Dynamic Systems and Applications 25 (2016), 393-408

A HOMOTOPY APPROACH TO COINCIDENCE THEORY

MOHAMED JLELI, DONAL O'REGAN, AND BESSEM SAMET

Department of Mathematics, College of Science,
King Saud University, P.O. Box 2455, Riyadh, 11451, Saudi Arabia
jleli@ksu.edu.sa; bsamet@ksu.edu.sa
School of Mathematics, Statistics and Applied Mathematics
National University of Ireland, Galway, Ireland

donal.oregan@nuigalway.ie

ABSTRACT. We use homotopy type arguments to establish new coincidence theory for general

classes of maps. Our theory is based on the notions of ®-essential or d-®-essential maps.

AMS (MOS) Subject Classification. 47H04

Keywords: essential maps, coincidence points, homotopy.

1. INTRODUCTION

The notion of essential maps was introduced by Granas [3] and extended in the
literature by many authors (see [2, 4, 5, 6, 7, 9] and the references therein). In
Section 2, using the notions of homotopy and ®-essential maps we establish a variety
of coincidence theorems (in particular we show if G is ®-essential and if natural
conditions are assumed so F' = G then F' is ®-essential). In Section 3 we discuss

d-P-essential maps.

2. ®-ESSENTIAL MAPS

Let E be a completely regular topological space and U an open subset of E.

We consider classes A and B of maps.

Definition 2.1. We say F € A(U, E) (respectively F € B(U,E)) if F : U — 2¥ and
F € A(U,E) (respectively F' € B(U, E)); here 2 denotes the family of nonempty
subsets of E.

In this section we fix a ® € B(U, E).

Definition 2.2. We say F € Agy(U,E) if F € A(U, E) with F(z) N ®(x) = 0 for
x € OU; here OU denotes the boundary of U in E.
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Definition 2.3. Let F' € Ay (U, E). Wesay F : U — 2 is ®-essential in Ay (U, E)
if for every map J € Ay (U, E) with J|py = Flay there exists x € U with J(x) N
O (x) # 0.

Theorem 2.4. Let E be a completely reqular (respectively normal) topological space,
U an open subset of B, F € Ayy(U,E) and let G € Agy(U, E) be ®-essential in
Apu(U, E). For any map R € Apy(U, E) with Rloy = Flay assume there exists a
map HE : U x [0,1] — 2F with HE(-,n(-)) € A(U, E) for any continuous function
n: U — [0,1] with n(0U) = 0, ®(x) N HE(x) =0 for any x € OU and t € (0,1) and
{z €U :®(x)NHx,t) # 0 for some t € [0,1]} is compact (respectively closed) and
HE =G, HE = R; here HE(x) = HR(x,t). Then F is ®-essential in Agy (U, E).

Proof. Let R € Agy(U, E) with R|oy = F|oy. We must show there exists a # € U
with R(z) N ®(x) # 0. Choose the map H? : U x [0,1] — 2F as in the statement of
Theorem 2.4. Let

D={zecU:®x)nH"x,t) #0 for some t € [0,1]}.

Note D # () since HE(= G) is ®-essential in Agy (U, E). Also D is compact (respec-
tively closed) if E is a completely regular (respectively normal) topological space.
Next note D N OU = (. Thus there exists a continuous map pu : U — [0, 1] with
w(OU) = 0 and u(D) = 1. Define J, : U — 2F by J,(x) = HE(z, u(x)) = Hf(m)(:c).
Note J, € Aoy (U, E) with Julov = HE|or. Now since HE is ®-essential in Apyr (U, E)
then there exists a z € U with J,(z) N ®(x) # 0 (i.e. HJ, (z) N®(z) # 0), and thus
r € D so pu(z) =1 and as a result ) # Hf(z) N ®(x) = R(z) N ®(x). O
Remark 2.5. (i). In applications usually one puts conditions on the maps so that D
in the proof of Theorem 2.4 is closed and D is compact (so as a result D is compact).
However in the weak topology case one might need to work a little differently (the
case we describe below occurs in applications [8]). Suppose E is a metrizable locally
convex linear topological space. Note F = (F,w), the space E endowed with the weak
topology, is completely regular. Let D C E and suppose D is weakly sequentially
closed and Dv is weakly compact. Then D is weakly compact. To see this let
x € D¥. Then the Eberlein-Smulian theorem [1 pg. 549] guarantees that that there
is a sequence (z,) in D with z,, — = (here — denotes weak convergence). Now since

D is weakly sequentially closed then 2 € D, so D¥ = D, and D is weakly compact.
(ii). Suppose in the statement of Theorem 2.4 we have that E is a topological

vector space and F' and G are as in the statement of Theorem 2.4. Assume there
exists a map H : U x [0,1] — 2F with Hy = G and H, = F. Now for any map R
with R|sy = F|oy note

HE(2,t) = {
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connects G to R (note as well for z € U and t € [1,1] that H(z,t) = 2(1 —
HF(z)+2(t— 1) F(z) = F(x)).

It is possible to obtain an analogue result if we change Definition 2.3 as follows.

