Dynamic Systems and Applications 25 (2016) 531-542

NOTE ON MONOTONICITY IN SINGULAR VOLTERRA
INTEGRAL EQUATIONS

R. RAUTMANN

Department of Mathematics, University of Paderborn, Warburger Str. 100,
D-33098 Paderborn, Germany

rautmann@uni-paderborn.de

ABSTRACT. Observing the monotonic type for a class of singular Volterra integral equations
we get a short proof of the singular Gronwall inequality in a completed setting with upper bounds
as usual and additional lower bounds. Moreover, the solutions to linear singular Volterra integral
equations admit norm bounds which (under an obvious restriction) depend in a monotone increasing
way on the prescribed data. We use this observation to solve a nonlinear problem: In terms of linear
singular Volterra equations we formulate an (seemingly new) iterative approximation scheme to
mild Navier-Stokes solutions. The monotonicity of the bounds mentioned above leads to the proof
of convergence and error estimates to our scheme inside a scale of Banach spaces locally in time.
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1. Introductory remarks

The integral representation of initial value problems in ordinary or partial dif-
ferential equations leads to Volterra integral equations which, in important parabolic
cases, are (weakly) singular, and any solution of the integral equation presents a mild

solution to the related initial value problem [16].

The solutions to linear singular Volterra integral equations allow useful norm
estimates like the singular Gronwall inequality [1, 2, 11]. In many cases of non-
linear parabolic problems their formulation by a (nonlinear) singular Volterra integral
equation shows the inherent smoothing properties of the problem which opens the way

to convergent iteration procedures and error estimates.

Famous examples are given by Fujita and Kato’s Hilbert space solution to the
3-dimensional initial-boundary value problem of the Navier-Stokes equations [6, 13],
and by Giga and Miyakawa’s extension of their method to n > 2 dimensions and to

solutions in Sobolev spaces, [10].

Having listed some basic notations in Section 2 we recall the classical formulas

for the solutions to linear singular Volterra integral equations and for bounds of their
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norms. In particular we stress the monotone dependence of these bounds upon the
prescribed data (under some obvious restriction). Then in Section 3 we will see the
monotonic type of linear singular Volterra integral equations with positive real kernels,
which implies the singular Gronwall inequality completed by additional lower bounds.
Finally in Section 4, formulated in terms of linear singular Volterra integral equations
we present a (seemingly new) iterative approximation scheme to mild Navier-Stokes
solutions. Using the monotonicity of the bounds (stated in Section 2) we prove
convergence and error estimates to our scheme inside a scale of Banach spaces locally

in time.
2. Notations and some basic facts on linear Volterra integral equations

To any Banach space X with norm || - ||x, let B = B(X) denote the Banach
space of bounded linear operators S : X — X with norm ||S||z. Moreover on the
interval J = [0,4a], 0 < a < oo, we will use the Banach space C°(J, X) of all X-valued

continuous functions f : J — X having the norm sup,.; || f(t)||x. On the triangle
T={(ts)eR*|0<s<t<a}

we consider any strongly continuous, uniformly bounded function
H:T— B(X), |H(s)|s<N

with some constant N > 0. Then there hold the following two propositions:

Proposition 2.1. To any given g € C°(J,X), A € R, a € [0, 1), the singular Volterra

integral equation

2.1) w(t) = g(t) + A - /Ot

has a unique solution u € C°(J, X).

H(t,s)
(t —s)*

u(s)ds

Proposition 2.2. With the assumptions above, the solution u of equation (2.1) has
the representation B
YH(t, s, \)

o (t—s)
by means of the strongly continuous kernel

u(t) =g(t)+ X -g(s)ds

H(t,s,\) € B(X), [H(t.s,M)]z < NN, X a),
where ~
H{(t, s, )
(t—s)"
is given by the strongly in B(X), for allb € (0, 00) uniformly on T x{\A € R| |\| < b}

convergent power erpansion

= K(t,s,\)

K(t,s,\) = Z N K (t s), where
m=1
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H(t
Ky(t,s) = (t£58) / Ki(t,o) - Kp_1(0,8)do, m > 2.
With ki, = N™ - {8 there holds

(t =) | Kt s)lls < (t =) DD ok m>1,

[’ denoting Legendre’s Gamma function. For all A > 0, the (absolutely convergent)

bound

(2.2) N(N, X a) := Zwml (m=1)(1=) . (o

15 monotone increasing in N, \, and a.

