Dynamic Systems and Applications 25 (2016) 501-530

EXISTENCE, UNIQUENESS AND STABILITY RESULTS FOR
FUNCTIONAL DIFFERENTIAL EQUATIONS ON TIME SCALES

XINZHI LIU AND KEXUE ZHANG

Department of Applied Mathematics, University of Waterloo, Waterloo Ontario,
Canada N2L 3G1

ABSTRACT. This paper studies functional differential equations on time scales and develops the
theory of existence and uniqueness of solutions by utilizing the induction principle and Gronwall’s
inequality on time scales. Further more, it establishes several criteria on uniform (asymptotic)
stability and exponential stability using Lyapunov functions and Razumikhin technique. These
criteria include some known results as special cases. Numerical examples are presented to illustrate

the stability criteria.
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1. INTRODUCTION

Due to the wide existence of time-delays in many physical processes, functional
differential equations have been used in various applied areas, such as control theory
[1, 2], neural networks [3], economics, geosciences [4], among many others. Con-
sequently, the theory of functional differential equations has attracted substantial
attentions [5, 6]. On the other hand, functional difference equations are also used
to model many real world phenomenon [7]. A large number of theoretical results on
functional difference equations have been obtained [8, 9]. Stability is one of the most
important issues in the study of both functional differential equations and functional
difference equations. The Lyapunov-Razumikhin method is known as a very powerful
and effective approach to investigate the stability properties of differential (difference)
equations with time delay(see, e.g., [10, 11, 12]). This method has been successfully
applied to analyze the stability of functional differential equations and design vari-
ous controllers to stabilize continuous and discrete systems subjected to time-delay
(13, 14, 15, 16, 17, 18].

From the mathematical modeling point of view, it is more realistic to model a
dynamic process by a differential equation on hybrid time domain, which incorporates
both continuous and discrete times, namely, time scale. The theory of time scales
was first introduced by Stefan Hilger [19] in 1988 to unify the continuous and discrete

analysis. While the theories of functional differential equations and delay difference
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equations are well developed, it is natural for us to investigate the functional differen-
tial equations on time scales. Recently, various non-delay dynamical systems on time
scales have been studied(see, e.g., [20, 21, 22, 23]). However, as far as we know, the
investigation of general functional differential equations on time scales is not much,
and no Razumikhin-type results about the stability of functional differential equations
on time scales have been reported. In this paper, we shall investigate the fundamen-
tal theory and stability of general retarded functional differential equations on time

scales.

The rest of this paper is organized as follows. In the sequel of this section, we
present fundamental concepts and basic results of the time scale theory. In Section 3,
we formulate the problem and introduce some corresponding notations and defini-
tions. In Section 4, local and global existence, uniqueness, and extended existence of
solutions are presented and proved. In Section 5, several Razumikhin-type stability
results are established based on the use of Lyapunov function method and Razumikhin
technique. These results are used to study a class of linear delay differential equations
on time scales. Some sufficient conditions which can be easily checked are derived
to ensure the uniform asymptotic stability. The exponential stability is also studied
in Section 6 by the Lyapunov-Razumikhin method. Two examples, along with nu-
merical simulations, are given in Section 7 to show the effectiveness of the theoretical

results. Finally, conclusions and some future directions are drawn in Section 8.

Notation. Throughout this paper, Let R denote the set of real numbers, R*
the set of nonnegative real numbers, Z the set of integers and R™ the set of the n-
dimensional real space equipped with Euclidean norm || - ||. Let R™™ denote the
set of n X m dimensional matrices. The superscript ‘T’ stands for the transpose of
a matrix; [ € R™" is the identity matrix. For symmetric matrix P € R™*", let

Amax(P) denote the largest eigenvalue of P.

2. PRELIMINARIES

In this section, we briefly introduce some basic definitions and results concerning
time scales for later use. For more details about the theory of time scales, refer to
24, 25, 26].

Let T be an arbitrary nonempty closed subset of R. We assume that T is a
topological space with relative topology induced from R. Then, T is called a time

scale.
Definition 2.1. The mappings o,p : T — T defined as
o(t)=inf{s €T |s >t}

p(t) =sup{seT|s <t}
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are called forward and backward jump operators, respectively.

A non-maximal element ¢ € T is called right-scattered if o(¢) > t and right-dense
if 0(t) =t. A non-minimal element ¢ € T is called left-scattered if p(t) < t and left-
dense if p(t) = t. If T has a left-scattered maximum m, then we define T% = T\ {m},

otherwise, TF = T.

Definition 2.2. The graininess function p : T — R™ is defined by
p(t) =o(t) —t.

Definition 2.3. For y : T — R and t € T*, we define the delta derivative y=(t) of
y(t), to be the number (when it exists) with the property that for any € > 0, there is
a neigborhood U of t (i.e., U = (t — 0,t 4+ 6) (| T for some d > 0) such that

(o)) —y(s) — y>2 () (o(t) — s)| < elo(t) —s|, forall s € U.

A function f : T — R is rd-continuous if it is continuous at right-dense points
in T and its left-side limits exist at left-dense points in T. The set of rd-continuous
functions f : T — R will be denoted by C,y = Ciq(T,R). If f is continuous at
each right-dense point and each left-dense point, f is said to be continuous on T. If
a,b € T, then we define the interval [a,b] on T by [a,b] :={t € T | a <t < b}. Open

intervals and half-open intervals can be defined similarly.

Definition 2.4. Let f € C,4. A function g : T — R is called the antiderivative of f
on T if it is differentiable on T and satisfies g®(t) = f(¢) for all t € T. In this case,

we define

/t f(s)As =g(t) — g(a), a,t € T.

We say that a function p : T — R is regressive if 1 + p(t)p(t) # 0 for all
t € T. The set of all regressive and rd-continuous functions f : T — R is denoted
by CrqR = CryR(T,R), and the set of all positively regressive elements of C,4R is
denoted by CpgR* = CrRH(T,R) = {p € CoaR | 1+ pu(t)p(t) > 0 for all t € T}.

Definition 2.5. We say that a function m : T — R is right-nondecreasing at a point
t € T provided

(i) if ¢ is right-scattered, then m(o(t)) > m(t);
(ii) if ¢ is right-dense, then there is a neighborhood U of t such that

m(s) > m(t), for all s € U with s > t.

Similarly, we say that m is right-nonincreasing if above in (i) m(o(t)) < m(t) and in
(17) m(s) < m(t). If m is right-nondecreasing (right-nonincreasing) at every ¢t € T,

we say that m is right-nondecreasing (right-nonincreasing) on T.
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The following lemmas will be used in the discussion of existence of solutions and

stability of the functional differential equations on time scales proposed in Section 3.

Lemma 2.6 ([20]). Let m € C.q(T,R). Then m(t) is right-nondecreasing (right-
nonincreasing) on T if and only if Dt¥m®(t) > 0 (DTm”?(t) < 0) for every t € T,
where

m(a(t))—m(t)
D+mA(t):{ o o(t) >,

limsup,_,,+ %(t), o(t) =t.