Definition 2.6. Let E be a completely regular (respectively normal) topological
space, and U an open subset of E. Let F,G € Apy(U,E). We say FF = G in
Agu (U, E) if there exists a map H : U x [0,1] — 2F with H(-,n(-)) € A(U, E) for any
continuous function 1 : U — [0, 1] with n(dU) = 0, Hy(x) N ®(x) = @ for any x € OU
and t € [0,1], Hy = F, Hy = G and {z € U : ®(x) N H(x,t) # 0 for some ¢ € [0, 1]}
is compact (respectively closed); here Hy(x) = H(x,t).

Definition 2.7. Let F' € Ay (U, E). Wesay F : U — 2 is ®-essential in Ay (U, E)
if for every map J € Agy (U, E) with J|oy = Floy and J = F in Ayy (U, E) there
exists x € U with J(z) N ®(x) # 0.

Theorem 2.8. Let E be a completely reqular (respectively normal) topological space,
U an open subset of E, F € Apy(U,E) and let G € Aypy(U, E) be ®-essential in
Aoy (U, E). For any map R € Ay (U, E) with Rloy = Floy and R = F in Agy (U, E)
assume there exists a map H : U x [0,1] — 2F with H(-,n(-)) € A(U, E) for any
continuous function n : U — [0,1] with n(0U) = 0, ®(z) N Hy(z) = 0 for any x € OU
andt € (0,1) and

{z€U:®x)NH(xt)#0 for somet € [0,1]}

is compact (respectively closed), Hy = G, Hy = R (here Hy(x) = H(x,t)) and for any
continuous map i : U — [0, 1] with u(0U) = 0 assume

{z €U :0+# ®(x)NH(z,tu(x)) for somet € [0,1]}
is closed. Then F' is ®-essential in AaU(U, E).
Proof. Let R € Agy(U, E) with Rloy = Floy and R = F in Agy(U, E). We must

show there exists a x € U with R(z)N®(z) # (. Choose the map H : U x [0,1] — 2F

as in the statement of Theorem 2.8. Let
D={zeU:®x)NH(zt)#0 for some ¢t € [0,1]}.

Note D # (). Also D is compact (respectively closed) if E is a completely regular
(respectively normal) topological space. Next note D N OU = (). Thus there exists a
continuous map g : U — [0, 1] with x(U) = 0 and p(D) = 1. Define J, : U — 2F by
Ju(z) = H(z, p(x)) = Hyy(z). Note J, € Agy(U, E) with J,|oy = Holsy. We now
claim

(2.1) J, = Hy in Agy(U, E).
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If the claim is true then since Hy is ®-essential in Agy (U, F) then there exists a 2 € U
with J,(z) N ®(x) # 0 (le. Hypy(z) N®(z) # 0), and thus 2 € D so pu(x) =1 and as
aresult ) # Hy(x) N ®(z) = R(x) N P(x).

It remains to show (2.1). Let Q : U x [0,1] — 2¥ be given by Q(z,t) =
H(z,tu(z)). Note Q(-,n(-)) € A(U,E) for any continuous function n : U — [0, 1]
with n(0U) = 0 and

{z €U :0+#ox)NQ(z,t) = ®(x) N H(z,tu(z)) for some t € [0,1]}

is compact (respectively closed). Note Qo = Hy and ()1 = J,,. Finally if there exists
ate [0,1] and z € U with ®(z) N Qy(x) # 0 then ®(x) N Hyyy(z) # 0 so v € D
and so p(z) =1 1ie. ®(x)N Hy(z) # 0, a contradiction. Thus (2.1) holds. O

Remark 2.9. In Theorem 2.8 note one example of a map R is F itself. It is of

interest to note if we consider maps R other than F' and if we suppose

>~ is an equivalence relation in Ayy (U, E),

12

then (see in the statement of Theorem 2.8) if R = F in Apy (U, E) and R = G in

Ay (U, E) then F = G in Agy(U, E).

We now show that the ideas in this section can be applied to other natural situ-
ations. Let £ be a Hausdorff topological vector space (so automatically a completely
regular space), Y a topological vector space, and U an open subset of E. Also let
L :domL C E — Y be a linear single valued map; here domL is a vector subspace of
E. Finally T': F — Y will be a linear single valued map with L + 7 : domL — Y a

bijection; for convenience we say T' € Hy(E,Y).

Definition 2.10. We say F € A(U,Y; L,T) (respectively F € B(U,Y;L,T)) if F :
U —2Y and (L+T)"Y(F+T) € A(U, E) (respectively (L+T) Y (F+T) € B(U, E)).

We now fix a ® € B(U,Y; L, T).

Definition 2.11. We say F € Aypy(U,Y;L,T) if F € AU,Y;L,T) with (L +
)" F+T)z)N(L+T)"(®+T)(x) =0 for z € OU.

Definition 2.12. Let F € Aypy(U,Y; L, T). F is L-®-essential in Ayy(U,Y; L, T)
if for every map J € Apy(U,Y;L,T) with J|sy = F|sy there exists © € U with
(L+T)y Y J+T)(x)N(L+T) (2 +T)(z) #0.

