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ABSTRACT. In this paper we study the Wasserstein distance between the distributions of the
n-point motions of one-dimensional Harris flows whose covariance functions have compact support.
We prove that it can be estimated by the diameters of the support of the covariance functions

provided the latter are sufficiently small.
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1. INTRODUCTION

In this paper we study the Wasserstein distance between the distributions of
the n-point motions of one-dimensional Harris flows whose covariance functions have

compact support. For convenience let us recall the definition of a Harris flow.

Definition 1.1. A random field {z(u,t),u € R,t > 0} is called a Brownian stochastic

flow if it satisfies the following conditions:

1) for any u € R the stochastic process {z(u,t),t > 0} is a Brownian motion with
respect to the common filtration (F, := o{z(v,s),v € R,0 < s < t});>0 such
that z(u,0) = u;

2) for any u,v € R, if u < v, then x(u,t) < x(v,t) for all ¢ > 0.

Definition 1.2. A Brownian stochastic flow {z(u,t),u € R,t > 0} is called a Harris
flow with covariance function I' if for any u, v € R the joint quadratic variation of the

martingales {z(u,t),t > 0} and {z(v,t),t > 0} is given by
(a(u ), a(w, )y = [ I Tola,s) ~ afo,s) ds. ¢>0.
Note that the function I' is necessarily non-negatively definite, symmetric, and
ro)=1.
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The historically first example of a Brownian stochastic flow was constructed by
R. A. Arratia in [1] as a weak limit of families of coalescing simple random walks.

For the Arratia flow {x¢(u,t),u € R,t > 0} one has

t
Vu,v € R (zo(u,-), zo(v,-)), = / oy (zo(u, 8) — zo(v,5))ds, t=>0,
0
where 1;o; stands for the indicator function of the set {0}, and so,

Informally one can describe the Arratia flow as a flow of Brownian particles in which
any two particles move independently until they meet and after that coalesce and

move together.

Later, in [5] T. E. Harris proved the existence of a generalisation (in some sense)
of the Arratia flow for covariance functions I' which are continuous on R and satisfy

the Lipschitz condition on all sets of the form R\(—0d;0), § > 0.

In the case when I' is smooth enough the corresponding Harris flow can be ob-
tained as the flow of solutions of a stochastic differential equation. To be more precise,

let us take a function p € CZ(R) (i. e. ¢ belongs to C*(R) and has compact support)

such that
/ ©*(q)dg =1,
R

and for u € R consider the following Cauchy problem:

da(u,t) = [ o(x(u,t) —q) W(dg,dt), t=0,

z(u,0) = u,
where W is a Wiener sheet on R x [0; +00) (on integration with respect to a Wiener
sheet see [3], [8], [11]). The conditions on the function ¢ imply that for every u € R
this Cauchy problem has a unique (strong) solution {z(u,t),t > 0}. It is easy to
check that the random field {z(u,t),u € R,t > 0} is a Harris flow with covariance
function I' given by

I(z) = / oz — g)p(~q)dg = / oz + ola)ds, z€R

Indeed, from the properties of the integral with respect to a Wiener sheet it follows
that for any u, v € R the joint quadratic variation of the continuous square-integrable

martingales {z(u,t),t > 0} and {z(v,t),t > 0} is given by

(z(u,-), z(v,-)), = /0 I(z(u,s) —z(v,s))ds, t>=0.
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In particular, for any u € R we have

and hence, by Lévy’s characterising theorem [7, Theorem 3.3.16], the stochastic pro-
cess {z(u,t),t > 0} is a Brownian motion. Finally, it remains to note that the
condition ¢ € C3(R) implies that the random mappings

z(t): R—=R, t>0,

are diffeomorphisms (see [9]), and so, if u < v, then z(u,t) < x(v,t) for all t > 0.

Let us note that

1

F(Z) =0, |Z‘ > §d(r)7
where

d(T") := diam (supp I),
and hence

AT
(@(u,-),z(v,))rr / [(z(u,s) —z(v,s))ds =0, t=0,

where

—inf{t > 0| |e(w,t) — 2(0,1)| < %d(F)}.
So, informally one can say that any two particles of this Harris flow move indepen-
dently until the distance between them does not reach d(I"). Thus, when d(T') is
close to zero its m-point motions are similar to those of the Arratia flow. Moreover,
it was proved in [2] that when d(y) := diam (supp ¢) (or, equivalently, d(I')) tends
to zero they converge weakly to the n-point motions of the Arratia flow. Our aim in

this paper is to estimate the rate of this convergence.