Lemma 2.7 (Chain Rule [24]). Let f : R — R be continuously differentiable and
suppose g : T — R s delta differentiable. Then fog: T — R is delta differentiable

and the formula

(f o)1) = { / ) + hu(t)gwdh}gﬂ(t)
holds.

Lemma 2.8 (Induction Principle [24]). Let to € T and assume that
{S(t) : t € [tg,00)}
1 a family of statements satisfying:

(I) The statement S(to) is true.
(IT) If t € [to, 00) is right-scattered and S(t) is true, then S(o(t)) is also true.
(IIT) If t € [to, o0) is right-dense and S(t) is true, then there is a neighbourhood U of
t such that S(t) is true for all s € U N (o, 00).
(IV) If t € (to,00) is left-dense and S(t) is true for all s € [to,t), then S(t) is true.

Then S(t) is true for all t € [ty, 00).

3. PROBLEM FORMULATION

For any a,b € R and a < b, let [a,b]g be the closed interval on R. For any
¢ € C([-7,0]g,R") with some 7 > 0, we define ||¢|l; = sup,e;_, g, [[¢(s)]|. In this

paper, we define the operator 6 : R — T as follows
0(t) =inf{s € T | s > t}.
It should be noticed that the operator @ is different from the forward jump operator
o, since these two operators have different domains.
Consider the retarded functional differential equations on time scale T

{mA(t) = f(t,z,), t € Ty = [to,00)x T,

(3.1)
Lt = ¢7 tO € T7
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where f: T x C([-1,0]g,R") — R", ¢ € C([—1,0]g,R"), and x; : [-7,0]g — R" is
defined by z4(s) = z(0(t + s)) for s € [—7,0]g. One of the main focus of this paper is
to study the existence and uniqueness of solutions to equation (3.1). Hence, a precise

meaning of a solution to equation (3.1) is given in the following definition.

Definition 3.1. The map = € C([ty — 7,to + 7], R™) is said to be a solution of (3.1)
on [t,to + 7] if z(t) is an antiderivative of f(¢,x;) on [to,to + 7] N T*, and satisfies
x(s) = ¢(s) for all s € [—7,0]g.

For the continuous-time functional differential equations, i.e., (3.1) on time scale
T = R, it is well known that if x € C([to — 7,9 + 7], R™) then z; is continuous
function of t for ¢ € [tg,to + 7]. However, the continuity of z; could be destroyed
when different time scales and time delays are considered. To see how the continuity

of x; is destroyed, consider the time scale T = [0, 1]g U[2, 3|g, to = 1, and the function

o0 :{1, if z € [0, ]i

1
2, ifx € [2,3]

It can be seen that z is rd-continuous on T. Suppose t; = 2 and 5 € (2, 3)g, then we

will investigate the continuity of x; at t;.

e If 0 < 7 < 1, then 0(t; +s) = 2 and 0(ty +s) = 2 for all s € [—7,0]r.
Thus, |z(0(t; + s)) — x(0(t2 + s))| = |2(2) — x(2)] = 0 for s € [—7,0]g, ie.,

|xs, — x4, ]|- = 0, which implies that z; is rd-continuous at t; = 2.

1 — -
o If 7 =1, then f(t;+s) =< s T ,and f(to+s) = 2 for all s € [—7, 0.
2,  otherwise
1, §=—7 )
Therefore, |x(0(t; + s)) — z(0(ta + s))| = e |z — s =
0,  otherwise

1, which implies that x; is not rd-continuous since t; is right-dense and left-

scattered.

To generalize the classical fundamental results for continuous-time functional
differential equations, additional conditions on time scales and the size of time-delay

are required to guarantee the continuity of x;. We prove this in the following lemma.

Lemma 3.2. Assume

(i) € Crg([to — 7,10 + ], R™);
(i) O(t + s) is right-dense for any s € [—7,0|r, if t is a right-dense point,

then, x; is a rd-continuous function of t fort € [ty,to + «].

Proof. To show x; is rd-continuous at ¢, we need to prove z; is continuous at all

right-dense points, and the left limit of x; exists and is finite at all left-dense points.
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Let t* denote a left-dense but right-scattered point, then the left limit of x exists

and is finite at t*. Define a function T : [ty — 7, to + a] X R™ as follows
Z(t) = x(t™), iftis 1§ft—dense,
x(t), otherwise.

Then, 7z is different from x only when ¢t is left-dense point, which implies that z is
continuous on [ty — 7,ty + a. For any given h < 0, there exists a § € [—7,0]g such
that

; = sup |z(0(ti+h+s))—z2(0(t+53))]
s€[—7,0]r

= |2(0(t, + h+ ) — 2(0(t, + 5))|.

[

If 6(t* + 3) is left-scattered, then

lim [o(6(t" + h+8) =20 +8)| = lim [2(8(t" +5)) = F(0( +3)|
=l [7(0(¢" +5) - 70" + )]

- = 0. On the other hand, if
O(t* + 3) is left-dense, then the left limit of x at O(t* + 3) exits which is Z(0(t* + 3))
according to the definition of function z. Then, lim;_o- |z(6(t* + h + 3)) — z(O(t* +
)| = limy,_o- |2(0(t* + h + §)) — Z(0(t* + 3))| = 0. Hence, the left limit of z; at ¢*

exists, and is given by Z;«. Clearly, ||z

which is zero and implies that limy, - [[zyyn — Ty

~ is bounded.

Therefore, the left limit of z; at left dense point exists and is finite. Next, we

shall show that z; is continuous at right-dense points.
Denotes t, a right-dense point, then x is continuous at t,, and (¢, + s) is right-

dense for any s € [—7,0]g. For a given small h > 0, there exists a § € [—7,0]g such
that

;= sup |z(0(t, +h+s)) —z(0(t.+ 5))|
s€[—7,0]r

= |z(0(t.+h+35)) —x(0(t. + 35))]|.

||$t*+h — Tt

Thus, the continuity of x at 0(¢,.+35) implies that limy+ g ||, 1p—24, || = 0. Similarly,

we have limy,- g ||z, 1 — x4, ||- = 0 if £, is also left-dense. Therefore, x; is continuous

at t if it is right-dense point.

Based on the above discussion, we see that x; is rd-continuous in t. O

In Lemma 3.2, if x is a solution of (3.1) on [to, to+a], then x : [to—T, to+a] — R™
is a continuous function. Hence, from the proof of Lemma 3.2, we can see that z;
is a continuous function of ¢ on [ty,to + «, which coincides with the classical result
for T = R (Lemma 2.1 in [5]). Another main objective of this paper is to find
sufficient conditions to ensure system (3.1)’s stability property, which is formulated
in the following definition. We assume that f(¢,0) = 0 for all ¢ € T, so that system

(3.1) admits the trivial solution.
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Definition 3.3. The trivial solution of system (3.1) is said to be

(S1) stable if for every € > 0 and ty € T, there exists some 6 = (e, tp) > 0 such that
|¢]l- < d implies that ||z(t)|| < € for allt > ¢y, where t € T, and z(t) = x(t, to, §).