Theorem 2.13. Let E be a topological vector space (so automatically completely
reqular), Y a topological vector space, U an open subset of E, L : domL C E —
Y a linear single valued map and T € H(E,Y). Let F € Apy(U,Y;L,T) and
let G € Agy(U,Y; L, T) be L-®-essential in Agy(U,Y; L, T). For any map R €
Apu(U,Y; L, T) with Rlogy = Flov assume there exists a map H : U x [0,1] —
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2V with (L + T)"Y(H(-,n(-)) + T(-)) € A(U,E) for any continuous function n :
U — [0,1] with n(dU) = 0, (L +T)Y(H; + T)(z) N (L + T)"Y(® + T)(x) = 0
for any x € OU and t € (0,1), Hy = G, Hy = R (here Hy(x) = H(x,t)) and
{zeU:(L+T) Y+ T)(x)N(L+T)(Hy+T)(x) #0 for somet € [0,1]} is com-
pact. Then F is L-®-essential in Aoy (U,Y; L, T).

Proof. Let R € Apy(U,Y;L,T) with Rlogy = Flsy. We must show there exists
r € Uwith (L+T) Y (R+T)x)N(L+T)(®+ T)(x) # 0. Choose the map
H :U x [0,1] — 2¥ as in the statement of Theorem 2.13. Let

D={zeU:(L+T) (®+T)(x)N(L+T) "(H, +T)(x) # 0 for some ¢ € [0, 1]}.

Note D # 0, D is compact, DNOU = () so there exists a continuous map u : U — [0, 1]
with w(0U) = 0 and pu(D) = 1. Define J, : U — 2¥ by J,(x) = H(x, u(x)). Note
Ju € Aou(U,Y; L, T) and J,|lopv = Holoy. Now since Ho(= G) is L-P-essential in
Aou(U,Y; L, T) there exists x € U with (L+T) " (J,+T)(x)N(L+T) " (®+T)(z) # 0
(ie. (L+T) Y Hywy+T)(@)N(L+T)"H(P+T)(x) #0), and thus x € D so pu(z) =1

and we are finished. O

Remark 2.14. If F is a normal topological vector space then the assumption that
D (in the proof of Theorem 2.13) is compact, can be replaced by D is closed, in the
statement (and proof) of Theorem 2.13.

It is possible to obtain an analogue result if we change Definition 2.12 as follows.

Definition 2.15. Let F,G € Ayy(U,Y;L,T). We say F = G in Agy(U,Y; L, T) if
there exists a map H : U x [0,1] — 2Y with (L +T)"Y(H(-,n(:)) +T(-)) € A(U,E)
for any continuous function 1 : U — [0, 1] with n(dU) = 0, (L + T)~Y(H; + T)(z) N
(L+T)H(®+T)(zx) =0 for any x € 9U and t € [0,1], H; = F, Hy = G and

{zeU:(L+T)(®+T)(x)N(L+T) " (H +T)(x)#0 for some ¢t € [0,1]}
is compact; here Hy(x) = H(z,t).
Remark 2.16. If E is a normal topological vector space then the assumption that

{zeU:(L+T) " (@+T)(x)N(L+T) (H +T)(z)#0 for some ¢t € [0,1]}
is compact, can be replaced by

{zeU:(L+T) " (®+T)(x)N(L+T) " (H +T)(x)#0 for some ¢t € [0,1]}
is closed, in Definition 2.15.

Definition 2.17. Let F € Aygy(U,Y; L,T). F is L-®-essential in Ay (U,Y; L, T) if
for every map J € Apy(U,Y; L, T) with J|gy = Floy and J = F in Agy(U,Y; L, T)
there exists x € U with (L+T)"Y(J+T)(x) N (L+T)"1(® + T)(z) # 0.
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Theorem 2.18. Let E be a topological vector space, Y a topological vector space,
U an open subset of E, L : domL C E — Y a linear single valued map and T €
HL(E)Y). Let F € Agy(U,Y; L, T) and let G € Apy(U,Y; L, T) be L-®-essential
in Agy(U,Y; L, T). For any map R € Agy(U,Y; L, T) with Rloy = Floy and R =
F in Apy(U,Y;L,T) assume there exists a map H : U x [0,1] — 2 with (L +
TY"YH(-,n()+T()) € A(U,E) for any continuous function n : U — [0,1] with
nU) =0, (L+T) Y H,+T)(x)N(L+T) P+ T)(z) =0 for any x € OU and
t€(0,1), Hy=G, Hy = R (here Hy(z) = H(z,t)) and {x € U : (L+T)(®+T)(z)N
(L+T) ™ (H, +T)(x) # 0 for somet € [0,1]} is compact and for any continuous
function p: U — [0,1] with u(0U) = 0 assume

{zeU:(L+T) " (Q+T)(x)N(L+T) (Hy@ +T)(x) #0 for some t € [0,1]}

is closed. Then F is L-®-essential in Agy(U,Y; L, T).

Proof. Let R € Agy(U,Y; L, T) with Rloy = Floy and R = F in Agy(U,Y; L, T).
Choose the map H : U x [0,1] — 2¥ as in the statement of Theorem 2.18. Let

D={zeU:(L+T) (®+T)(x)N(L+T) "(H; +T)(x) # 0 for some ¢ € [0,1]}.