Proof. The proofs of both propositions above given in [14, pp. 17-18] and [21, pp. 151
153], which are formulated there in the case of real valued functions, extend imme-
diately to our abstract case, if we recall the abstract integration [12, pp. 59, 66|, and
the abstract Cauchy-Hadamard convergence theorem [12, p. 96]. O

Definition 2.3. To any function f € C%(J, X), the defect Pf with respect to equa-
tion (2.1) is given by

23 (PH):= 1)~ [y(t) e [ f;l

Note 2.1. In case of any given Pf € C°(J, X), equation (2.3) is equivalent to the

- f(s)ds|, teJ

Volterra integral equation for f:
H(t,s)

£ = (PO +a0)+2- [

Since with our assumptions above f € C°(J, X) implies Pf € C°(J, X), by the two
preceding Propositions we find that each function f € C°(J, X) allows the represen-

- f(s)ds, te..

tation
YH(t, s, \)

S0 = PN+t +2- | 2

[(Pf)(s)+g(s)lds, teJ

3. The monotonic type of linear Volterra integral equations with positive

real kernels and the singular Gronwall inequality

Let H: 7T — R, :=[0,00) denote a continuous function,
(3.1) 0 < H(t,s) < N with constant N > 0 for all (t,s) € 7.

Due to the Propositions 2.1 and 2.2 above, to any given g € C°(J,R), A > 0, 0 <
a < 1, the unique solution u € C°(J,R) of the Volterra integral equation

(3.2) u(t) =g(t) + X- /0 (?Et’:;)a -u(s)ds
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is given by -
H(t,s,\)

=) g(s)ds.

There holds

Proposition 3.1. For any two functions v,w € C°(J,R), the condition

(i) (Pv)(t) <0 < (Pw)(t) forallt e J
implies the estimate
(ii) v(t) < u(t) < w(t) forallt e J.

Proposition 3.1 states the fact that, under the positivity assumptions above, the
integral equation (3.2) presents a problem of monotonic type in the sense of L. Collatz
[4, 5]. Proposition 3.1 is not implied in Walter’s comparison theorem for monotone
increasing kernels [20, II. Theorem, p. 14|, since in requirement (i) we admit the
equality sign at both places. Therefore a proof of Proposition 3.1 with the methods
of [20] would require the additional arguments from [20, Section 1, IX].

Evidently the left-hand sides of inequalities (i) and (ii) in Proposition 3.1 yield
Corollary 3.2 (the singular Gronwall inequality). Assume (3.1) and A > 0. Then
each continuous function v € CO(J,R) which fulfils the inequality

o(t) gg(t)—k)\-/ot%v(s)ds, teJ 0<a<l, 0<A
is bounded from above by the solution u to (3.2).

Proof. As we have observed in the general Note 2.1.; under the assumptions of Propo-
sition 3.1 each f € C°(J,R) has the representation

33 0= PO+ [ TP + gl
where ~ -
M S oAm L K(ts),
_ Alts) s—_t o) - o,8)do, m
Ka(t3) = o Kot )_/5 Ki(t,0) - Ko 1(0,8)do, m > 2,
teJ.

Therefore our assumption (3.1) and A > 0 imply \-H(t, s, ) > 0 for all (t,s) € 7.
Since the function f = u obeys (3.3) with Pf = 0, from the non-negativity of the
kernel A - Ié(ts”) in (3.3) we conclude v(t) < u(t) for each v € C°(J,R) fulfilling

Po(t) <0, and u(t) < w(t) for each w € C°(J,R) with Pw(t) > 0 for all t € J,
respectively. O

Remark 3.3. In a more general setting with functions v € Ly (J,R), the singular
Gronwall inequality has been proved by Amann in [1, 2] and Henry in [11].
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4. Application to Navier-Stokes approximations

Let Q C R™ be a bounded domain with smooth boundary 02, n > 2. Besides
the Lebesgue spaces L" = L"(Q) of functions v, v(z) € R", € Q, in the following
we will use the fractional order spaces H*" = H*"(2), 0 < a < o0, 1 < r < o0,
and the subspace L C L"(2) of weakly divergence free functions on 2, L? being the
L"-closure of the linear space Cg5(€2) of C*°-test functions, which are divergence free

and have compact support in €.