(S2) uniformly stable if ¢ in (.S;) is independent of .

(S3) asymptotically stable if it is stable and there is a positive constant ¢ = ¢(ty)
such that ||z(t)|| — 0 as t — oo, for all ||¢]], < c.

(S4) uniformly asymptotically stable if it is uniformly stable and for any 7 > 0,
there exist 6 = d(n) > 0 and T" = T'(n) > 0 such that ||¢|; < ¢ implies
|lz(t)|| <n, for all t € [ty + T, 00)r.

(S5) globally exponentially stable if, for any initial data x;, = ¢, there exist
constants a > 0, M > 1 such that ||z(t,to, )| < M||¢||,e~*F*) for all t > to.

Definition 3.4. Given a function V' € C,4(T x R™ R™), the upper right-hand delta
derivative of V' with respect to system (3.1) is defined by

V(e(t),z(e(t) =V (t,z(t))
#(t)( Y U(t> > t)

V(sx(t)+(s—1t)f(t,x)) =V (t,z(t)) O'(t) =1

s—t ’

D*VA(t,x(t)) = { .
lim sup,_, .+
where Cpq(T x R* R") = {V : T x R* — R" | V(¢,z) is rd-continuous in ¢, and

continuous in x for all (¢,z) € T x R"}.

4. EXISTENCE AND UNIQUENESS RESULTS

If x; is rd-continuous in ¢ and f(¢,v) is assumed to be rd-continuous in its first
variable and continuous in its second variable, then the composite function f(t,x;) is
also rd-continuous in ¢. Since the continuity of x; can be guaranteed by Lemma 3.2, we
are in the position to generalize the existence and uniqueness results for continuous-
time functional differential equations to the results for functional differential equations
on general time scales. The induction principle on time scales (Lemma 2.8) will be
applied to establish the generalized results. Throughout this section, we assume

that all conditions of Lemma 3.2 are satisfied, constant a € T, and denote €2 =

[to, @) x C([—7,0]g, R™).

Theorem 4.1 (Local Existence). Let f : Q — R" be rd-continuous in its first variable
and continuous in its second variable, then for each ¢ € C(|—7,0]|g, R™), there exists
a solution x(t) = z(t;to, ®) of the initial value problem (3.1) on [ty — 7, 3) for some
B € (to, ).

Proof. For any r € [to, 3), define the following mapping

. _ f(t, ), if t € [to,r);
URUCED {f(r‘,:cr—), ift=r,
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where

) 2(s), if s € [-7,0);
() { x(r-), if s =0,

We will apply the induction principle (Lemma 2.8) to the statement A(r) defined

as follows:

A(r): the initial value problem (IVP)

1) {xA = (¢, z,), for t € [to, 7],

xto - ¢7
has a solution 2")(¢) on [to, 7].

Note that once we have shown this, the claim of the local existence result follows.

(I) The statement A(ty) is trivially true since x%l(t) = $(0).
(II) Let r be right-scattered and A(r) be true, i.e., the IVP (4.1) has a solution z")(t)

on [ty, r]. Define a function 27! as follows:

27 O(¢) = 2'l(t), if ¢ € [to, 7],
o) + u(r)frir ),  ift=o(r).
Then z7(t) is a solution of IVP (4.1) on [to, o(r)].

(III) Let r be right-dense and A(r) be true. Then there exists § > 0 such that
[r,r + d]g C [to,a), and by the classical existence result for continuous-time
functional differential equations, the following IVP has a solution y(t)

{yA = Y1) =f(t.), fort € [rr+0)

Yr = m:]a

on [r,7 + 4] for some 0 < § < 6. Then for any s € [r,r + 6] the mapping defined
by
7] ;
() = z"(t), ift € [to, 7],
y(t), ifr<t<s,

is a solution of IVP(4.1) on [to, s], i.e., A(s) is true.

(IV) Let r be left-dense and A(s) be true for all s € [ty, 7). Then there exists € > 0
such that [r —e,7]g C [ty, ). For any s € [r —¢/2,r) the solution of IVP(4.1)
has a solution 2°/(¢) on [to, s] defined by

() = a:(to)+/t FUE 2 )AE, t € [to, ).

It can be seen that s is left-dense and right-dense for any s € [r —¢/2,r), then

the rd-continuity of f(¢,z;) as a function of ¢ implies that

() = x(t0)+/

to

r—e/2 t

€z )AL + / FI(E, we)de,

r—e/2
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t

r—e/2
— at) + / F(6, 1) AE + / F(€, ),

to T—€/2
for t € [to,s] and s € [r —e/2,7). Since r is left-dense and f is rd-continuous,

the limit lim; - f(¢, ;) exists and is finite. Define a mapping
x(r=e/2)(¢t), if t € [to,r — /2],
2ty = 2= (r —g/2) + f:_E/Q f(& xe)dé, ifr—eg/2<t<r,
22 (r — £/2) + fLE/z e, ze)de, ift=r,
then 271(t) is a solution of IVP(4.1) on [to, 7], i.e., A(r) is true.

As an application of Lemma 2.8, the proof is complete. O]

To show the uniqueness of solutions, we will need the following local Lipschitz

condition on function f.

Definition 4.2. The function f : {2 — R" is said to be locally Lipschtiz on €2, if for

any given (t,1) € Q, there exist positive constants a and b such that
E=([t—at+arn[to,a)) x {¢ € C([~7, 0z, R") | [ = ¥[|. < b}

is a subset of €2 and f is Lipschtiz on =.

Now we are in the position to give a uniqueness result.

Theorem 4.3 (Uniqueness). Let f : Q@ — R"™ be rd-continuous in its first variable,
continuous in its second variable and locally Lipschitz on its domain. Then, for any
¢ € C([—,0]g,R™), there exists a unique solution x(t) = x(t;to, ) of the initial value
problem (3.1) on [ty — T, 3) for some B € (ty, .

Proof. The existence of solution can be obtained from Theorem 4.1. Next, we will
use the method of proof by contradiction to show the uniqueness of the solution.

Suppose that for some 5 € (tg,a] there exist two distinct solutions x and y of
(3.1) on [tg — 7,0). Let t; = inf{t € (to,5) | z(t) # y(t)}. Then ty < t; < 3,
and x(t) = y(t) for t € [to — 7,t1). To construct the contradiction, we consider the
following two cases of ;.

Case I: t; is right-scattered. Then, according to the continuity of the solution
x and the definition of 1, we have that ¢; must be left-scattered and z(¢;) # y(t1),
x(t) = y(t) for all t € [ty — 7, p(t1)]. Thus,

z(t1) = x(p(t)) + pulp(tr))z>(p(t1))

(
= (p(tl)axp(tl))
= y(p(t1)) + pulp(t1)) f(p(t1), Yoinr))
= y(t),

which is a contradiction.
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Case II: ¢; is right-dense. Then the definition of ¢; implies that z(t1) = y(t1).
Since f is locally Lipschitz, there exists a,b > 0 such that ty + a € T, the set
© = [ti,t1 +a] x {¢ € C([-7,0[g,R") | |0 — 24, |- < b} is contained in [ty, 3) X
C([—7,0]g,R™), and f is Lipschitz on © with Lipschitz constant L. By Lemma 3.2
there exits 0 € (0, a] such that ¢; + § € T and both (¢, ;) and (¢, ;) belong to © for
t1 <t <ty +0. Thus, for a given t* € [t1,t; + 0], there exists s* € [—7, 0], such that

|20 =yl = SE[S}TPO} [z (0" + 5)) — y(O" + 5))|
- iff” (0 +5))
(4.2) < H/ (s,z5) — f(s,ys)]AsH.