Note D # (), D is compact, DNAU = () so there exists a continuous map p : U — [0, 1]
with 4(0U) = 0 and p(D) = 1. Define J, : U — 2¥ by J,(z) = H(z,u(x)). Note
Ju € Aoy(U,Y; L, T) and J,|o = Holoy. Also note J, = Hy in Agy(U,Y; L, T) (to
see this let Q : U x [0,1] — 2 be given by Q(z,t) = H(x,tu(x))). Now since H is
L-®-essential in Agyy(U,Y; L, T) there exists z € U with (L+T)7(J,+T)(x) N (L+
T)"Y®+T)(x) # 0, and thus x € D so u(z) = 1 and we are finished. O

Remark 2.19. It is of interest to note if we consider maps R other than F’ in Theorem

2.18 and if we suppose

[aY)

>~ s an equivalence relation in Ay (U,Y; L, T),

then (see in the statement of Theorem 2.18) if R~ F in Apy(U,Y; L, T) and R = G
in Agy(U,Y; L,T) then F = G in Agy(U,Y; L, T).

Remark 2.20. There is an analogue of Remark 2.14 (for normal topological vector
spaces) in the statement of Theorem 2.18.
3. d-P-ESSENTIAL MAPS

Let E be a completely regular topological space and U an open subset of £. We

will consider the classes A, B, A and B of maps as in Section 2.

In this section we fix a ® € B(U, E).
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For any map FF € A(U,E) let F*=Ix F:U — 2UXE with I : U — U given by
I(x) =z, and let

(3.1) d: {(F)"(B)Ju{d} —Q
be any map with values in the nonempty set Q; here B = {(z,®(z)) : z € U}.

Definition 3.1. Let F € Ayy (U, E) with F* = I x F. We say F* : U — 2U*F
is d-®-essential in Ay (U, E) if for every map J € Agy(U, E) with J* = I x J and
Jlov = Flay we have that d ((F*)™ (B)) = d ((J*) ™" (B)) # d(0).

Remark 3.2. If F* is d-®-essential in Agy (U, E) then

P+ (F)"(B) = {zeU:F(x)nB+#0}
= {2z €U:(z,F(2)) N (2, 2(x)) # 0},

and this together with F(x) N ®(z) = @ for € U implies that there exists x € U
with (z, ®(z)) N F*(z) # 0 (ie. (x)N F(z) #0).

Theorem 3.3. Let E be a completely reqular (respectively normal) topological space,
U an open subset of E, B = {(z,®(z)) : * € U}, d a map defined in (3.1) ,
F € Agw(U,E) with F* = [ x F, G € Asy(U,E) and G* is d-®-essential in
Agr(U,E) (here G* = I x G). For any map R € Ayy(U,E) with Rloy = Flov
assume there exists a map H : U x [0,1] — 2F with H(-,n(-)) € A(U, E) for any
continuous function n : U — [0,1] with n(0U) = 0, ®(z) N Hy(z) = O for any
v € 90U and t € (0,1), and {x € U: (z,®(x)) N H*(x,t) # 0 for some t € [0,1]}
is compact (respectively closed), Hy = G, Hy = R (here Hy(z) = H(x,t) and
H*(z,t) = (z,H(x,t))) and also suppose there exists a map ¥ : U x [0,1] — 2F
with U(-,n(-)) € A(U, E) for any continuous function n : U — [0,1] with n(dU) =
0, ®(z) N ¥y(z) = O for any x € U and t € (0,1), ¥y = Ho(= G), ¥, =
F and {z € U : (z,®(x)) N U*(z,t) # 0 for some t € [0,1]} is compact (respectively
closed); here Wy(x) = W(x,t) and V*(z,t) = (x,¥(x,t)). Then F* is d-P-essential in
Apu(U, E).

Proof. Let R € Apy(U,E) with R* = I x R and R|sy = Flsy. We must show
d((F*)""(B)) = d((R")""(B)) # d(§). Choose the maps H : U x [0,1] — 2F and
W : U x [0,1] — 2F as in the statement of Theorem 3.3. Let

D={ze€U: (z,9(x)) N H*(z,t) # 0 for some t € [0,1]}

where H*(x,t) = (x, H(x,t)). Notice D # (0 since Hj is d-®-essential. Also D
is compact (respectively closed) if E is a completely regular (respectively normal)

topological space and DN AU = (. Thus there exists a continuous map p : U — [0, 1]
with ©(AU) = 0 and p(D) = 1. Define J, : U — 2F by J,(z) = H(x, u(z)) and let
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Jy =1xJ,. NoteJ, € Aou (U, E) with J,|sr = Holor. Now since Hy is d-®-essential
in Ay (U, E) then
(3.2) a ()7 (B)) = d ((Hy) ™" (B)) # (D).
Next we note since u(D) = 1 that
()" (B) = {weU: (v,0@) N (z,Hlz,u(x)) # 0}
= {2 eU:(z,9() N (z, H(z,1) # 0} = (R (B),

A

so from (3.2) we have

(3.3) d((R")™(B)) = d((Hg) " (B)) # d(0).
Let

Dy ={zeU: (x,0(z)) NTU*(x,t) # 0 for some ¢ € [0,1]}
where U*(z,t) = (z, ¥(x,t)). Notice Dy # () since ¥y = Hy and H} is d-P-essential.
Also Dy is compact (respectively closed) if E is a completely regular (respectively
normal) topological space and D; N U = (). Thus there exists a continuous map
p: U — [0,1] with 4(0U) = 0 and u(D;) = 1. Define G, : U — 2F by G, (z) =
U(z, u(z)) and let G} = I x G,,. Note G, € Agy(U, E) with G,|oy = Holoy. Now
since Hy is d-®-essential in Agy (U, E) then

(34) a((G2) 7 (B)) = d ((H) ™ (B)) # d(0).
Next we note since (D7) = 1 that
(G2)N(B) = {xelU:(z,0(x) N (z,U(x, u(x)) £ 0}
= {z€U:(z,9(x)N(z,¥(2,1) #0} = (F*)~"(B),

so from (3.4) we have

(3.5) d((F)~ ()) d ((Hy)™ (B)) # d(0).
Now (3.3) and (3.5) yield d ((F*)™" (B)) = d (R*)"" (B)) # d(0). O

It is possible to obtain an analogue result if we change Definition 3.1 as follows.