By means of the Helmholtz-Weyl projection P, : L"(2) — L’ and the Laplacian

operator A = Z?Zl 53—;2 we define the Stokes operator A := —P,A with its domain
J

Dy :C H?>"(2) N L. The operator A generates the holomorphic semigroup e~'4

on L7 t > 0. Therefore the fractional powers A“ are well defined for all a € R,
A e B(LY)if « <0, Dga C H**»'N L ifa >0, 17,9, 10, 6, 13, 3, 17, 18, 19]. In
addition there hold the relations

(4.1)  ||A% " w||zr < Cy -7 - |Jw||pr, t > 0, > 0 with some constant C,, > 0,
(4.2) |1 —e™wl|/pr -0 with t— 40,
(4.3)  |[t*A% M w||r — 0 with ¢ — +0,a >0

forwe L, [6, 7,8, 16].
Any solution u € C°(J, D4e) of the integral equation

t
(4.4) Au(t) = e~ A% (0) — / A== 45 P () (s)ds,
0

with initial value u(0) € Dgo and 0 < 0, 0 < @, a + 9 < 1, is called a mild
Navier-Stokes solution on J x 2. For short, we will assume exterior potential forces.
For solving (4.4), Fujita-Kato [6, 13] and Giga-Miyakawa [8, 15, 10] have used the

approximation scheme
A%ug(t) = A% u(0),

t
A%Upa1(t) = A%up(t) —/ AT U=A NP (4 Tu,,)(s)ds,
0

m € N, with ©(0) € D ys.
Admitting § < a < 1 — ¢ (Fujita-Kato: » =2, f = 1/4, a > 1/2) they proved

convergence of the sequence (A%u,,(t))men With respect to the singular weighted norm
SUPg<r< {777 - [|A%Up (7)|| - }. In this way they could point out also the smoothing

property of the integral equation (4.4).

The key for the construction of approximate solutions are estimates of the con-

vective term:
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Lemma 4.1 (Giga-Miyakawa [10]). Let 0 <8 < 1+n-L-(1—1). Then there holds
| A= P (uN0)| 1) < M - | A%ul| ey - | AP0 10

with some constant M = M (6,0, p,r), provided that

1 1
e 5404, 0<6, 0<p, =<b+4p
2 o 2

In the following we will always require u(0) € Do, @ = 0 = p, a +§ < 1, thus
the requirement of Lemma 4.1 reads

{0§5<§+n-§-(1—;), Lyn <542,

(4.5) )
O<a,z<d+a<l, 1<r<oo.

Then from Lemma 4.1 evidently there results

Corollary 4.2. Under the assumptions (4.5) there holds

(4.6) 1A P (uV0) e < M - [|A%l|zr - |A%0]1r, and

(4.7) IA P [uVo — aVie][lr < M- {[[A%(w — @) - [ A%| -+
+ 1A% e - |A%(0 = )]},

for all u,v, 0,0 € Daa, where M = M (6, a,r).

For solving (4.4) with any prescribed u(0) € Do we consider the approximation

scheme

(4.8) A%ug(t) == e M A% (0),
t

(4.9) A%Upy1(t) = A%ug(t) — / A= E=AN=D (4 V1) (5)ds,
0

teJ, meN, a,d, rfrom (4.5).
Let u € C°J, D o). With any w € L%, we introduce the kernel

H(t,s,u)w:= H(t,s) - (Fu(s))w,

where
(4.10) H(t,s) = —ATe=t=94 (3 _ )2+ and
(4.11) (Fu(s))w := A P.(u(s) - VA™w), (t,5)€T.

Using these notations we get from (4.9) the linear singular Volterra integral equation

YH(t, s, Uy,
; WAaum_i_l(S)dS, t e J,

with prescribed A%ug(t) = e 4 Au(0), u(0) € Do, Uy, € C°(J, D ga).

(4.12) A%Up 41 (t) = A%uo(t) +

In the following, with any fixed value r € (1, 00), we will always write ||-|| = ||-|| .-,

omitting the norm index L".
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Proposition 4.3. Let u € C°(J, Do), ||[A%u(t)|| < ¢, (t,s) € T, with some constant
c>0. Then

(1> ||H(t7 Suu)HB(Lg) < Nc = Uags - M - C, and
(ii) H(t,s,u) is strongly L -continuous.

