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1. INTRODUCTION

We consider the nonlinear Dirichlet boundary value problem consisting of
a1 —u"(x) = A (z, u(z)) + g(u(z)), ae xel[0,T],
| u(0) = u(T) = 0,

together with the impulsive conditions
(1.2) Al (z5) = Ii(u(z;), j=1....p,

where ) is a positive parameter, T > 0, f : [0,7] x R — R is an L'-Carathéodory
function, zp =0 <2y < --- < x, < 2pp1 =T, and Au'(x;) is defined by
A () = ' (2]) —u'(2]) = lim, u'(z) — lim u'(z).

J
T—T T—X
J J

Throughout this paper, we assume the following conditions hold without further

mention:

(H1) ¢ : R — R is a Lipschitz continuous function with a Lipschitz constant L €
(O,4/T2), i.e., |g(t1) — g(t2)| S L|t1 — t2| for all tl, t2 € R, and g(O) = 0;

(H2) The impulsive functions I, : R — R, j = 1,...,p, are continuous and satisfy the
condition Y7, (I;(t1) — I;(t2))(ty — ta) > 0 for all ¢1,1, € R;
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(H3) I;, j =1,...,p, have sublinear growth, i.e., there exist constants a; > 0, b; > 0,
and 7; € [0,1) such that |[;(¢)| < a; + b;|t| for every t € Rand j=1,...,p.

The impulsive problem (1.1), (1.2) will be referred to as (IP) in the remainder of this
paper.

By employing a consequence of a local minimum theorem due to Bonanno (see
Lemma 2.1 below), we establish the existence of nontrivial classical solutions to the
problem (IP). Under suitable algebraic assumptions on the nonlinear term f, we first
prove the existence of at least one nontrivial classical solution, and then we obtain
the existence of a second classical solution by further assuming that f(¢,0) # 0 for
all t € [0,7] and asking that the following condition of Ambrosetti-Rabinowitz (AR)
type holds:

(A1) there exist s > 2(44:%?22) and R > 0 such that

0 < sF(x,t) <tf(x,t) forall || > R and z € [0,T].

The role of this condition is to ensure the boundedness of the Palais-Smale se-
quences for the Euler-Lagrange functional associated with the problem (IP). This
is important in applications of critical point theory. The purpose of the condition
f(t,0) # 0 for all t € [0,7] is to avoid the existence of the trivial solution to the
problem (IP).

Impulsive differential equations arise from real world processes that describe the
dynamics in which sudden and discontinuous jumps occur. Because of the importance
of such problems, they have been studied by many authors; for example, see [2, 14,
18, 23] and the references therein. In particular, the existence and multiplicity of
solutions for impulsive differential equations have been examined in many works, and
for an overview on this subject, we refer the reader to the monographs [6, 12| and
the papers [1, 3, 4, 5, 8, 10, 16, 15, 17, 22, 24, 26, 27, 28]. We especially refer the
reader to the paper [9] in which, using Lemma 2.1 below, existence results for two
and three nontrivial solutions are established for a class of Sturm-Liouville problems

with mixed conditions and the p-Laplacian.

2. PRELIMINARIES

Our main tool, Lemma 2.1 below, is a consequence of an existence result for a
local minimum [7, Theorem 5.1] that in turn was inspired by Ricceri’s variational

principle [20]. In it, an inequality on the functionals ® and ¥ is needed.

For a given nonempty set X and two functionals &, ¥ : X — R, we define

. Supué@*l(m,rz) \D(u) - \II(U)
9 = f
(Tl, 7“2) veéj{l(rl,rz) ro — (I)(’U)
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and
p(?“ , ) . sup \D(U) — SUPyed—1(—o0,r1) \D(u)
1,12) —
ved1(ry,r2) (I)(U) —-n
for all 1, 75 € R with r; < ry. In what follows, we let X* denote the dual space of
X.

Lemma 2.1 ([7, Theorem 5.1]). Let X be a real Banach space, ® : X — R be a
sequentially weakly lower semicontinuous, coercive, and continuously Gateauz differ-
entiable functional whose Gateaur derivative admits a continuous inverse on X*, and
let U : X — R be a continuously Gateaux differentiable functional whose Gateaux
derivative is compact. Let Iy = ® — AV and assume that there exist r1, ro € R with

r1 < ro such that
V(ry,re) < p(ry, ).
Then, for each \ € (4 %), there exists ugy € ®1(r1,ra) such that Iy(up.y)

p(rir2)? 9(ri,re
< Li(u) for allu € @~ (ry,72) and I{(ug ) = 0.