If 0(t* + s*) < ty1, then (4.2) implies ||xp — y||, = 0, and then z(t) = y(¢) for
t € [t1,t*], which is a contradiction to the choice of ty. If O(t* + s*) > ty, then we can
get from (4.2) that

< | / o f (5,2) = f(5,0)As
[ s - st

t*+s
< / Ll — o s,

t1

||93t* — Y ||+

From this and the Gronwall’s inequality (Theorem 6.4 in [24]) it follows that ||z —
Yt

- = 0 contradicting the definition of #;.

From the discussion of Case I and Case II, we can conclude the uniqueness of the

solution. O

In order to introduce an extended existence result, the following definition is

required.

Definition 4.4. We say f : 2 — R" is quasi-bounded, if f is bounded on every set of
the form [to, 5] x C([—7,0]g, B) where [ € (tp,a) and B is a closed bounded subset
of R™.

Theorem 4.5 (Extended Existence). Let f : Q — R"™ be rd-continuous in its first
variable, continuous in its second variable, locally Lipschitz on its domain and quasi-
bounded. Then, for each ¢ € C([—1,0]g,R"™), there is B € (to, ] such that

(a) the initial value problem (3.1) has an unique noncontinuable solution xz(t) =

x(t;to, @) on [to — 1, 5); and
(b) if B < « then for every closed bounded set A € R™, x(t) & A for somet € (to, ).

The proof of Theorem 4.5 is similar to the proof of the result for continuous-time

equations, and thus omitted. It worths noting that the continuity of f does not imply
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f to be bounded on closed bounded subsets of 2. A counter example can be found

on page 44 of [5] for the special case T = R.

Theorem 4.6 (Global Existence). Let f : Q@ — R" be rd-continuous in its first

variable, continuous in its second variable and locally Lipschitz on its domain. If
(4.3) LF (& < M(t) + N(@)|[¢]l-, on €,

where M, N : [tg,a) — R are rd-continuous, positive functions, then the unique

noncontinuable solution of (3.1) exists on the entire interval [to, o).

Proof. Theorem 4.5 implies that for any ¢ € C([—7,0]g, R") there is § € (o, a such
that (3.1) has a unique noncontinuable solution z on [ty — T, 3), since inequality (4.3)

guarantees that f is quasi-bounded.

To construct a contradiction, suppose 5 < a. Then, there exist positive constants
M and N such that M(t) < M and N(t) < N for all t € [tg, 3]. Integrating both
sides of (3.1) yields

t t
le@®)] < lloll, + / MAs + / N{jas|l, As, for ¢ € [to, A,
to to

which implies that

t
s < H¢||T+M(ﬁ—to)+/ Nl As, for ¢ € [to, 4.
to

Then, using Gronwall’s inequality,

B
Je(@)] < el < el + 03— ] (145 [ en(Bo(s)as).

on t € [to, f], where ex(5,0(s)) is the exponential function on time scales (see Def-
inition 2.30 in [24]). This shows that z(¢) remains in a closed bounded set which

contradicts the extended existence result in Theorem 4.5.

Therefore, 3 = «, i.e., the solution z(¢) exists on the entire interval [ty, ). [

5. UNIFORM STABILITY RESULTS

In this section, the uniform (asymptotic) stability of system (3.1) is investigated
using Lyapunov functions in the spirit of Razumikhin. Two Razumikhin-type stability

criteria are established. Let
K ={g9€CR"R") | g is nondecreasing in s, g(0) = 0, and g(s) > 0 for s > 0}

Theorem 5.1. Suppose u,v € K and w € C(RT,RT). If there exists a Lyapunov
function V€ Cyq(T x R",R") such that

(1) u(||lz]) < V(t,z) < v(||x|)) and V(t,x) is locally Lipschitz in x for each right-
dense pointt € T;
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(i) DFVA(t z) < —w([lz(e@)]) if VOt +5),2(0(t + 5))) < V(o (t),2(a(t))), s €
[—T, O]R,

then the trivial solution of system (3.1) is uniformly stable.

Proof. For any € > 0, choose ¢ > 0 such that v(J) < u(e). We shall prove that for
any solution x(t) = x(t,ty, ¢) of system (3.1), ||@||, < & implies that ||z(¢)|] < e for
all ¢ Z to.

When t = ty, we have
V(to, z(to)) < v(l|lz(to)]l) <v(d) < ule)

Le., [|z(ty)] <e.

Next, we shall show

V(t,z(t)) <wv(d), for all t > t,.

Suppose it is not true, then there exists some ¢t > t, such that V(t,z) > wv(9).
Let t* = inf{t > to | V(¢t,z(t)) > v(9)}, then we have V(t*,z(t*)) > v(d) and
V(t,z) <w(6) for to <t < t*.

If t* is left-dense, by the definition of t*, we know that V (t*, z(t*)) = v(d) and ¢*
is right-dense. Then

V(O +s),z(0t" +s))) <V(t"zt)) =V(o(t'),z(a(t"))), for s € [-7,0]r.
It follows from condition (ii) that D*VA(#*, z(#*)) < 0, which is a contradiction to
the definition of t*.

If t* is left-scattered, then V' (t*, z(t*)) > § and V(t,x) < v(0) for to < t < p(t*).
By setting ¢ = p(t*), we have

V(O +5), 20 +9))) < 0(6) < V(o(@), 2(o(D))), for s € [~7,0]s.

By condition (i), we have DTV2(f, z(f)) < —w(||z(t*)||) < 0. Since { is right-
scattered, it follows that
v a  VeD:ale®) ~VEa®)
1(t)
Le., V(t*,z(t*) < V(t,z(t)) = V(p(t*),z(p(t*))), which is a contradiction to the
definition of ¢*.

Hence, V(t,z) < v(d) for t > ty. By condition (i), we have

u([lz()]]) < V(¢ x(t)) < v(0) <ule), t=to,
ie., ||lx(t)]] < e for all t > t,. O

If impose a stronger assumption on condition (ii) of Theorem 5.1, then we have

the following uniform asymptotic stability result.
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Theorem 5.2. Suppose u,v € K, w € C(RT,R") andw(s) > 0if s > 0. If there exist
a continuous nondecreasing function P(s) > 0 for s > 0 and a Lyapunov function

V € Cry(T x R" R") such that

(1) u(l|z|]) < V(t,z) < v(||z]|) and V (t,x) is locally Lipschitz in = for each right-
dense pointt € T,

(i) DTVA(t z) < —w(llz(e@)I) i V(O + 5),2(0(t + 5))) < P(V(o(t), 2(a(t)))),
S € [—T, O]R,

then the trivial solution of system (3.1) is uniformly asymptotically stable.