Definition 3.4. Let E be a completely regular (respectively normal) topological
space, and U an open subset of E. Let F, G € Ay (U, E). Wesay F = G in Ayy (U, E)
if there exists a map H : U x [0, 1] — 2% with H(-,7(-)) € A(U, E) for any continuous
function n : U — [0,1] with n(dU) = 0, Hy(z) N ®(z) = O for any 2 € U and
te[0,1], Hy=F, Hy=G and {z € U : (z,®(x)) N H*(z,t) # 0 for some ¢ € [0, 1]}
is compact (respectively closed); here H*(xz,t) = (x, H(z,t)) and Hy(z) = H(z,1).

Definition 3.5. Let F' € Ayy(U, E) with F* = I x F. We say F* : U — 2U%F is d-
P-essential in Agy (U, E) if for every map J € Agy (U, E) with J* = I x J and J|oy =
Floy and J 2 F in Agy (U, E) we have that d ((F*)™" (B)) = d ((J*)"' (B)) # d(0).
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Theorem 3.6. Let E be a completely reqular (respectively normal) topological space,
U an open subset of E, B = {(x,®(x)) : x € U}, d a map defined in (3.1) , F €
Agu(U, E) with F* = I x F, G € Agy(U, E) and G* is d-®-essential in Agy (U, E)
(here G* = I x G). For any map R € Asy (U, E) with R|ogy = Floy and R = F in
Agu (U, E) assume there exists a map H : U x [0,1] — 2F with H(-,n(-)) € A(U, E)
for any continuous function n: U — [0, 1] with n(0U) = 0, ®(x) N Hy(z) = 0 for any
x€dU andt € (0,1), and

{zeU: (z,®(x)) N H*(2,t) # 0 for somet € [0,1]}

is compact (respectively closed), Hy = G, Hy = R (here Hy(x) = H(z,t) and
H*(z,t) = (x, H(z,t))) and for any continuous function p: U — [0, 1] with u(0U) =

0 assume
{zeU: (2,®(x) N (x,H(x, tu(x))) #0 for somet € [0,1]}

is closed and also suppose there exists a map ¥ : U x [0,1] — 2% with ¥ (-,n(-))
A(U, E) for any continuous function n : U — [0, 1] with n(0U) = 0, ®(x) NV, (z) =
for any x € OU and t € (0,1), and

€
0
{z €eU: (z,0(x)) NV*(x,t) #0 for somet € [0,1]}

is compact (respectively closed), Vo = Ho(= G), ¥y = F (here ¥y (x) = VY(x,t) and
U*(x,t) = (z,¥(x,t))) and for any continuous function p : U — [0, 1] with p(0U) = 0
assume

{zeU: (z,®@x)N (z,¥(z,tu(x))) #0 for some t € [0,1]}
is closed. Then F* is d-®-essential in Asy (U, E).

Proof. Let R € Apy(U,E) with R* = I x R and R|py = Floy and R = F in
Apu(U, E). We must show d ((F*)_1 (B)) = d((R*)_l (B)) # d(P). Choose the
maps H : U x [0,1] — 2F and ¥ : U x [0,1] — 2F as in the statement of Theorem
3.6. Let

D={z€U: (z,9(x)) N H(x,t) #0 for some ¢ € [0,1]}

where H*(z,t) = (x, H(z,t)). Notice D # ). Also D is compact (respectively closed)
if F is a completely regular (respectively normal) topological space and D NoU = 0.
Thus there exists a continuous map p : U — [0, 1] with p(0U) = 0 and u(D) = 1.
Define J, : U — 2% by J,(z) = H(z, u(z)) and let .J* = I x J,. Note J, € Agy(U, E)
with J,|ov = Holou. Also note J, = Hy in Agy (U, E) (to see this let Q : U x [0, 1] —
2F be given by Q(z,t) = H(z,tu(z))). Now since H is d-®-essential in Apy (U, E)
then

a ()7 (B)) = d ()™ (B)) # d(0)
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and as in Theorem 3.3 (note p(D) = 1) we have (J;)_l (B) = (R*)""(B), so

(3.6) d((R)"(B)) = d((H;) " (B)) #d(0).
Let

Dy ={ze€U: (z,2(x)) NV (x,t) # 0 for some ¢ € [0, 1]}
where U*(z,t) = (x, ¥(x,t)). Notice Dy # ). Also D, is compact (respectively closed)
if F is a completely regular (respectively normal) topological space and D; NoU = ().
Thus there exists a continuous map p : U — [0, 1] with x(0U) = 0 and u(D;) = 1.
Define G, : U — 2F by G,(x) = ¥(x, u(x)) and let Gy, = 1xG,. Note G, €
Aoy (U, E) with G,lov = Holay. Also note G, = Hy(= G) in Aoy (U, E) (to see
this let Q' : U x [0,1] — 2F be given by Q'(z,t) = ¥(x,tu(r))). Now since Hg is
d-®-essential in Ay (U, E) then

a((G) ™ (B)) = d ()™ (B)) # d(0)
and as in Theorem 3.3 (note p(D) = 1) we have (G;)_l (B) = (F*)""(B), so