Let X = Hj(0,T) and H*(0,7) = {u € C'0,T] : «" € L?*[0,T]}. The inner
product

T
< u,v >:/ o' (z)v'(x)dz,
0

= ([ ey

Definition 2.2. By a classical solution of the problem (IP), we mean a function
u € {u(z) € HY(0,T) : w(x) € H*(zj,xj41), j = 0,1,...,p} such that u satisfies
(1.1) and (1.2). We say that a function u € X is a weak solution of the problem (IP)
if

/0 u'(x)v'(:c)d:c—l—z Ij(u(xj))v(:cj)—/o g(u(x))v(:c)d:c—)\/o [z, u(x))v(z)de =0

in X induces the norm

for every v € X.

Remark 2.3. Using standard methods, it is easy to verify that a weak solution of

(IP) is also a classical solution (e.g., see [3, Lemma 5]).

Definition 2.4. Let X be a real reflexive Banach space. If any sequence {u,} C X,
such that {J(uy)} is bounded and J'(u,) — 0 as n — oo, possesses a convergent
subsequence, then we say that J satisfies the Palais-Smale (PS) condition. Here, the

sequence {u,} is called a (PS) sequence.

Next, we let

F(z,t) = /Otf(:c,g)dg for all (z,t) € [0,7] x R,
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G(t)=— /Otg(g)df for all t € R,

and define the functional J : X — R by

() = ;/0 d:c+2/ dt+/ Glu(z))dz — A /OTF(x,u(:c))d:c.

From the continuity of f, g, and I;, we see that J(u) is strongly continuous in X,
J € C'(X), and the Gateaux derivative of .J is

(J'(u),v) = /0 (@) (@)de + Y Ijlu(z;))o(x;)

for every u, v € X.

We need the following lemmas to prove our main result.

Lemma 2.5. Assume that (A1) holds. Then, J satisfies the (PS) condition.

Proof. Let {u,} be a sequence in X such that lim, .., J'(u,) = 0 and J(u,) is
bounded. From (H3), we see that

(2.1) |1 (i () Y ()| < g (a25)| + by |ug ()77

Then, in view of the fact that

VT

(2.2) |t oo = tmax lu(t)] < 5 |lu||  for u e X,
S
we have

L (un(z))un(z;) < aglun(a;)] + byl ()7

+1
VT vT\" |
(2.3) a5~ l[un]l +0; { =~ o [,

IN

2

Again, by (H3), we have

u(z;)
/ I;(z)dx
0

< ayfula)] + —fu(e) [

7J+1
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Thus, from (2.2), it follows that

Z/U(% z)dx <Z

;) o)

(2.4) <S4yl + — (— [Tcas

’)/j—|—1 2

From (A1), (2.3), and (2.4), we see that there exists C' > 0 such that

8 () = (J' (), wn) = (5 = 1) flun2 + A / (@, () (@) = 5F (2, g (1)) do
+ [ G () + gl ()un()]da
P u(z;) P
w530 [ pa)ds = 3 un(a)unta)

J=1

s 1 s
> ——1> n2——LT2<— 1) Nk
> (2 [l 1 5T [l

P v +1
_ SZ a-@ bj @ (e et
= J 2 i + 1 2

v+

T
—Z L )+, (f Junl* | - C

s LT? LT?\] )
= {5 (1 — T) - (1 + T) ||t |

D v +1
s> (0l = () e
i J 2 Vi +1 2

P \/T 'YJ+1
- o )+, ( B I T el

This implies that {u,} is bounded in X.

Next, we show that {u,} converges strongly to some w in X. Since {u,} is
bounded in X, there exists a subsequence of {u,} (denoted again by {u,}) such that
{u,} converges weakly to some w in X. Then, {u,} converges uniformly to u on
[0,7]. Thus,

un(0) = u(0), un(T) — u(T),

Z (un(5)) — L () () — u(z;)) — 0,
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/T(g(un(x)) — g(u(x)))(un(z) — u(z))dz — 0,
and TO
/ (f (@, un(z)) — fl2,u(2)))(un(z) — u(z))dz — 0,
as n — 00. Since i]imn_ﬂroo J'(u,) = 0 and {u,} converges weakly to u € X, we have
(J'(un) — J'(u),up —u) — 0 asn — oo.
Note that

(J' (un) — J'(0), up — u) = / |uy, (¢ (z)[*da
+Z (un(25)) = L (u(;))) (un () — ulz;))

—/0 (9(un(2)) = g(u(x)))(un(z) — uz))dz
—A/O (f (2, un(x)) = f (2, u())) (un(2) — u(z))dz.