To formulate our main result we need some notations. They will be used through-

out the rest of the paper.

For a complete separable metric space (X, d) let P(X) denote the set of all Borel

probability measures on X and define
MiX) = (€ PO | [ dw. o) p(du) < +00),
X

where ug is a fixed point in X. It can be easily checked that the set M;(X) does
not depend on the choice of this point. On M;(X) we will consider the standard
Wasserstein metric W; defined by

Wi, 1) inf // (u,v) s(du, dv), ', p" € My(X),
X2

%EC (W p'")
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where C'(p/, 1i") is the set of all Borel probability measures on X? = X x X with
marginals ¢ and p”. It is well known that (M;(X), W) is also a complete separable

metric space (see, for instance, [10, Theorem 6.18]).

For a Brownian stochastic flow {z(u,t),u € R,t > 0} and a measure u € P(R)

set
A= ®o x_l('v 1)7

where z71(-,1) stands for the (‘omegawise’, i. e. for every fixed w € ) inverse of
the mapping z(-,1): R — R. It can be easily shown that if 4 € M;(R), then A is a
random element in M;(R). So, we can consider its distribution A in this space. Note
that A is an element of M;(M;(R)). With some abuse of notation we will use Wj to
denote the Wasserstein distance in both spaces M;(R) and M;(M;(R)).

To avoid defining the corresponding measures each time we need them, we will
use the following rule: if not stated otherwise, measures A with an upper and/or lower
index will always be defined as above with p having the same upper index and/or z
having the same lower index, and measures A with these indices will always denote

their distributions in the space M;(R).

The main result of this paper is the following theorem.

Theorem 1.3. Let {z(u,t),u € R,t > 0} be a Harris flow with covariance function T,
which has compact support, and {xo(u,t),u € R;t > 0} be the Arratia flow. Assume
that

supp p C [0;1]
and
d(T) < —
100°
Then

Wi(A, Ag) < C-d(I)Y?%2,

where the constant C' > 0 does not depend on p and .

Using the triangle’s inequality one obtains the following corollary.

Corollary 1.4. Let {x1(u,t),u € R,t > 0} and {z2(u,t),u € R,t > 0} be two Harris
flows with covariance functions I'y and 'y respectively, which have compact support.

Assume that

supp p C [0;1]
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and

max{d(T",), d(Ts)} < 1%0

Then
Wi (A1, Az) < 2C - max{d(L'y), d(I5)}'/*,

where C' > 0 is the constant from Theorem 1.3.

To prove Theorem 1.3 we approximate the initial measure p by discrete measures
p™ and divide the proof into three steps. In the first step we estimate the Wasserstein
distance between A and A" for an arbitrary Brownian stochastic flow. In the second
step we use some recursive procedure to construct a suitable coupling of A" and A
allowing to estimate the Wasserstein distance between their distributions A™ and Af.
In the third step we combine these results and, optimising with respect to n, arrive

at the desired assertion.

2. PROOF OF THE MAIN RESULT: FIRST STEP

Let measure p € P(R) be such that supp p C [0;1]. Then, obviously, u belongs
to M;(R) and it can be approximated by a sequence {u"}>°, C M;(R) of discrete

measures defined by
n
Iun = sz&z;i;l, n}l,
k=1

where

with

Theorem 2.1. Let {z(u,t),u € R,t > 0} be an arbitrary Brownian stochastic flow.
Then

whereK:,/s\%_ﬂjLi.

For the proof of this theorem we use the following lemma proved in [4] (there it

K
AAY) <
Wl( ) ) \/ﬁ

was formulated for the case when ¢t = 1, but the proof, mutatis mutandis, is valid for
all t > 0).
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Lemma 2.2 ([4, Lemma 5]). Let {z(u,t),u € R,t > 0} be an arbitrary Brownian
stochastic flow. Then

E(z(u,t) —2(v,t))* < Cy - lu —v| + Ju—v|*, wveR, t=0,

3/2
where Cy = 1;% .

Proof of Theorem 2.1. By the definition of the Wasserstein distance W; we have

Wi(A,AY) = inf / / ) seldyd, d) < BWL(A, A7),
M2

%EC A,A™)
where fOl" convenience we set
MZ(R) := M (R) x M;(R).