(3.7) d((F)7'(B)) =d((Hg) ™" (B)) # d(0).
Now (3.6) and (3.7) yield d ((F*)™" (B)) = d (R*)"" (B)) # d(0). O

Remark 3.7. It is of interest to note if we consider maps R other than F'in Theorem

3.6 and if we suppose

[aY)

>~ s an equivalence relation in Ayy (U, E),

then (see in the statement of Theorem 3.6) if R = F in Apy (U, E) and R = G in
Apu(U, E) then (since F' = G in Agy (U, E)) there exists a map ¥ : U x [0,1] — 2F
with (-, n(+)) € A(U, E) for any continuous function 7 : U — [0, 1] with n(dU) = 0,
®(x) N Wy(z) =0 for any z € OU and t € (0,1), and {z € U : (z, ®(z)) N V*(z,t) # 0
for some t € [0,1]} is compact (respectively closed), ¥g = G and ¥y = F (here
Uy (x) = V(z,t) and ¥*(x,t) = (x, U (z,1)))

Remark 3.8. Suppose the following conditions holds (which is common in the liter-
ature on topological degree):

if F G e AaU(U, E) with F|3U = G|3Uand =G

in Aoy (U, E) then d (F*)™' (B)) = d ((G*)™ (B)).
Then Definition 3.5 reduces to the following. Let F' € Apy (U, E) with F* =1 x F.
We say F*: U — 2U%F is d-®-essential in Aoy (U, E) if d ((F*)~" (B)) # d(0).

Let E be a topological vector space, Y a topological vector space, U an open
subset of £, L : domL C E — Y a linear single valued map and 7" € H.(E,Y).

We now fix a ® € B(U,Y; L, T).
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For any map F € A(U,Y;L,T)let F* = I x (L+T) " (F+T): U — 2U*F with
I:U — U given by I(z) =z, and let

(3.8) d: {(F)"(B)Ju{d} —Q
be any map with values in the nonempty set €2; here
B={(z,(L+T)"(®+T)(z)):z€U}.

Definition 3.9. Let F' € Ayy(U,Y; L, T) with F* = I x (L+T)"Y(F +T). We
say F* : U — 2U%F ig {-L-®-essential in Apy(U,Y; L, T) if for every map J €
Agu(U,Y; L, T) with J* = [ x (L+T)"Y(J+T) and J|sgy = F|oy we have that
d((F*)7(B)) = d ((J*) (B)) # d(0).

Theorem 3.10. Let E be a Hausdorff topological vector space, Y a topological vector
space, U an open subset of E, B = {(z,(L+T) " "(® +T)(z)): 2 €U}, L:domL C
E — 'Y a linear single valued map, T € Hp(E,Y), d a map defined in (3.8), F €
Aou(T, Y L, T) with F* = Ix (L+T)"{(F+T), G € Apy(U,Y; L, T) and G* is d-L-
P-essential in Agy(U,Y; L, T) (here G* = I x (L+T) Y (G+T)). For any map R €
App(U,Y: L, T) with R* = Ix(L+T)"Y(R+T) and R|sy = F|ou assume there exists a
map H : Ux[0,1] — 2¥ with (L+T) Y (H(-,n(-))+T(-)) € A(U, E) for any continuous
functionn : U — [0,1] withn(0U) = 0, (L+T)"*(H+T)(x)N(L+T) " (®+T)(z) =0
for any x € OU and t € (0,1), and

{zeU:(z,(L+T) (@ +T)(x)) NH*(z,t) # 0 for somet € [0,1]}

is compact, Hy = G, H = R (here Hy(x) = H(x,t) and H*(z,\) = (z,(L +
T)"Y(H +T)(z,)\))) and also suppose there exists a map ¥ : U x [0,1] — 2Y with
(L+T) X (¥ (,n(-))+T()) € AU, E) for any continuous functionn : U — [0, 1] with
noU) =0, (L+T) (U, +T)z)N(L+T) " (P+T)(z) =0 for any x € OU and
t€(0,1), and

{zeU:(z,(L+T) (®+T)(zx)) NV*(z,t) #0 for some t € [0,1]}

is compact, Vo = Hy and V1 = F (here Vy(x) = VY(x,t) and V*(z,\) = (z, (L +
)YV +T)(z,)))). Then F* is d-L-®-essential in Agy(U,Y; L, T).

Proof. Let R € Agy(T,Y: L, T) with B* = I x (L +T)"Y(R+T) and Rlov = Flov.
Choose the maps H : U x [0,1] — 2¥ and ¥ : U x [0,1] — 2¥ as in the statement of
Theorem 3.10. Let

D={z€U:(z,(L+T)"(®+T)(z)) N H*(x,t) # 0 for some ¢ € [0, 1]}

where H*(x,\) = (z,(L +T)"Y(H + T)(x,\)). Notice D # 0, D is compact and
DN OU = (). Thus there exists a continuous map p : U — [0,1] with u(0U) = 0
and p(D) = 1. Define J, : U — 2¥ by J,(z) = H(z,pu(z)) = Hpe)(z) and let
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T = I x (L+T)"'(J, +T). Note J, € Ag(T,Y; L, T) with J,Jou = Hylou. Also
since Hy is d-L-®-essential in Ay (U,Y; L, T) we have

(3.9) a ()7 (B)) = d ((Hy)™" (B)) # (D).