Then, we have ||u, — u|| — 0 as n — oo. Thus, {u,} converges weakly to u in X,
and so the functional J satisfies the (PS) condition. O

The following lemma can be found in [11, Lemma 2.2].

Lemma 2.6. Let T : X — X* be the operator defined by
T T

(2.5) T(u)v = / o' (z)v' (x)dz + Z Ii(u(z)v(z;) — / g(u(z))v(z)dx
0 0

for every u, v € X. Then T admits a continuous inverse on X*.

We now recall the following classic mountain pass lemma of Ambrosetti and
Rabinowitz (see, for example, [13, Theorem 7.1]). Below, we denote by B,(u) the
open ball centered at u € X with radius r > 0, B,(u) its closure, and 0B, (u) its
boundary.

Lemma 2.7. Let (X,]|-]|) be a real Banach space and I € C*(X,R). Assume that I
satisfies the (PS) condition and there exist u, 4 € X and p > 0 such that

(I1) u ¢ Fp(ﬂ)i
(I12) max{I(u), (1)} < inf,cop, @)l (u).
Then, I possesses a critical value which can be characterized as

= inf max I(y(s)) = _inf T
o= inf max 10() 2t 1),

where

I'={yeC(0,1, X) : 7(0) =uo, v(1) = w1}
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3. MAIN RESULTS

We begin by defining the constants (see [3])

and

ST
Co= 5 20 Z
and the functions Hy, Hy : [0,00) — R by

(\/T) vi+1

(31) Hl(t) = (Cl — ?) t2 — Cgt and Hg(t) = (CQ + LTT) t2 + Cgt.

For u € X, define the functionals ®, ¥ : X — R by

(32) Bu) = ;/0 dm+Z/U(% dt+/ Glu

and
(3.3) W(u) = /0 Fla, u(x))dz.

In the sequel, given a non-negative constant 4 and four positive constants vy, T,
n, and 0 with n, § < T/2,

4 LT? 2 1) LT? 1)
o Yot 2w o150 (0 )y i

T 8 VT ) 8 no
and
4 LT? n+o LT? n+o
T (Cz + T) Vg \/—037/3 # —— <C2 + T) 24+ o Csr,
we let
() fT SUD;e[—yy 1) F (@, t)dx — fT 5F(x,7‘)d9§
T 1 4 (C LTQ) 2 C 77 + 5 C LT2 2 77+50
7 (1= - 3V — 775 ( 2+ ) "o 3T
and

fT SUD e[y ) I (T, t)dT — fT_(S F(z,7)dz

bT(V2> =
4 2 6 2 ’
(Co+ M) 13+ Gy 77;5 (Co+ L22) 72—\ [15 0
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provided v3 > 0 satisfies

2
(3.4 H, (ﬁ)z s Hlul)
ued(—oo,re
and
2 4 LT? 2
3.5 ro=Hy [ —1y | = = [ Oy + —— ) 12 + —Css.
(3.5) 2 2(\/72) T(z 8)2 ,—T32

Remark 3.1. It is easy to see that if u € ®(—o0, 3], then ||u|| < B < oco. Thus,
(3.4) is well defined. Moreover, it is easy to check that vz > vs.

We now present our main existence result.

Theorem 3.2. Assume that C, — L—T2 > 0 and there exist ﬁve positwe constants vy,

Vo, T, m, and 6 withn, § <T/2, T > v > (Cf%ﬂ

8

n6 140 . fl/2 such that

) and

(A2) F(z,t) >0 for all (z,t) € ([0,n]U[T —46,T]) x [0,7];
(A3) by (1n) < ar(11).

Then, for each A € Ay = <$, ﬁ), the problem (IP) has at least one nontrivial

classical solution u; € X such that

(3.6) r1<%/0 d:):+2/

where

ul(xj

T
t)dt —I—/ G(ui(x))dx < 1y,
0

4 LT? 2
(37) r = T <Ol — T) 7/12 — ﬁcgl/l.
If we further assume that f(t,0) # 0 for all t € [0,T] and (A1) holds, then for
each X € Ay, the problem (IP) has at least two distinct nontrivial classical solutions
uy, uy € X with uy satisfying (3.6).