However,

EW (A A7) = inf // |u — vl s¢(du, dv) <
R2

%EC’()\ Am)

O IR

n

<2}/,

2k —1
/ \/ x(u, 1) —x( ) p(du).
Thus, using Lemma 2.2 we obtain that
2k—1 2k — 1/
EW; (A A" / \/01 p(du) <
2n
N R
Pk 4n? = \/n’
where K := % + i. The theorem is proved. O

3. PROOF OF THE MAIN RESULT: SECOND STEP

Let {x(u,t),u € R,t > 0} be a Harris flow with covariance function I'; which has
compact support. Fix some € > 0 such that ¢ > %d(F) and arbitrary initial points
Uy < Uy < -+ < Uy, n = 2, such that the distance between any two of them is strictly

greater than e.
Set
(z1(ug,t), ..., z1(up, b)) == (x(ur, t), ..., x(up, t)), t=0,
and associate with this stochastic process a family {II;(¢),¢ > 0} of random partitions

of the set {1,2,...,n} defined by the following condition: indices i and i + 1 belong
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to the same element of the partition Iy (¢) if and only if |21 (u;,t) — 21 (w1, t)| < e.
Obviously, I1,(0) = {{1},{2},...,{n}}. Also, let oy be the first time ¢ > 0 when the
partition I (¢) changes.

Now for all k € {1,...,n} set

2 (ug, t), 0<t <oy,
2o (Up, t) 1=

Zl(u]7t)+(k_j)€a t>0'1,
where j is the least index in the element of II;(0;) to which k belongs (if oy is
infinite, the lower expression is just omitted). Similarly, with the stochastic process
{(z2(u1, ), ..., 20(un, t)),t = 0} we associate the corresponding family {Il5(¢),¢ > 0}
of random partitions of the set {1,2,...,n} and the random time oo which is equal
to the first time ¢ > oy when the partition I15(¢) changes (if oy is infinite, oy is also

set to be infinite).

Continuing in this way we can construct at most n distinct n-dimensional sto-

chastic processes.

To study the stochastic processes {(z;(u1,t), ..., zi(un,t)),t = 0}, 1 <i < n, we

need to describe their construction more formally.

Fix £ > 0 such that ¢ > %d(l“) and let uy, ug, ..., u, € R, n > 2, be such that

U < Uy <+ < Up,

Uk+1 — U > €, 1<k<n—1.
We define recursively

2 (ug, t) == x(ug,t), t=0, 1<k<n,

k

zi+1(uk,t) = zi(uk,t/\ O'Z') + Z(Zi(u]', t) - Zi(u]', tA Uz)) . HA;;:j’ t 2 0,
j=1

1<k<n, 1<i<n—1

Here
A;fl = {Ui < —|—OO} N {zi(uk, Ui) — zi(uk_l, O'Z') =&,..., zi(u3, Ji) — ZZ'(UQ’ Ji) =g,
Zi(UQ,Ui)—Zi(Ul,Ui):g}, 2<k<n7 1 glgn_l?
Zj = {O'Z' < —|—OO} N {zi(uk, Ui) — zi(uk_l, Ji) =&,..., ZZ'(Uj+1, Ji) — ZZ'(UJ', Ji) =g,

Zi(Uj,O'i)—Zi(Uj_l,O'i)>€}, 2<j<k—-1, 3<k<n, 1<i1<n—1,
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Al =0, A;;k::UA;;j, 2<k<n, 1<i<n—1,
i=1
and for i € {1,...,n — 1} the ran]dom time o; is set to be equal to
inf{t > o, 1| 8{l € {1,....,n—1}]| zi(w1,t) — zi(u, t) <e} >
>t{le{l,...,n—1}]| zi(w1,0i-1) — zi(w,0i1) < e} + 1},

where the sign ff denotes the number of elements of the corresponding set, if o;_; is

finite and to +o0o0 otherwise, with o := 0.

Note that
x(uy,t) = z1(ug, t) = z0(uyg, t) = -+ = z,(ug,t), t=0.

We will also use the following simple generalisation of [6, Lemma 6.2]. (Recall
that random variables £ and 7 are said to be equal almost surely on a (measurable)
set ACQif P{{#nNA)=0.)

Lemma 3.1. Let £ € L'(Q, F,P) and let o-fields Gi,Gy C F be such that
AN gl C AN gg
for some A € G1 N Gy. Then

E[£|Gi] = E[E[£|G,]|G1] a. s. on A.