Next we note since p(D) = 1 that

(J5)(B) = {ze€TU:(z,(L+ T>—1<<I> +1)(x))
N, (L+T) ™ (Hy) + T)(x)) # 0}
= {oeU: (2, (L+T) (<I>+T)(:c))
N(z, (L +T) Y (H, +T)(x)) # 0}
= (R7'(B),
so from (3.9) we have
(3.10) d((R")™'(B)) = d ((H})™" (B)) #0.

Let
Di={z€U:(z,(L+T) ®+T)(x))N¥*(x,t) #0 for some ¢ € [0,1]}

where U*(z,\) = (2, (L + T)" (¥ + T)(z,\)). Notice Dy # ), D; is compact and
Dy N AU = . Thus there exists a continuous map u : U — [0, 1] with u(0U) = 0
and p(D) = 1. Define G, : U — 2¥ by G,(z) = ¥(z, u(x)) and let G, = I x (L +
T)"Y(G,+T). Note G, € Agy(U,Y; L, T) with G,|lor = Holay. Also since H{ is
d-L-®-essential in Ay (U,Y; L, T) we have
x) —1 *\ —
(3.11) a((G;)™"(B)) = d((H) ™ (B)) # (D),
Next we note since p(D7) = 1 that
(G2)(B) = {2€U:(a,(L+T)" (cp
Nz, (L+T) (T
= {2 eU: (x (L—l—T) (<I>
N(x, (L +T)" (¥, + T)(x
= (F)7'(B),

+T)(2))
T)(x)) # 0}
+T)(2))
) # 0}

so from (3.11) we have

(3.12) d((F)71(B)) = d ((Hy) ™ (B)) # d(0).
Now (3.10) and (3.12) yield d ((F*)™" (B)) = d ((R*)"' (B)) # 0. O
Remark 3.11. If F is a normal topological vector space then the assumption that

D (in the proof of Theorem 3.10) is compact, can be replaced by D is closed, in the
statement (and proof) of Theorem 3.10.
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It is possible to obtain an analogue result if we change Definition 3.9 as follows.

Definition 3.12. Let F,G € Ayy(U,Y; L, T). We say F = G in Agy(U,Y; L, T) if
there exists a map H : U x [0,1] — 2¥ with (L + T)"*(H(-,n(:)) + T()) € A(U, E)
for any continuous function 1 : U — [0, 1] with n(dU) = 0, (L + T)~Y(H; + T)(z) N
(L+T) Y (®+T)(x)=0for any 2 € U and t € [0,1], H; = F, Hy = G and

{zeU:(z,(L+T) (P +T)(x)) N H*(z,t) # 0 for some t € [0,1]}
is compact; here Hy(z) = H(z,t) and H*(z,\) = (z, (L +T)"Y(H + T)(z, \)).
Remark 3.13. If F is a normal topological vector space then the assumption that
{zeU:(z,(L+T) (P +T)(x))NH*(z,t) # 0 for some t € [0,1]}
is compact, can be replaced by
{zeU:(z,(L+T) (P +T)(x)) N H*(z,t) # 0 for some t € [0,1]}
is closed, in Definition 3.12; here H*(x, \) = (z, (L +T) Y (H + T)(x, \)).
Definition 3.14. Let F € Ayy(U,Y; L, T) with F* = I x (L +T)"Y(F +T). We
say F* : U — 2U%E ig d-L-®-essential in Apy(U,Y; L, T) if for every map J €

Apu(U,Y; L, T) with J* = I x (L+T)Y(J+T) and J|sy = Floy and J = F in
Apu(U,Y; L, T) we have that d ((F*)™" (B)) =d ((J*)"' (B)) # d(D).

Theorem 3.15. Let E be a Hausdorff topological vector space, Y a topological vector
space, U an open subset of E, B = {(z,(L+T) " (® +T)(z)): 2 €U}, L:domL C
E — Y a linear single valued map, T € Hp(FE,Y), d a map defined in (3.8), F €
Agy(U,Y L, T) with F* = I x (L+T)"(F+T), G € Agy(U,Y;L,T) and G* is
d-L-®-essential in Agy(U,Y; L, T) (here G* = I x (L +T)"Y(G +T)). For any
map R € Apy(U,Y;L,T) with R* = I x (L +T)"Y(R+T) and R|oy = Flsy and
R = F in Agy(U,Y; L, T) assume there exists a map H : U x [0,1] — 2Y with
(L+T)"YH(-,n(-)) +T()) € A(U,E) for any continuous function n : U — [0,1]
with n(OU) =0, (L+T) Y (Hy+T)(x)N(L+T) X (®+T)(x) =0 for any x € OU
andt € (0,1), and

{zeU:(z,(L+T) (®+T)(x))NH*(z,t) #0 for somet € [0,1]}

is compact, Hy = G, Hy = R (here Hi(x) = H(z,t) and H*(z,\) = (z, (L+T) ' (H+
T)(x, X)) and for any continuous function p: U — [0,1] with p(0U) = 0 assume