Proof. By Theorem 5.1, we know that, for any given H > 0, we can choose § > 0
such that v(§) < u(H) and ||¢||, < 0 implies that

|lx(t)|| < H, for t > ty,
and
V(t,x) <wv(d) <u(H).

Suppose ¢ € (0,inf{s € R* | u(s) = v(d)})r be arbitrary, then u(e) < v().
We need to show there is a number T' = T'(¢,d) > 0 such that, for any t, € T and
|o|l- < 9, the solution x(t) = z(t,to, ) of system (3.1) satisfies ||z(¢,t0, ¢)|| < e, for
t >ty +T. This will be true if we show that V(t,2) < u(e) for t >ty + T

From the property of the function P, there is a number a > 0 such that P(s)—s >
a for u(n) < s < v(d) where n > 0 satisfying u(n) < wu(e). Let N be the first
nonnegative integer such that u(n) + Na > v(d) and let

v= inf w(s), where sy =sup{s € R" | v(s) = u(n)}.

so<s<H

Set ty = to+ k(T + @ + i), k=0,1,2,..., N, where 1 is the upper bound of

the graininess function p. We now claim that
(5.1)  V(t,x) <wu(n)+ (N —k)a, fort > 0(ty), and k =0,1,2,..., N.

Trivially, (5.1) holds for k = 0. Suppose now for some k(0 < k < N), (5.1) holds. We
want to show that

(5.2) V(t,x) <u(n)+ (N —k—1)a for t > 0(tx1).

To this end, we first claim that there must be some ¢ € [0(t; + 7),0(t;+1)] such
that

(5.3) V(t,z(t)) <u(n) + (N —k—1)a.
Suppose it is not true, then for all ¢ € [0(tx + 7), 0(tr+1)], we would have

(5.4) V(t,z(t)) > u(n) + (N —k —1)a.
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On the other hand, by our assumption,
V(t,xz(t)) <u(n)+ (N — k)a, for t > 6(ty),
ie.,
un)+(N—k—1)a<V(t,z(t) <uln)+ (N —k)a, for t € [0(ty, +7),0(tk11)].
Then, we have, for 0(t;, +7) <t < p(6(tx)),

P(V(o(t),z(0(t)))) > V(e(t),z(o(t))) > uln)+
(

= Uu

v
=
D
=
+
Va)
S~—
=
D
=
_.I_
=z
=
\]
=

By condition (ii), we have, for t € [0(ty + T), p(0(tr11))],
DVA(tx) < —w([lz(a(t))l) < -y <0.
Therefore, for t € [0(tx, + 7), p(0(tr11))], we have

Vt,z) < V(O@tr+7),z(00tr +7))) — [t — 0ty + 7)]
< v(8) =t —0(ts + 7).

If p(O(tr+1)) is right-dense, then we have

V(O(trir), 2(0(tri1)))

IA A
S
N
S, O
S~—"
| |
= =2
st =
+ 7
=
+
=
~—
—~  ~
¥ =
+ +
‘\\
—
_|_
E

IA
o

which is a contradiction to (5.4).

If p(0(txs1)) is right-scattered, then

V(E2(®) = V(p(d),z(p(£)) + plp(H) DV (p(8), 2(p(1))

< w(8) —[p(t) — 0(te + 7)] — yu(p(1))
= v(6) — [t — Otk + 7)]
S 0, where 7?: Q(tk_;,_l),

which is a contradiction to (5.4).
Thus, there exists a ¢ such that (5.3) holds.

Next, we claim that
(5.5) V(t,z) <u(n)+ (N —k—1)a, for all t > t.
Suppose this is not true, then there is a ¢ > ¢ such that

V(t,z) >u(n) + (N —k—1)a.
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Let
=inf{t >t|V(t,x) >u(n) + (N —k—1)a},
then V(t*, z(t*)) > u(n)+(N—k—1)aand V(t,z) < u(n)+(N—k—1)afor t <t < t*.

If t* is left-dense, by the definition of ¢*, we know that V (¢*, z(t*)) = u(n) + (N —
k — 1)a and t* is right-dense. Then

V(O + ), 2(0(t" +5))) < u(n) + (N —ka
= un)+(N—-k—1a+a
= V(" z(t) +a
< P(V(t",z(t")))
= P(V(o(t"),z(c(t)))), for s € [—7,0]
By condition (ii), we have D*VA(t*,z(t*)) < 0, which is a contradiction to the

definition of t*.

If t* is left-scattered, then V(t*,z(t*)) > u(n) + (N — k — 1)a and V(t,z) <
u(n) + (N —k — 1)a for £ <t < p(t*). Then, by setting £ = p(t*), we have

V(O +s), 20 +s)) < uly
(

I
2

AN

I
e

By condition (ii), we have

D+VA(7§,J}('E)) — V(O‘((t)),l‘(d(t))) — V(t,[L‘(t)) S —w(||x(t*)||) <0
p(t)
ie., V(t*,2(t") < V(t,x(t)), which is a contradiction to the definition of ¢*.

Hence, (5.5) holds, so does (5.2). By a simple induction, we have
V(t,z) <u(n)+ (N —k)a, fort > 0(ty),

where ty = to + k(7 + ( ) 4 + i) and k =0,1,...,N. Therefore, choosing k = N, we
obtain

V(t,z) <u(n) <ule), fort >ty + 1T,

where T'= N(7 4+ * ( L) 4> 0(to+ N (T + = Y0 1 1)) —to. Hence, ||lz(t)|| <n <e
fort >ty +T. ThIS completes the proof. O]

Remark 5.3. It is easy to see from the arguments in the proofs of Theorem 5.1
and Theorem 5.2 that the conclusions of these theorems remain true if the inequality
DYVA(t,z) < —w(||z(a(t))]]) is replaced by D*VA(t,z) < —w(||z(t)|]). If T = R,
then the continuous versions of these results can be found in [5]; if T = Z, then the

discrete versions of these results are contained in [10]. Since there are many other
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time scales than just the real numbers and the integers, our results are much more

general.

Next, we shall apply the previous theorems to the following linear delay differen-

tial equations on time scale T.

(5.6) { a®(t) = Aw(t)+ Bx(0(t - 7)), t €T,
T, = ¢, theT,

where z € R", A, B € R™" and 7 represents the time delay.
Corollary 5.4. Let a; = Apax(A + AT, as = Mpax(AAT) and b = A\pax (BBT). If
ar + (ag +20)u(t) +2vb <0, t € T,

then the trivial solution of system (5.6) is uniformly asymptotically stable.

Proof. Tt follows from Theorem 5.2 on choosing V (z) = z7x. O

It can be seen that the stability conditions in Corollary 5.4 are independent of 7
and very conservative since Apax(A + AT) < 0. In order to get the less conservative

and delay dependent stability criteria, we can proceed in the following manner.