Proof. Let the functionals ® and ¥ be given in (3.2) and (3.3), respectively. It is
well known that U is a Gateaux differentiable functional, is sequentially weakly lower

semicontinuous, and its Gateaux derivative at v € X is the functional ¥'(u) € X*
defined by

/ f(z,u(z))v(x)dx for every v € X.

To show that ¥/ : X — X* is a compact operator, let u,, — u € X weakly in X as
n — oo. Then, u, — w strongly in C([0,7]). Since f(z,-) is continuous in R for
every x € [0,7T], we have f(z,u,) — f(z,u) strongly as n — oo. By the Lebesgue
dominated convergence theorem, we see that V'(u,) — V'(u) strongly. Thus, ¥
is strongly continuous on X, which implies that ¥’ is a compact operator by [25

Proposition 26.2].
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We also know that ® is a Gateaux differentiable functional whose Gateaux de-
rivative at u € X is the functional ®'(u) € X* given by

' (u)(v) = /0 u’(x)v’(x)dx—i-z Ij(u(xj))v(xj)—/o g(u(z))v(z)dz for every v € X.

Moreover, Lemma 2.6 implies that &' admits a continuous inverse on X*. Since ¢’

is monotonic, ® is sequentially weakly lower semicontinuous (see [25, Proposition
25.20]).

Since ||u||7 T < |Ju||? for every |lul| > 1 and [Ju]|% T < |Jul| for every |lul| < 1, we
have that [Ju|* < ||u|| + ||u||* for all u € X. Condition (H1) implies

(3.8) lg(t)] < LJt| for all teR,

Hence, from (2.2), (2.4), and (3.8), we see that

LT? LT
39 (00 5 ) IulP - Calll < #(w) < (Cat ) TulP + Call
and ® is coercive.
Let

T, x € (0,7,
(3.10) w(z) =< T, x € n, T =9,

S(T—2), well—6T
It is clear that w € X and
(3.11) Jool| = nn—tsé“

Since C — LTT2 > 0 and C3 > 0, we have H{(t) < 0 for ¢t € |0, W} Hy(t)

is strictly increasing on [ﬁ ), and Hy(t) > 0 on Cl_ci%z,oo) Now 7,
¢ € (0,7/2) implies %+ 5 > T' Since 7 > vy > 72@{?6%2) > 0, we have ,/%557- >

n+0 2 VICs

_VTC3 ieq 2 _C
V1> R Moreover, v, > ; 01 e ) implies T > oot Hence, from

(3.11), we see that ||w]|| > \Fl/l > W, which, together with the fact that H(¢)

c N
R oo) , implies
Ci-5

2 C.
(i) > i (Zon) > i <07) o
1

is strictly increasing on
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Thus, vy = H; (%m), and so
LT?
(3.12) ((71 — T) |w|]* — Cs|lw|| > > 0.

With H, and 79 defined by (3.1) and (3.5), we see that Hy(t) is strictly increasing

G i [ 1+ 2 [ n+8 -
on [ 2(01—{?)’00)' Since 0 < 5T < b, we have Hg( 5 7') < 1y

() .

LT?

Hence, from (3.9), (3.12), and (3.13), we obtain

r1 < ®(w) < ry.

W, and

Since H;(t) is strictly increasing on the interval [Jiiﬁ, oo), %yl > = Cs
] 1

r = H; <%I/1), we see that

Cs 2
3.14 =, | C{tel0,00) : Hi(t)<r
(3.14) [C__ﬁ] {tel0.00) + H(t) <)
and
(3.15) (%m, oo) N{tc[0,00) : Hi(t)<r} =0
Recalling that H;(t) <0 for t € [0, G CSLTQ } , we have
1= g
Cs
(316) O, m - {t S [O, OO) . Hl(t) < 7"1}.

From (3.14)—(3.16), we have

2
(317) {t c [0,00) : Hl(t) S 7’1} = [O, ﬁV1:| .
For any u € ®~!(—o0, ], from (3.9), we observe that
Hy([lull) < @(u) <71
Hence, using (3.17), we have |Ju|| < 2—\}’% Then, in view of (2.2), we see that

O (—oo, | C{ue X : ||ullo <wi}.

Thus,

sup Y(u) = sup /0 F(z,u(z))dx

’U‘E(I)il(_oovrl] uG‘l’*l(—oo,rl]

T
/ sup F(z,t)dz.
0 te[

—v1,v1]

IN
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Since 0 < w(x) < 7 for each = € [0, 7], condition (A2) implies

(3.18) /OnF(x,ul(x))dx +/ Flo, i (2))dz > 0.