The proof is similar to that of [6, Lemma 6.2], and therefore it is omitted.

Lemma 3.2. For any i € {1,...,n} the stochastic processes {z;(ux,t),t = 0}, 1 <

k < n, are Wiener processes with respect to the initial filtration (Fi)iso-

Proof. We will use the principle of mathematical induction with respect to i.

For ¢« = 1 the assertion is obvious, since
21 (ug, t) = x(ug,t), t=0, 1<k<n.

Now suppose that the assertion holds true for any i € {1,...,i}. We need to
show that then it holds true for i =i + 1. To do this, let us fix £ € {2,...,n} and
show that the stochastic process {z;11(ug,t),t > 0} satisfies the conditions of Lévy’s
characterising theorem.

Firstly, from its definition it can be easily seen that it has a. s. continuous tra-

jectories and that

E |zip1 (up, t)]> < +o0, = 0.
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Secondly, the progressive measurability of the Wiener processes {z;(u;,t),t > 0},
1 < j < n, implies that the sets Aﬁgj, < j < n, belong to the o-field F,, (see [6,

Lemma 7.5]). So, from the representation

k

zepa (i) = 2t A0y) + (g, 1) = 2t Aoy)) gy =
j=1

zi(ug, t N o;) + z, (uj,t) uJ,t/\aZ))-]IA}-cj A{o; <t}, t>0,

IIM?r

we conclude that the stochastic process {z;+1(ug, t),t = 0} is (Fi)i=o-adapted.
Thirdly, to prove that it is a martingale with respect to the filtration (F;);>o we

note that for any ¢t > s > 0

E [ziv1(ug, t) | Fs] = E [z (ug, t) - W{o; < s} | Fs] + E [zi41 (ug, t) - W{o; > s} | Fy] -

On the one hand,

E [zip1(up, t) - oy < s} | Fo] = Elzi(ug, t Aoy) - Woy < s} | Fo] +

k
+YE [(zi(uj, ) = zilu tAoy) -y - T{o; < s} | 7,
j=1
=E [zi(uk,t/\ O'Z') ‘,fs] . ]I{O'Z < 8}"‘
k
+ El(ai(uy 1) — 2wyt Aoy)) | F) -y - T{o, < s} =
j=1

zZ (uj, s uj,s/\az))~]IA;€j~]I{ai<s}:

IIMw

= zi(ug, s Noy) - W{o; <
= zi+1(uk, s) - U{o; < s}.
On the other hand,
E [z (ug, 1) | Fo,] =

k
=E [zi(ug, t Noy) | Fo] + ZE [(zi(uj,t) — zi(uj, t Noy)) - 1y | '7:01-] =
j=1

k
= E[z(u t Ao | Fo) + ) El(aiuyt) = ziugt Aoy)) | Fol - gy =
=1

= zi(uk, tA O'Z'),
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and so, using Lemma 3.1 in the second equality below, we obtain that

E [zi11(ug, t) - Wo; > s} | Fs] = Ezip1 (ug, t) | Fs] - U{o; > s} =
= E [E [2i11(u, t) | Fo,]

Fsl - Wo; > s} =Ez(ug, t ANoy) | Fs| - W{o; > s} =

= zi(ug, s Noy) - Wo; > s} = zi(ug, s) - Wo; > s} = zi1 (ug, $) - W{o; > s}

Thus,

E [zi1(ug, t) | Fo] = zit1(u, 5).
Finally, it remains to show that

(zip1(uk,-)), =t t20.

However, from the equalities

=

Zi+1(uk>t) =z uk,t/\m +Z Zi u]> u]>tAUZ)) ’ ]IA};J- =
7=1

IIMw

k
zi(ug, t A\ o;) +E zi(uj,t) ]IAl zi(uj, t \oy) - HA?;-
J

Jj=1

it follows that

k
<Zi+1(uka ))t = <22(uk> ')>t/\ai + Z <Zi(uj1> ')> Zi(ujza ))t ) HA};jl ’ ]IA}'CJQ_I_
j17j2:1
k k
+ Z ZZ u]1> ’ Zl(ujza ‘))t/\o’i ) ]IA};jl ) ]IA};J.Q + 22 <ZZ(uk> ')> Zi(”ja .)>t/\0'i ’ HAZj_
J1,j2=1 J=1
k k
22 Zl uk’ ) Zi uJ’ ‘))t/\o’i ’ ]IA};J. —2 Z <Zi(uj1> ')>Zi(uj2’ '))mol ]IA}CH ]IA}CJQ =
j=1 J1,j2=1
k
=tAoi+ D (t—tAo) Ty =t