Let x(t) = x(t, 9, ¢) be the solution of equation (5.6). Since z*(t) is rd-continuous,

we have .

z(0(t—71)) =x(t) — / z2(s)As, t > 7.

o0(t—r)
Then equation (5.6) can be generalised as the following form
t

(5.7) 2(t) = (A+ B)x(t) — B/ [Ax(s) + Bx(8(s — 7))]As

0(t—7)
with initial data ¢ on [—27, O] satisfying ¥(s) = ¢(s) for s € [T, 0]g. Since equation
(5.6) is a special case of equation (5.7), the trivial solution of equation (5.7) is asymp-
totically stable implies that the trivial solution of equation (5.6) is asymptotically
stable.

As an example, consider the equation
(5.8) a:A(t) = —bx(0(t —71))

on time scale T. The generalized equation can be written as
t

(5.9) 2D (1) = —ba(t) — 12 / 2(0(s — 7)) As
0(t—7)
If V(x) = 22, then, for any ¢ > 1,
VAx) = 2z2® + p(z®)?

t
= —2bx* — 2b2/ z(0(s —7))As
0(t—7)
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t t

+p [b2x2 + b? < /9(t , x(0(s — T))AS)Q + 207 /e(tr) z(0(s —7))As

< [=2b+ 2b%q7 + pb*(bgr + 1)1V (2)

whenever V(xz(0(t + s))) < ¢*V(x(t)) for s € [-27,0]g. Therefore, if there exists a
q > 1 such that

—2b + 2b%qT + pub*(bgr +1)* < 0,
then, by Theorem 5.2, the trivial solution of equation (5.8) is asymptotically stable.

6. EXPONENTIAL STABILITY RESULTS

In this section, the global exponential stability of system (3.1) is investigated base
on the method of Lyapunov functions and Razumikhin technique. Two Razumikhin-

type stability criteria are established.
Theorem 6.1. Assume that there exist a Lyapunov function V € C.q(T x R",R™)
and positive constants p, c¢1, ca, A, such that the following conditions hold
(i) ciflz||? < V(t,x) < co||x||P and V(t,z) is locally Lipschitz in x for each right-
dense pointt € T;
o(t)
(i) if V(o (t)x(o(t))elou—n "2 > v (0(t + ), 2(0(t + 5))) for all s € [—7, 0]z, then
DYVA(t,2) < —w(t)V(t,2),
where w(t) € Crq(T,RT), —w(t) € CrqgR™ and infyzg,—ry w(t) > A
Then the trivial solution of system (3.1) is globally exponentially stable.
Proof. Let z(t) = x(t,t9,¢) be a solution of system (3.1) and V(t) = V(¢t,z). We
shall show that
V(t) < callgllre™ o™ for ¢ € Ty
Let
Qt) = V(1) = callgllze™ a0, ¢ = 0ty — 7).
We shall show that Q(t) < 0 for ¢ > 0(ty — 7). It is clear that Q(¢) < 0 for t €
[0(to — 7), to], since Q(t) < V(t) — c2]|¢]|2 < 0 by condition (i).
Next, we shall show that Q(t) < 0 for t > to. In order to do this, let € > 0 be

arbitrary and we claim that Q(t) < e for t > t5. Suppose this is not true, then there
exists some ¢ > t, such that Q(t) > e. Let

=inf{t >ty | Q(t) > €}.

By the definition of t*, we have
Q") > €
[0

Q(t) <e, forte (to —7),t").
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For the point of t*, it is enough to consider the following two cases:

CASke 1. If t* is left-dense, by the definition of t*, we know that ¢* is also right-
dense, Q(t*) = € and Q(t) < e for t € [O(tg — 7),t*).

Notice V(t*) = Q(t*) + c2||¢p||Pe” fo WAL and for s € [—T 0]g, we have

V(O +s) = QU +5)) +coflgllze fig P weat

< et ool 0N

< <e+cQH¢H£’e ) ‘”(“Age*fti“*“)w(t)m
=V (t)efier A

< Viofe)eli oo,

So by condition (ii), we have
DTVA[Y) < —w(t)V ().
By the Chain Rule (Lemma 2.7), we have

0 to
= —w(t>/ |: fto At hu(t)w( )i| dh
0

Since t* is right-dense, we have u(t*) = 0 and

t A
(e_ I w(t)At)

*

= —w(t")e" Jig w®AL

Hence, )
DIQAE) = DIVAW)+ult)eslgle O
< —w@) (V) - ellglrefo 0)
= —w(t')e
< 0,

which, by Lemma 2.6, leads to a contradiction to the definition of ¢*.

CASE 2. If t* is left-scattered, by the definition of t*, we know that Q(t*) > e
and Q(t) < e for t € [0(to — 7), p(t*)].

Let t = p(t*), then for s € [—7, 0]g, we have

VOG+s) = QU+ 9) + el Ji 7w

(t+s)
< etopfgfre o T OA
< (e+(;2||¢||§6 I e At)e- T o)At
< (Q(t*)_’_c2||¢||1;€ftto* w(lﬁ)At)gfg(*Hs)w(t)At
< V(t)edoen wOA
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= V(o(H)elin 0
thus, by condition (ii), we have
D*VA(1) < —w(®V (D).

Since ¢ is right-scattered, we can obtain

D QA ()
_ Qa(D) - Q)

1 i) p o~ [P wat p,— Ji wt)AL
o [v<ao>—c2||¢ue z V) + eollgllze o " ON]
_ V(UO)—VO p ft w(t)At — [7®D ()AL
- eol|lize” (1-e )

t
ot Alu " 1 Op — J w()at —pu(Dyw(D)
= DIWVAD + el <1—e )
< —w@® (VD) - callofe o 02)
= —w(DQD).

which, coupled with —w € C,.4R™*, yields

< Q@) =Qo(?))
< 1= p®w®)]Q()
< Q)

= Qp(t")),

i.e., Q(p(t*)) > €, which is a contradiction to the definition of ¢*.

€

Based on the above contradictions, we know that Q(t) < € for all ¢ > ty. Let
e — 07, we have Q(t) < 0 for t > to. Thus, we get

V() < callgflze O, 2
By condition (i) and (ii), we have
allzllP < V() < callgllze o OB < ol gllpe ), 1> 1,
ie,
ol < (ij) [6llre>¢), > to.

which completes the proof. O]

If w(t) = A in Theorem 6.1, we have the following result.

Corollary 6.2. Assume that all conditions of Theorem 6.1 hold with the following

change:
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(i) if V(e (t)x(a(t)))eMoO=0C=) >V (Ot +s), 2(0(t+5))) for all s € [—7,0]g, then
DTVA(t,z) < —A\V(t, ),
where —\ € C,gyR™.

Then the trivial solution of system (3.1) is globally exponentially stable.

Next, we further assume that the graininess function p is bounded from above,
ie.,

= S;Eq?{”(t)} < 0.

Then we have the following conservative result, the conditions of which are easier
to testify than that of Theorem 6.1 and Corollary 6.2. The proof of the following

theorem is identical to that of Theorem 6.1 and thus omitted.

