+ 32 { / Kg, (s)H?,(X,(s), X (s))ds x dP}
[0,¢] xQ2

+ 32 { H2.(Gn(s, X (5)),G(s, X(s)))ds x dP} .

JxQ

Thus

Hp (Xa(t), X (1))

N

3277 UJXQ H24(Fo(s, X (5)), F(s,X(s)))ds x dP} 2

+ 32 { Hz.(Gn(s, X (5)),G(s, X(s)))ds x dP}

Jx

+ (32T2/[ ] QK%n(S)dS X dP + 32/[ | QKg‘;n(s)als X dP)
0,t] % 0,t]x

« /0 H (X (s), X (5))ds
and

Hi:(X,(1),X(1) < 32T2[ Jﬁfﬂid(Fn(s,X(s)),F(s,X(s)))als><alP]2

IxQ
2
+ 32 [/ HZ.(Gn(s,X(5)),G(s, X(5)))ds x dP}
JIxQ
5 t
+ (32T25F + 325G) / HL (X0 (5), X (s))ds.
0
Thus by the Gronwall inequality for every t € J

Hi: (X, (1), X(t) < (32T2 [/JxQ Hz.(Fo(s,X(s)), F(s, X(s)))ds x dP}2

+ 32 UJQ HEa(Gn(s, X (s)), G(s, X (s)))ds X dp] 2)

X exp {32t(T25F + S(;)} :
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Consequently

sup Hr2(X,(t), X(t)) < (32T2 [ HZ.(F.(s,X(s)), F(s,X(s)))ds x dP}

teJ J X

4+ 32 [ /J | HE(G(5, X(5)). Gls, X (3)))ds dP} 2)1/ )
X exp {ST(TZSF + Sg)} :

Since the both the sequences of numbers [, ., HZ.(Fu(s, X(s)), F(s,X(s)))ds x dP
and [, o Hz.(Gn(s, X(s)),G(s,X(s)))ds x dP converge to zero by assumptions, we
infer that sup,.; Hr2(X,(t), X(t)) converges to zero as well. O

Although the condition (H4) can be thought as a constricting one, it is crucial and
indispensable in the studies of narrowing set-valued stochastic integral equations. The
difficulties are caused by a requirement of existence of the Hukuhara differences. This
condition is satisfied immediately in the case of single-valued and singleton defined
data of equation (3.2). In this special case, the Hukuhara differences in (3.3) and
(H4) reduce to the usual differences in the space L?. But this is not the only case
when (H4) is seen to be fulfilled. Notice that R can be embedded into L*(Q, A, P; R).

Hence the following deterministic, narrowing set-valued integral equation
t
(3.9) X(t) +/ (—1)W(s, X(s))ds = Xy fortel,
0

where U: I x K5(R) — K4(R), X, € K(R) and the integral is the set-valued Aumann
integral, is a particular case of equation (3.2). The theory of deterministic, widening
set-valued equations is examined widely in [25]. We shall show that for equation (3.9)
the condition of type (H4) is satisfied. Assume that there exists a positive constant M
such that for any (¢, A) € I x K2(R) it holds Hg(¥(t, A),{0}) < M. We claim that the
sequence {X,} described by Xy(t) = Xy and X,,(t) = X © fg(—l)\lf(s,Xn_l(s))ds
(for n € N) is well defined on the interval J = [0,T], where T = diamX,/(2M).
Indeed, for t € J we have

diam ((—1) /0 t\I/(s,Xn_l(s))ds) — diam ( /0 t\I/(s,Xn_l(s))ds)

t

< 9 / Ha(W(s, Xo1(5)), {0})ds
0

< 2Mt < diamX,.

In the hyperspace K’(R) we have: if diamA > diamB then A © B exists, where
A, B € KYR). Hence the Hukuhara difference X, © fg(—l)\lf(s, Xn—1(s))ds exists for
each t € J and condition of the type (H4) is fulfilled. The equations of the type (3.9)
are well suited (see [30]) in modeling a problem of number of radioactive nuclei in

radioactive substances.
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The studies presented in this paper treat of the narrowing set-valued stochas-
tic integral equations (3.2) mainly. It is worth mentioning that under conditions
(H1)—(H3) (without (H4)), all the above presented assertions can be repeated for the
widening set-valued stochastic integral equations (3.1). Moreover, since (3.1) does
not involve any condition on existence of Hukuhara differences, each result estab-
lished for the (local or global) solutions of the narrowing equations can be repeated
for global solutions of the widening equations. At this place we rewrite only one and
the most important result on the existence and uniqueness of solution to (3.1). All

the remaining counterparts of the results can also be proved.

Proposition 3.8. Let Xy € K%(L32), and F,G: I x Q x K%(L?) — K%(R?) satisfy
conditions (H1)—(H3). Then equation (3.1) possesses a unique global solution X : I —
Ko(L?).

This assertion can be proved using the sequence of the approximate solutions
{X,} defined as
XO(t) = XOa le ]a

and forn=1,2,...

X, (t) = Xo + (S) /0 F(s, Xp_1(s))ds + (S) /0 G(s, Xn_1(s))dB(s), t € I.

The condition (H4) is not needed in Proposition 3.8 and does not apply to the re-
maining results which can be repeated for the widening set-valued stochastic integral

equations with global solutions.
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