j=1
Thus, all conditions of Lévy’s theorem are satisfied. The lemma is proved. O

Lemma 3.3. For any n > 2 we have

2n3
ZE sup |Zl(uka ) - ZQ(Ukat)| < Y \/ga
0<t<1 3
2n? ,
ZE sup |z;(ug, t) — zipa (up, )] < —= Ve, 2<i<n—1L
0<t<1 3

k=1
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Proof. Let us set

52'220'2'/\1, 1<Z<7’L—1
To prove the first estimate let us fix k£ € {2,3,...,n} and note that

E sup |z1(ug,t) — 22(uk, t)| = E sup |21 (ug, t) — zo(up, 1) =
0<t<1 Fr <<

—E sup Y <\x(uk,t) — Jw(uy, t) + [2(ue, &) — 2wz, 5)]]] - ]IA}W_) -

51<t<1 5

— ZE (NSUP |z (ug, t) — [z(uy,t) + [x(ug, 01) — z(uy,01)]]| - ]IA,gj) <

ZE ( sup |[z(ug, t + 01) — 2(uk, 01)] — [2(u;,t + 01) — 2(uy, 01)]| - ]IAij) :

ey 0<t<1

Let us estimate a separate term. To do this, fix an arbitrary j € {1,...,k — 1} (the

kth term is obviously equal to zero) and set
61(t) = x(uk,t+5l) —x(uk,bvl), tZO,
62(t) = l’(Uj,t—Fgl) —LU(Uj,gl), t > 0.

Due to the strong Markov property of the Brownian motion, the stochastic processes
{A1(t),t = 0} and {B:2(t),t > 0} are Wiener processes. By [6, Theorem 18.4] there
exists (maybe on an extended probability space) a Wiener process {3(t),t > 0} such

that the representation

Bi(t) — Ba(t) = B((B1 — B2),), t =0, a.s,

takes place. Furthermore,

(B1 = B2)g
(B1 = B2). € C([0; +00)),
and on the set A for all ¢ > 0 we have
Bi(t) = Ba(t) =
= [z(ug, t + 1) — x(ug, 01)] — [z(uj, t + 1) — x(uj,01)] =
= [z(ug, t +01) —z(ujt+o1)]| —(k—j)-e =2 —(k—j)-¢
It is easy to check that this implies that

(B1 — B2), < 13(ckj), t=0, a s on Ak],
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where
Ta(c) ;== inf{s > 0| B(s) = ¢}, ceR,
and
crj = —(k—j)-e<0.
Hence

Bi(t) — Ba(t) = B((Br — P2), NTs(ckj)), t =0, a.s. on A,lﬁj.

In addition,

WV
o

0< (81— Bo), =2t —2(01, Ba), <4, t

Therefore,

E ( sup |[x(ug, t +01) — z(ug, 01)] — [2(u;, t + 1) — 2(uy,01)]| - ]IA;.) =
0<t<1 J

=B sup [65:(0) ~ 0] 1y ) = (s, 190051 ~ B A o)) -y, ) <

0<t<1 0<t<1

<E ( sup |B(t A 15(ck;))| - ]IA}W_) < E sup |B(t A 15(ck;))| -

0<t<4 0<t<4

Applying Doob’s inequality to the martingale {3(t A 75(ck;)),0 < t < 4} and the
second Wald identity, we obtain that

E sup [6(t A 7s(crs))] < \/E sup |6(t A (i) < 2\/E\ﬂ(4/\75(%))|2 =

0<t<4 0<t<4

12
\/E

(the last but one inequality follows from a simple estimate of the density of the

= 2/E (4 A 75(ci)) < 24/~ - lewg] <Ak — ) V2

distribution of 73(cy;); for details see the proof of [4, Lemma 5], where a similar case
was considered).
Thus, we conclude that

k
2n(n? —1 on?
ZEsup wt) = 2] < 30Dtk —)-vE= 2 2D 2 2

0<t<1 k=1 j—1

To prove the second estimate let us fix i € {2,...,n—1} and k € {2,...,n} and

set

By = AL NALY, 1<j<I<k
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Then we note that