Theorem 6.3. Assume that there exist a Lyapunov function V- € C,q(T x R™ R")

and positive constants p, c1, ca, A\, such that the following conditions hold

(i) a|z||P < V(t,z) < co||x||P and V(t,z) is locally Lipschitz in x for each right-
dense point t € T;
(i) if ¢V (o(t)x(o(t))) > V(O(t+ s),z(0(t + 5))) for all s € [—T,0]r, then

DTVA(t,z) < —A\V(t, ),
where —\ € C,qRY and q is a constant such that ¢ > e F+7),

Then the trivial solution of system (3.1) is globally exponentially stable.

Remark 6.4. By employing Lyapunov-Razumikhin method, we have established two
exponential stability criteria, the conditions of which can be easily testified. Moreover,
when the time scale T reduces to the real numbers R or the integers Z, our results
reduce to the results for functional differential equations contained in [11] or the
results for delay difference equations. Since time scales contain not only R and Z,
but also some other hybrid time domains, our results are more general than the results
in [11].

Remark 6.5. If the time scale T satisfies the following conditions:

(i): 0Oand 7 € T;

(ii): t+seTforany t € T and s € [—7,0],
then the initial condition of system (3.1) can be given by x;, = ¢, to > 0, where ¢ €
C([—7,0,R") and x4,(s) = x(to + s) for s € [—7,0]. From the proof of Theorem 6.1,
we can see that M, a and ¢ in Definition 3.3(S5) are all independent of t,. This kind

of stability is called uniform exponential stability in [12] for discrete delay systems.

Remark 6.6. If T = 7Z, then condition (i7) of Theorem 6.3 can be written in the

form of
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(i) ¢V(n+1,2(n+1)) > V(n+s,x(n+s)) implies V(n+1,2(n+1)) < nV(n,z(n)),
where n =1 — A\

We can see that, in [12], condition (i7) is changed into:

(i) ¢V(n,z(n)) > V(n+s,z(n+s)) implies V(n+ 1,z(n+ 1)) < nV(n,z(n)).

It is worth noting that condition (i7) and condition (i7)" serve similarly, that is, com-
paring V(n + 1,z(n + 1)) with V(n,x(n)) after having compared V(n + 1,z(n + 1))

or V(n,z(n)) with its 7 backward items. Since, in [12], an additional condition is

needed:

(iii)” for some s € N_, — {0}, V(n + s,z(n + s)) > e*V(n,z(n)) implies V(n +
Lz(n+1)) < imaxseNfT{V(n +s,z(n+s))}, where o = min{ln(%), in—Jrql}, and
N_,={-1,—7+1,...,—-1,0},

we know that Theorem 3.3 in [12] is more complicated than the discrete version of our
results. Moreover, Theorem 6.3 will be used to analyze the stability of a class of delay
systems in the following section. Some exponential stability criteria which contain
Theorem 4.1 in [12] will be established. Hence, the discrete version of Theorem 6.3
is not only simpler but also more efficient than the results in [12] to analyze stability

of delay discrete systems.

Next, we shall apply these Razumikhin-type results to some special cases of sys-

tem (3.1). Consider the nonlinear delay systems on time scales of the form

6.1) 22(t) = F(t,2(t),z(0(t+ hi(t)), ..., 20 + hy(t))), t € Ty
. Ttq = ¢, to > 0.

where F' € Cpg(T x R™mFD R™) and h; : Ty — [-7,0]g for j = 1,2,...,m. We
assume here that F'(¢,0,0,...,0) =0 for any ¢t € T.

Theorem 6.7. Assume that condition (i) of Theorem 6.3 holds, while condition (i7)
of Theorem 6.3 is replaced by the following condition:

(ii)* there exist positive constants \, \;, i = 1,2,...,m, such that

DYVA(t,x) < =A\V(t,z) + Em: NV (O(t + hi(t)), z(0(t + hi(t)))).

i=1
If X > > N and 1 > [\, then the trivial solution of system (6.1) is globally

exponentially stable.

Proof. It X > >~ A\; and 1 > i), then we see that equation

In g

(6.2) A—qu&-:
i=1

i+T
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has a unique solution ¢ satisfying

l<g< and qu <

A 1
2 N DA
Thus, for any s € [—7,0]g, if V(0(t + s),2(0(t + 5)))
condition (ii)*, we have

| N

( (), 2(a(t))), then, by

DYVA(tz) < =AV(tz) + ¢ > AV (o(t), z(a(t))).

=1

If ¢ is right-dense, i.e., o(t) = t, we have
(6.3) DHVA(t, ) —( —qZ)\)

If ¢ is right-scattered, i.e., o(t) > t, we have

DVA(L 2) = V(U(t),x(o/fég)))—V(t,x)

y _wm)+qzxiv<a<t>,x<a<t>>>
N H(o(1) ~ Vit,)
= AV ZA u(t)

ie.,

(6.4) (1 - u(t)qi )\Z»)DJFVA(t r) < — ( - qz i )

Since the unique root of equation (6.2) satisfies giz < (3.7, A;)~!, we have

(6.5) L>1—pu(t)gy N>1—qny N\ >0.
=1 =1

Then, by (6.4) and (6.5), we have

A g3 A
DVALL) < A A2im Ay
—p(t)gd oy

(6.6) < —(A—qZ)\i)Vtx

It follows from (6.3) and (6.6) that

DYVA(t,x) < —(A—qi&)\/tfv
i=1
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By 1 > i\, we have

1—u<t>ﬂ1“f7 = 1 u(A-a X N)

> 1= At putley A
i=1
> 0,
which implies that — Inq € C.qR". Therefore, by Theorem 6.3, the trivial solution
of system (6.1) is globally exponentially stable. O

Remark 6.8. If T = Z and denote Ay = 1 — A, then condition (ii)* of Theorem 6.7

can be rewritten in the following form:
Vin+ La(n+1)) < AV (n,z(n) + YAV (0 + hi(n), z(n + hi(n))).

Hence, Theorem 6.7 reduces to Theorem 4.1 in [12]. Since the discrete version of
Theorem 6.3 is easier than Theorem 3.3 in [12] to apply, our proof for the discrete

version of Theorem 6.7 is simpler than the proof of Theorem 4.1 in [12].

Since it may not be easy to find a suitable Lyapunov function satisfying condition
(ii)* of Theorem 6.7, we shall introduce the following corollary which makes our results

more applicable.

Corollary 6.9. Assume that there exist constants L > 0, A > 0 and «; > 0, © =
1.2,...,m, such that

(6.7) IF(t,,0,...,0)* < L|j=||*
(6.8) eTF(t,2,0,...,0) < =)\||z|]?
(6.9) [E 2, y15 o ym) = F(E 2,0, 0)]| < Z%H%H

forallt € T and x,y1,Y2, .-, Ym € R™. If 1 > Xofi and

[LL + Z(l + ﬁmai)ai < )\,

=1

where \g = 2\ — 2pL — Y ay, then the trivial solution of system (6.1) is globally

exponentially stable.
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Proof. Let V(t,z) = 2Tz and y;(t) = x(0(t + hi(t))), 1 = 1,2,...,m, then it suffices
to show that (6.7), (6.8) and (6.9) imply condition (ii)* of Theorem 6.7. For, all
(t,x) € Ty x R™, we have
DVAtx) = (2Tx)?
— 2T g ()T
— 2T (@ a4 () ()T
= 2" Ft, 2,91, ym) + FL (2,01, Ym)T
(6.10) +uFT (g, ym) F (2,01, Ym),

where 27 = x(o(t)). If we denote G = F(t,x,y1,...,ym) — F(t,2,0,...,0) and
F =F(t,x,0,...,0), then (6.10) implies that

DTVA(t,x) = 227G +22"F 4+ uG*G + uFTF + 2uGTF
< 20zl -Gl + 26| Gl + 20l FII* + 227 F.