T—§
Therefore,
\I]('LU) — SUPyecp-1(—c0 1 \D(u)
p(ri,ra) > <I>(uf) —(7”1 i
T

> \Ij('UJ) - f() Supte[—lll,ljl] F([lf, t)dx
- O(w) —r
N fnT_é F(x,7)dw — fo supte o) Fl, t)da
- +0

77775 (Cg + LTQ) 77+ 037' — —(Cl LTQ)V% + %031/1
= aT(l/l).

On the other hand, if we let 73 = SUP,cq(—oor H2(|lull), then, for any u €
O(—o0, 13, Ha(||u||) < rs. This, together with (3.4) and the fact that Hs is increasing

on [0, 00), implies that ||u|| < f}’i Thus, from (2.2), it follows that

O (—o00,m) C{u € X : ||ulloe < v},

Then,
T
sup Y(u) = sup / F(z,u(z))dx
ued—1(—o0,rsa] u€d®—1(—oo,r2] J0O
T
< / sup F(z,t)dz.
0 te[—llg,ljg]
Thus,
SUPyed—1(—o00,rs) \Ij(u) - \Il(ul)
) <
(7’1,7’2) - o — (I)(Ul)
T
_ Jo SUDse( vy 0m) F (@, t)dx — U (uy)
- o — (I)(Ul)
T T-5
_ Jo SUPte( vy us) F (@, t)dz — fn F(x,7)dx
- 4 +90
R A Ve LI S o
= b—r(l/g).

Hence, from (A3), we have 9(ry,72) < b, (12) < a, (1) < p(r1,72). Therefore, applying
Lemma 2.1, we obtain that for each A € Ay, the functional J = & — AU has at least
one critical point u; € X that is a local minimum of J such that r < ®(u;) < 7.
That is, (3.6) holds.

Now, we establish the existence of a second local minimum of J distinct from

uy. Without loss of generality, we may assume that u; is a strict local minimum for
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the functional J in X. Then, there exists p > 0 such that infj,_,, =, J(u) > J(u1).
Choose @ € X \ {0}. From (A1), there exist a, b > 0 such that

J(ta) = % / il dx+z / " e / G(ta(x))dz — A /0 ' Fle ti(a))de

p ta(x;) Lt2

0

— Ma / |i(z)?dx +Tb — —oc0 ast — 0.
0

Thus, there exists ¢ large enough so that J(f@) < infj,—y, |, J(u). Hence, in view of
Lemma 2.5, all the conditions of Lemma 2.7 are satisfied with @& = u; and @ = &, so
there is a critical point us of J such that J(ug) > J(uy). Clearly, the condition that
f(t,0) # 0 for all t € [0, T] implies that uy is nontrivial. Finally, taking into account
Remark 2.3 and the fact that the weak solutions of the problem (IP) are exactly the

critical points of the functional J, completes the proof of the theorem. O
Remark 3.3. From the proof of Theorem 3.2 (see (3.9)), we have
Hy(||u|]) < ®(u) < Ho(u) for u e X.
We now apply Theorem 3.2 to the case where the function f in (IP) is separable.

Let o € L'([0,T]) be such that a(x) >0 a.e. x € [0,T], « 0, and let h: R — R be
a continuous function such that h(t) > 0 on [0, co] and h(0) # 0. Set

H(t) = /O t h(€)dé for all t € R.

Corollary 3.4. Assume that Cy — L—T2 > 0 and there exist ﬁve positive constants vy,

Vo, T, m, and 6 withn, § <T/2, T > v > (C‘/_%Tz

8

775 10 - fl/2 such that:

) and

(A4) b.(1n) < @, (v1), where
el zr o, H (V1) — || o (p,r—ep H ()

67—(1/1) = ’
4 0
T (Cl - LTT2) Vi — %031/1 — % (Cz + LTT2) T2 — 7777_?037-
by (vp) = el zrqo,r H (v3) = el pnr-ap H(7)
T - 4 6 :
(02 + LT2) 1/2 + = C3V2 — 7]—_; (02 + LTTQ) T2 7777_-;5037_

and v3 satzsﬁes (3.4).

Then, for each A € A3 = (ﬁ, bT(lm)), the problem

—u"(x) = Aa(x)h(u(r)) + g(u(z)), a.e x€[0,T],
)

(3.19) A/ (xy) = Li(u(zy), j=1,2,...,p,
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has at least one nontrivial classical solution uy € X satisfying (3.6).