E sup |zi(ug,t) = zip1(ue, t)] = E sup [zi(ug, t) — zig1 (ug, )] =

0<t<1 0 <t<1
k l
= E~Siltgl Z Z <Hzi(ul, t) — Zi(u]', t)] - [Zi(Ul,ai) — Zl(u],f(j'vl)” . ]IBJZ'_I) =
[SEAN A =1 j=1

= ZZE ( sup |[zi(ui, t) — 2i(w, 04)] — [2i(uy, t) — zi(uy, 0:)]] - HB?z) s

Fi<t<1

koo
< Z E ( sup |[zi(w, t + ;) — zi(w, 07)] — [zi(ug, t + ;) — 2z (ug,0)]| - ]IB;;Z) :
=1

0tk

Further we proceed just as in the previous case, noting that for 1 < [ < k£ and

1 < j <l on the set B;l we have
zi(w, t) — zi(uj, t) = x(u, t) — x(u;,t) =20, t=0.

Thus, we conclude that

ZE sup ‘Zl(uk7t) - Zi+1(uk7t>| <

p—1 OSISI k=1 1=1 j—1
" 2k (k2 —1 "L 243 2n*
e e S P V]
3 3 3
k=1 k=1
The lemma is proved. U

Theorem 3.4. Ifn > 2 is such that

then

Wi(A™, AY) < 5 d(T).
Proof. Clearly, we may assume that d(I") > 0. If we set
2k — 1
U 1= , 1< k<n,
2n
then
1
uk+1—uk:E>5, 1<k<n—1,
where
1
€= id(F) >0= d(]I{o}).

Let us note that the stochastic processes {(z,(u1,t), ..., 2,(un,t)),t = 0} and

{(zon(ur,t), ..., 20n(un,t)),t > 0} constructed according to the procedure described
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above (with the just defined ¢) for the Harris flow {z(u,t),u € R,¢ > 0} and the Ar-
ratia flow {xo(u,t),u € R, t > 0} respectively have the same distribution. Therefore,

the distributions A" and KS of the random measures

k=1
and
)\g = Zp 20,n uk 1
coincide. So, by the triangle’s 1nequahty
Wi (A", A7) < Wi (A", A™) + Wi (A", A7) + Wy (AR, AR) = Wi (A", A™) + Wy (AL, AD).
However, using Lemma 3.3 we obtain that

WiA" A" = inf / / Wi (i, 1) edyl, di”) < EWL (A", 37) =
M3 (R)

»eC(Am,A")
inf // lu — v| s(du, dv) EZpk |z (ug, 1) — 2z, (ug, 1)| <
%EC()\” ) J JR2
n n—1
ZE sup |Zl(uk7 ) — Zn ukv < ZE sup ‘Zz ukvt) - Zi+1(uk7t)‘ =
o<1 Pl E2S|
n—1 n 2n5
= Z E sup [zi(ug,t) — zip1 (up, t)| < —— - Ve
i=1 k=1 OSISI 3
and, similarly,
~n an 2n®
This implies the desired result. O

4. PROOF OF THE MAIN RESULT: THIRD STEP

Proof of Theorem 1.3. Let n > 2 be such that
1 1
—d(I") < —.
2 () n
By the triangle’s inequality we have
Wi(A, Ag) < Wi(A,A") + Wi (A", Ag) + Wi(Ag, Ao).

On the one hand, by Theorem 2.1,

K
\/ﬁ?
Wi(Ag, Ao) = Wi(Ag, Ag) <

Wi(A,A™) <

Ells
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On the other hand, by Theorem 3.4,

V2n?

Wi(A", AY) < 3

Thus, we obtain

Wi(A, Ay) < 2K - (i +n’- d(F)) ,

NG
since
2K>@.
3
The function
1
hy:—+y5 dra y>17
(y) NG Vd(T)

attains its minimum at the point

1
T Hoyamym

Therefore, we set

1
ng = ([(10\/@)2/11] —l—l) eN

and note that the assumption d(I') < & implies that ny > 2 and 1d(T') < - So,

1
A A) <2K - | — 2. N <
Wi (A, Ay) (%+n0 d( ))

) | =

2/11 . 1 5 .
<2K- | /0y +(2 <10W>2/“>

512 5/11
= 2K - (101/11 -d(T)?2 ¢ (g) AV ) = C-d(T)V?2,

where C':= 2K - (10! + (512/25)%/') > 0. The theorem is proved. O
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