Furthermore, by (6.7), (6.8) and (6.9), we have

m m

DWVAt ) < 23 aifle] - gl - 220w+ 200> anllyil)® + 2uLae

i=1 =1

< (=204 2uL+ Y ai)alz 4y (oi+ 2umal)|| il
=1 1=1
< —(@A-2aL =) )V (ta)

i=1
m

+ 3 (e + 2ama)V (0t + ha(t)), z(0(t + ha(1)))),

i=1
which implies that condition (i7)* of Theorem 6.7 holds. Hence, applying Theorem 6.7

yields the desired conclusion. O]

When the function F' is linear, then, for m = 1, system (6.1) reduces to the

following linear delay system on time scales
(6.11) {xA(t) = Ax(t) + Bx(0(t + h(t))), t € Ty,
Ty, = ¢, tg 20,
where A, B € R"*" and h : Ty — [—7, 0.
Corollary 6.10. Let a = sup;cr {)\max(A + AT + 2uATA + I)} and b = (1 +
2/1) Amax(BTB). In addition, we assume that a +b < 0 and 1 + afi > 0, then the

trivial solution of system (6.11) is globally exponentially stable.

Proof. Let V(t,x) = 272 and z;, = z(0(t + h(t))), then we have
DYVA(t2) = T2 + (™) 2 + p(x®)T2?
= 2T"(A+ AT + pAT Az + 207 Bay, + 2pa” AT Bay,
+pxi BT By,
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< 2T(A+ AT 4+ 2uAT A+ Dx + (1 4 2u)z} BT Bxy,
< aV(t,x) + bV (0(t + h(t)),z(8(t + h(t)))),

which implies that condition (ii)* of Theorem 6.7 holds. Therefore, the trivial solution

of system (6.11) is globally exponentially stable. O

7. NUMERICAL EXAMPLES

In this section, we shall apply the Razumikhin-type criteria established in previ-

ous sections to analyze stability of delay differential equations on time scales.

Example 7.1. Consider the following linear delay differential equation on time scale
T

1) {xA(t) = cax(t) +dx(0(t — 7)),

xto = ¢7

where r e R, tg=0€ T, c=—-1.7,d=—-0.2, and 7 = 2.

If the graininess function p(t) of time scale T satisfies p(t) < 1 for ¢t € T, then all
the conditions of Corollary 5.4 are satisfied. Hence, the trivial solution of equation

(7.1) is uniformly asymptotically stable.

In the following simulations, we consider three types of time scales: T = 7Z, T = R,
and time scale T chosen randomly with p < 1. For the two special cases T = Z and
T = R, simulation results are shown in Figure 1(a) and Figure 1(b), respectively.
Two time scales Ty and Ty are chosen randomly with p < 1, and the corresponding

simulation results are shown in Figure 1(c) and Figure 1(d), respectively.

Next, we shall study the exponential stability of (7.1) with ¢ = —4, |d| = 1.75
and 7 > 0 by using Corollary 6.10. Then, we have

a = sup{l+2c+2u(t)},
teT

b = (1+2u)d

(UET=Ts=:Z={...,0,55,2,...}, then pu(t) = i = 5 and

L,
a = 1+20+gc,
6

b= ~d
5

Obviously, a +b < 0 and 1 + apx > 0, which imply that all the conditions of Corol-
lary 6.10 hold. Hence, the trivial solution of equation (7.1) is globally exponentially
stable. Numerical simulation is shown in Figure 1(e) for equation (7.1) on time scale
Ts with d = —1.75, 7 = 0.5 and ¢(s) = —0.8 for s € {-0.5,-0.4,...,—0.1,0}.
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(e) (f)

FIGURE 1. Numerical simulations of (7.1) on time scales: (a) Z, (b) R,
(¢) Ty, (d) Ty, (e) T3, (f) T4. In (c) and (d), the green dots represent

the time scales randomly generated with p < 1.



FUNCTIONAL DIFFERENTIAL EQUATIONS ON TIME SCALES 527

(2) I T =Ty = Uy _1[k, £k + 15, then we have

u(t) = { 0, teUZ [k 3k + 1),

— 1 t:%k_i_l k:—1’071,2’...

100 10°

and i = 55, a = 14+ 2c+ £¢%, b = 2d?. Therefore, all the conditions of Corollary
6.10 are satisfied. We choose d = 1.75, 7 = 0.2 and ¢(s) = 0.8 for s € [—7,0]g, then,
from Figure 1(f), one can see that the trivial solution of equation (7.1) is globally

exponentially stable.

Example 7.2. Consider the nonlinear continuous systems with time delay

(7.2) {W) = Az(t) + gt z(t),z(t — 7)), t > to =0,
Tty = ¢a
where z = (21, T, 3)7,
-1 0 -2
A=]1 0 -5 -2,
1 0 —4

and g(t, 2(t), x(t — 7)) = %(xl(t—T) sin(ws(t)), za(t — 7) cos(za(t)) %“—”)T, Tisa

’ 14sin?t
positive constant.

Let F(t,z(t),x(t — 7)) = Ax(t) + g(t, z(t), z(t — 7)), then F(t,x(t),0) = Ax(t).

It is easy to see that

o' F(t,2,0) = 27 Ar < Apax(A) 2" 2,

1B @, x(t = 7)) = F(t, 2, 0)[| = llg(t, 2, 2(t = 7))[| < g\lx(t =7

Since time scale T = R, i.e., u(t) = 0 and g = 0, all the conditions of Corollary 6.9
are satisfied with A = —A\pax(4) =2, m =1 and ay = % Hence, the trivial solution
of system (7.2) is globally exponentially stable. The numerical simulation result is
shown in Figure 2 with 7 = 0.2 and ¢(s) = [0.75,0.25, —0.5]T for s € [—7,0].

8. CONCLUSIONS

In this paper, the fundamental theory of general functional differential equations
on time scales have been studied. Some results of local and global existence, unique-
ness, and extended existence of solutions have been introduced and proved. Several
Razumikhin-type stability criteria have also been presented, and then applied to dis-

cuss stability property of various linear and nonlinear delay systems on time scales.

One possible future direction is to investigate the stability property by using the
Lyapunov-Krasovskii functionals; another research direction is to extend the work to

impulsive functional differential equations on time scales.
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0.8
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FIGURE 2. Numerical simulations of continuous-time system (7.2).
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