{xcU:(x,(L+T) " (®+T)(x))
N (z, (L+T) " (Hiu@) + T)(x)) # 0 for some t € [0,1]}

is closed and also suppose there exists a map ¥ : U x [0,1] — 2Y with (L + T)™*
(U(,n())+T(-) € AU, E) for any continuous functionn : U — [0, 1] with n(0U) =
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0, L+T) (U +T)(a)N(L+T) (P4 T)(x) =0 for any x € U and t € (0,1),
and
{zeU:(z,(L+T) " (®+T)(x)) NU*(x,t) #0 for somet € [0,1]}
is compact, Wo = Hy and Wy = F (here Vy(x) = V(x,t) and V*(x,\) = (z,(L +
)YV +T)(z,)\))) and for any continuous function p : U — [0, 1] with u(0U) = 0
assume
{z €U :(z,(L+T) 1 (®+T)(x))
N (z, (L+T) " (Wi + T)(x)) # 0 for some t € [0,1]}
is closed. Then F* is d-L-®-essential in Agy(U,Y; L, T).
Proof. Let R € Agy(U,Y; L, T) with R* = I x (L+T)"*(R+T) and R|sy = F|sy and
R Fin Agy(U,Y; L,T). Choose the maps H : U x[0,1] — 2¥ and ¥ : U x [0, 1] —
2Y as in the statement of Theorem 3.15. Let
D={z€U:(z,(L+T)"(®+T)(x)) N H*(z,t) # 0 for some ¢ € [0, 1]}
where H*(x,\) = (z,(L +T)"Y(H + T)(x,\)). Notice D # (0, D is compact and
DN OU = (). Thus there exists a continuous map p : U — [0,1] with p(0U) = 0
and (D) = 1. Define J, : U — 2¥ by J,(z) = H(z,u(z)) = Hpe)(z) and let
Jr =T x (L+T) " (J, +T). Note J, € Agy(T,Y; L, T) with J, o = Holow. Also
note J, & Hy in Aay(U,Y; L, T) (to see this let Q : U x [0,1] — 2¥ be given by
Q(z,t) = H(z,tu(z))). Also since Hj is d-L-®-essential in Agy(U,Y; L, T) we have
o1 o
a ()7 () =d ((H;)™ (B)) # d(0),
and as in Theorem 3.10 (note u(D) = 1) we have (J;)_l (B) = (R*)""(B), so
(3.13) 4 (B (B)) = d ((H) ™ (B)) £0.
Let
Dy={zeU:(z,(L+T)(®+T)(x)) NV*(z,t) # 0 for some t € [0,1]}

where U*(z,\) = (2, (L + T)"(V + T)(z,\)). Notice Dy # (), D; is compact and
Dy NOU = ). Thus there exists a continuous map u : U — [0, 1] with u(0U) = 0
and p(Dy) = 1. Define G, : U — 2V by G,(z) = U(x,pu(x)) and let GI = I X
(L+T)™(G,+T). Note G, € Apy(U,Y; L, T) with G,,|ov = Ho|sr and G,, = Hy in
Agu(U,Y; L, T) (to see this let Q' : Ux[0,1] — 2Y be given by Q(x,t) = W(x, tu(x))).
Also since Hg is d-L-®-essential in Apy(U,Y; L, T) we have

a((G) 7 (B) =d ((H) ™ (B)) #d(0),
and as in Theorem 3.10 (note p(D) = 1) we have (G;)_l (B) = (F*)""(B), so
(3.14) 4((F)(B)) = d ()™ (B)) £0.
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Now (3.13) and (3.14) yield d ((F*)™" (B)) = d ((R*) "' (B)) # 0. O

Remark 3.16. It is of interest to note if we consider maps R other than F' in Theorem

3.15 and if we suppose
>~ s an equivalence relation in Ay (U,Y; L, T),

then (see in the statement of Theorem 3.15) if R = F in Ayy(U,Y;L,T) and R &
G in Apy(U,Y;L,T) then (since FF = G in Agpy(U,Y;L,T)) there exists a map
VU x[0,1] — 2Y with (L +T)"*(¥(-,n(-)) + T(-)) € A(U, E) for any continuous
function ) : U — [0, 1] with n(0U) = 0, (L+T)"Y(9+T)(z)N(L+T) 1 (®+T)(z) =0
for any x € OU and t € (0,1), and

{zelU:(z,(L+T) (@ +T)(x)) NT*(z,t) # 0 for some t € [0,1]}

is compact, Uy = G and ¥y = F (here U(z) = ¥(x,t) and ¥*(z,\) = (z, (L +
T)~H(¥ + T)(x,\)))-

Remark 3.17. Suppose the following condition holds:

if F,G S AaU(U,Y; L,T) with F|3U = G|3Uand F=G
in Agy(U,Y; L, T) then d (F*)™" (B)) = d ((G*)"' (B)).

Then Definition 3.14 reduces to the following. Let F' € Ayy(U,Y; L, T) with F* =
Ix(L+T) " (F+T). Wesay F*: U — 2U*F is d-L-®-essential in Ay, (U,Y; L, T)
if d ((F*)™'(B)) # d(0).

Remark 3.18. There is an analogue of Remark 3.11 (for normal topological vector

spaces) in the statement of Theorem 3.15.
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