If we further assume that

(AD) there exist s > 2(44jLLg22) and R > 0 such that

0 < sH(t) < th(t) for all [t| > R,

then, for each A € A3, the problem (3.19) has at least two distinct nontrivial classical

solutions uy, us € X with uy satisfying (3.6).

We conclude this paper with two examples to illustrate our results.

Example 3.5. Consider the problem

—u"(z) =X (3u?+ 1) + Lu, ae x€l0,4],
(3.20) u(0) =u(4) =0,

Au(z) =1, 0<mz <4

We claim that there exists A* > 0 such that, for each A > A*, the problem (3.20)
has at least one nontrivial classical solution.

In fact, with T'=4, p=1, a(z) = 1, h(u) = 3u?+1, g(u) = tu, and I;(u) =1,
we see that problem (3.20) is of the form of the problem (3.19) and the covering
assumptions (H1)—(H3) are satisfied. In particular, in (H1), we can take L = =, and
n (H3), we can choose a1 =1 and by = 7, = 0. From the definition of (7, 02, and
C3, we have C7 = Cy = = and C3 = 1. Clearly, C — LT2 = i > 0.

Choose n =90 =1 and vy > (C\FCS ) = 4. Note that
1

LT?
8

4( 3/2—|—1/)—2(7'3/2—|—7')

ar\) =
T( 1) iylz_yl__Tz \/77'

Then, there exists 7 > vy large enough so that @, () > 0.
For large v, > 0, let 75 be defined by (3.5). Then, for u € ®~!(—o0,rs], by (3.1)

and Remark 3.3, we have

1
Hi(llull) = 7llull* = flull < ¢(u) < 7.

Thus,

(3.21) ull <2(1+VI+7s).

Again, by (3.1) and Remark 3.3, we see that

(3.22) Hy([lull) — ¢(u) < Ha([[ul]) — Hi[lul)) = iIIUII2 + 2]lul].
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In the remainder of this example, let D;, © = 1,...,6, denote some appropriate
constants. For u € ®~!(—o0,ry], from (3.21) and (3.22), it follows that

Hylul) < rat 3 2(1+VITR) +4(1+VITT)
< D1T2+D2.

Then, in view of (3.4) and (3.5), we have
Hy(v3) = H (21/3) < Diry+ Dy =D, <§V22 + V2> + Dy < D3 + Dy,
VT 4
ie.,
21/32 + 3 < D31/22 + Dy.
This, together with Remark 3.1, implies that
(3.23) vy < vy < Dsvy + Dg.
Hence,
4( 3/2+1/2> —2(73/2+T)
33+, — 372 —\2r
4( 3/2—|—I/3) —2(73/2+T)
33+ — 372 —\2r

< 4 ((D5I/2 + D6)3/2 (D5V2 -+ D6)) -2 (7'3/2 + T)
2+ vy — —7'2 V2r '

Thus b, (v;) > 0 for 15, large enough and b,(15) — 0 as vy — 00.

< b-(1n) =

Note that
Corollary 3.4.

z (IVZ) — 00 as 5 — 00. Then, the claim follows from the first part of

Remark 3.6. In Example 3.5, since @, () > 0 and b, (v5) — 0 as v, — oo, then we
(v

2)
can fix a 1 large enough so that /227 < fyg and 0 < b, (vp) < @r(11).

no

Example 3.7. Let 15 be fixed as in Remark 3.6. Then, 0 < b,(15) < @,(v1). Choose
¢ > 0 large enough so that ¢ > Dsvy + Dg, where D5 and Dg are the constants given
in Example 3.5. Let h : R — R be continuous satisfying

A(e) = 3241, [ <¢
3t8, [t| > 2¢.
Consider the problem
—u"(z) = Mh(u) + gu, ae z€[0,4],
(3.24) u(0) = u(4) =0,

AUI(SIIl) = 1, 0<ax <4
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We claim that there exists A > A > 0 such that, for each A € (A, \), the problem

(3.24) has at least two nontrivial classical solutions.

In fact, since h(t) = £¢1/2 41 for |¢| < ¢, from the reasoning in Example 3.5 and

the choice of (, we see that all the assumptions of the first part of Corollary 3.4 are
satisfied. Moreover, since h(t) = 3t® for [t| > 2(, condition (A5) also holds. Thus,

the claim follows from the second part of Corollary 3.4.
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