Note 4.1. The bound N, is monotone increasing in the norm bound ¢ > ||A%u||.

Proof. Inequality (i) results from (4.6) in Corollary 4.2 because of the semigroup esti-
mate (4.1). To show (ii), we prove that the difference D := ||H(t, s, u)w—H (7, o, u)w||

tends to zero with (¢, s) — (7, 0) inside of 7. Without any restriction we may assume
(4.13) 0<s<t<7<a 0<o<rm,
with any fixed (7,0) € 7. Let u € C°(J, Do), w € L”. Then in the inequality
D < [|H(,s)[(Fu(s)) = (Fu(o))]w|| + [[[H(t, s) — H(7,0)](Fu(o))w| := Dy + Dy,

the first term D; on the right-hand side tends to zero with |s — o] — 0 because of
(4.1) and (4.7) with v =0 = A™w.

For estimating the second term Ds, firstly in addition to (4.13) we require
(4.14) 0<t—s<71-—o0.
Then o = 7 gives s = t, therefore Dy = 0. Thus we have to consider only the case

0<o<T.
Writing w, := (Fu(o))w, 8 := a + d, we find
Dy = A (1= ) = I (= )|

|APe= =94 (4 — 5B . [1 — e~ [T=D~(0=5)A]p |
S u
| APemTmA((t — 5) — (7 — ) Jw,|

Since (4.14) means 0 <7 :=7 —t — [0 — s, from (4.1) and (4.2) we find Dy, — 0 if

(t,s) — (7,0). Moreover, because of 0 < o < 7 with fixed (7,0) € 7, the convergence

} := Dyy + Da.

(t,s) — (7,0) implies (t —s)? = (1 —0)”- (1 +¢) with values |e¢| — 0. Therefore again

using (4.1), we see
Dyy = HAﬁe_(T_”)A(T —0)wy| - e =0

with |¢] — 0. In the remaining case (4.13) and 0 < 7 — o < t — s we conclude

similarly. O

From Proposition 4.3 we see that the kernel H(t, s, u,,) in (4.12) satisfies the

requirement of Propositions 2.1 and 2.2. Consequently there holds

Proposition 4.4. Let u(0) € D a, uy, € C%(J, Daa), || A%y, (t)|| < ¢ with constant
c¢m > 0,te J, form=0 and some fired m € N. Then
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(i) the singular Volterra integral equation (4.12) has a unique solution
AUy, € CU(J, L), and there holds with (t,s) € T
(ii) AU i1(t) = A%uo(t) + [ fﬁt;gg Acug(s)ds with
A%ug(t) = e A A*u(0), H(t,s,un) € B(L"),
(iii) | H(t, s, um)|lBr) < N(N,), the function N(N,,,) := N(N,,,1,a) from (2.2)
being monotone increasing in dependence on the bound N, > ||H(t, s, uy)|,

. a % 1—(a+4)
(iv) [[ A% (B)]] < co - [L+ N(N,,) - T], where T = $=—.

Proof. The proof of (i)—(iii) results from the Propositions 2.1 and 2.2 because of
Proposition 4.3. Then using the bounds ¢y and N(N,, ) in (iii) we find (iv) by

straightforward integration from (ii). O

According to Proposition 4.4, the sequence of functions A%u,, € C°(J, L") is
well defined, m € N. Evidently we have u,, = A™*(A%,,) € C°J, L") by the
boundedness of A=, a > 0.

Proposition 4.5. For t € J we assume ¢ > co > ||[A%u(t)|| with constants c, co.

Then the sequence A%u,,(t), m € N, is uniformly L"-bounded by ¢ on the interval

(4.15) J1={t€J|t§t1 _ [le—c)d - (a+5))}m}‘
co - N(N,)

Note 4.2. By a short calculation we see that t; > a is admitted if

al—(oe-i—é) B c— ¢
—— Nc <
1-— (Oé + 5) ( ) - Co

Proof. To any ¢ > ¢y, the requirement 0 < ¢ < t1, t; from (4.15), is equivalent with
. 1 (a+)

(4.16) o [1+N(N,)-T|<e¢, T= 79

Using inequality (iv) in Proposition 4.4, by induction we get from (4.16):

In case m = 0 : (iv) implies ||A%u(t)|| < ¢o - [1 + N(N,,) - T] < ¢ because of
(4.16) and N(N,,) < N(N,) by the monotonicity of the function N in N,,, and of the
function V. in ¢, respectively, where ¢q < ¢ (V. from (i) in Proposition 4.3).

Now let ||[A%u(t)|| < cx < cforall k=0,1,...,m and t € J;. Then again from

(iv) in Proposition 4.4, using (4.16) and recalling the monotonicity as above we find

[ A% U1 (B)]| < co - [1+ N (N,

Cm

) ' T] <c
which proves our claim for all m € N. O

Proposition 4.6. Let u(0) € Do, ug(t) = e=*4u(0). Then with any constant ¢ >
co > ||A%uo(t)||, t € J, the sequence A%u,,(t), m € N, is uniformly L"-convergent for



MONOTONICITY IN SINGULAR VOLTERRA INTEGRAL EQUATIONS 539

all

q)-C-c

with C' = Coss - M and any constant q € (0,1).

Note 4.3. A short calculation shows that ¢, > a is admitted if ¢; > a and

additionally

<
1—(a+9) qg

1
c
holds.

Proof. As we have seen in Proposition 4.5, the functions A%u,, € C°(J;, L7) in (4.9)

fulfill || A%u,,(t)|| < ¢ with some constant ¢ > ¢q. Introducing the bounds

d(t) = SO A (s (7) = (7).

from (4.7) we find
(4.18)  [[(Fums1 (8)) A% U2 (t) — (Fum () A%t ()| < M - ¢ [dn(t) 4 dinga (8)]-
Equation (4.12) implies

[ A% (tmr2(t) = w1 ()] <

< /Ot A0 DA (P11 (8)) A% 2() — (Ftn(8)) A% (3)][| s,

Inserting the bounds from (4.1) and (4.18), by straightforward integration we get
(419) dm+1(t) <C-T- [dm(t) + dm+1(t)], te Jl,

tlf(aJré)

o) C = Cuis-c- M. On the left-hand side we have used the
monotonicity of d,,11(¢) in ¢. Since in case C'- T < 1, inequality (4.19) is equivalent
with
CcT
4.2 A1 (t) < -
(4.20) all) €
the uniform convergence of the sequence A%u,,(t) in L’ results from the requirement
cT
< 1

or equivalently, 7" < m, which implies C' - T < 1 and gives the bound ¢, in
(4.17). O

where T =

(1),

(4.21)

Proposition 4.7. Let u(0) € Dja,ug(t) = e *u(0), Jo from (4.17). Then there
holds

(i) The Cauchy sequence A%u,, € C°(Jy, L), m € N, defines the Cauchy sequence
U € C°(Jo, L), and
(i) limy, oo Up, = u € CO(Jo, LT), limyy, oo A%uy = v € C°(Jo, LT),
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(111) U(t) € DAa,’U(t) = Ao‘u(t), teJsy,
(iv) A%u(t) represents a solution of the integral equation (4.4),

(v) the error estimate

m

o q
4% ®) = un @) < 7~

| A (w1 (t) —up(t))|], te€ o, meN.

Proof. Part (i) and (ii) clearly hold because of Proposition 4.6 and the boundedness
of the linear operator A~ on L”. Therefore (iii) results from the closedness of the
linear operator A® for each ¢ € J,. Consequently also the right hand side of (4.4) is
well defined. Using the notation (4.10), (4.11), we conclude the statement (iv) from

Proposition 4.6 by means of the estimate

with m — oo, which because of Proposition 4.5 follows from (4.7) and (4.1) by

<

uét[zfﬂzjl—U”KS»AgU@)—-—Eﬁ&jl—dﬁwxs»Agum+ﬂsﬂcm

t— S)a+6 (t _ S)oc-l—é

tl—(a+d)
< Cpus - M -c- |sup ||A%(u — uy,)(8)|| + sup [|A%(u — u,y, s ]—>O
—(at9) “ots 562” ( )| sup | A%( +1)(8)]l

straightforward integration. Finally, to prove (v), by definition of d,,(t) from (4.20)
and (4.21) we find

W“wmﬂﬂ—wﬂmﬂSf@?M%M@%ﬂMﬂW,teh,7mk€N

which in the limit £ — oo gives the error estimate (v). O
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