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FOR MIXED TYPES OF RIEMANN-LIOUVILLE AND CAPUTO
FRACTIONAL DIFFERENCE EQUATIONS

J. SOONTHARANON, N. JASTHITIKULCHAI, AND T. SITTHIWIRATTHAM

Nonlinear Dynamic Analysis Research Center,
Department of Mathematics, Faculty of Applied Science,
King Mongkut’s University of Technology North Bangkok, Bangkok, Thailand

ABSTRACT. In this article, we study an existence result for a mixed types of Riemann-Liouville
and Caputo fractional difference equation with nonlocal three-point fractional sum boundary con-
ditions, by using the Sadovskii’s fixed point theorem. Our problem contains a shift-operator of

fractional difference operator. Finally, we present an example to shows this result.
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1. INTRODUCTION

Fractional difference equations and discrete fractional calculus have been inter-
ested many mathematicians and researchers since they can be used for describing
many real-world phenomena problems such as physics, chemistry, mechanics, control
systems, flow in porous media, and electrical networks. The good papers dealing with
discrete fractional boundary value problems, which has helped to build up some of
the basic theory of this area, one may see the textbooks [1] and the papers [2]-[23]
and references cited therein. Some real-world phenomena are being studied with the
assistance of fractional difference operators, one may see the papers [24]-[25] and the

references therein.

Presently, there is a development of boundary value problems for fractional dif-
ference equations that show an operation of the investigative function. The study
may also have another function that is related to our interested one. These creations
are incorporating with nonlocal conditions that are both extensive and more complex.
Firstly, we introduce some notations, Ag is the Caputo fractional difference operator
of order o, AP is the Riemann-Liouville fractional difference operator of order 3, A=

is the fractional sum of order v, and the shift-operator Eg_,[u(t)] := u(t + 8 — ).

In this paper, we consider a mixed types of the Riemann-Liouville and Caputo

fractional difference equation with nonlocal three-point fractional sum boundary value
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conditions with a shift of the form

Alu(t+ 0 — 1)+ Eg_o [Ag(t + o = 2)v(t + a — 2)]
=ft+a+p-2,ult+a+p—-2),v(t+a+5-2), t€Nyr,

u(n) = ¢(u,v) + A~ Au(n + 5 - 2),

AT+ a+B+vy—1)=pu,v)+ ATACAu(T + 28+ — 1),

(1.1)

where 1<a<2 0<f8<1,0<y<1 and a+pf-2<n<T+a+[F—2 aregiven
constants, f € C (Naotg—sr1ats-1 X RX R R) and ¢g,v € C (Nojp_31+at+5-1,RT)
are given functions, ¢, ¢ : C (Noyg-3711a+5-1,R) X C(Notg-314a+s-1, R) = R are

given functionals.

The plan of this paper is as follows. In the next section, we recall some definitions
and basic lemmas. In Section 3, using this representation, we prove the existence of
solutions of the boundary value problem (1.1) by the help of the Sadovskii’s fixed

point theorem. An example to illustrate our result is presented in the last section.

2. PRELIMINARIES

In the following, there are notations, definitions, and lemmas which are used in

the main results.

Definition 2.1. The generalized falling function is defined by t% := F(Ft(jj_”a),

t and « for which the right-hand side is defined. If ¢ + 1 — a is a pole of the Gamma

function and ¢ 4 1 is not a pole, then t¢ = 0.

for any

Lemma 2.2 ([16]). Assume the following factorial functions are well defined. If
t <r, then t* <r% for any a > 0.

Definition 2.3. For « > 0 and f defined on N, := {a,a + 1,...}, the a-order

fractional sum of f is defined by

A0 = (- o(s)e L1 (s),

where t € Ny, and o(s) = s+ 1.

Definition 2.4. For a > 0 and f defined on N,, the a-order Riemann-Liouville
fractional difference of f is defined by

t+ao
1

A“f(t) = AVATVTOf (1) = r—a) > (t—a(s)=2=Lf(s),

s=a

where t € Nyiny_o and N € N is chosen so that 0 < N —1 < a < N.
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Definition 2.5. For a > 0 and f defined on N,, the a-order Caputo fractional
difference of f is defined by

1 t—(N—a)

NEJ) = A TIANS() = s D0 (- ols) XA /()

where t € Ny, y_o and N € N is chosen so that 0 < N —1 <a < N. If « = N, then
AZf(t) = ANf(t).

Lemma 2.6 ([12]). Assume that « >0 and 0 < N —1<a < N. Then
AT ALy (t) = y(t) + Co + Citt + Cot2 + ... + Cy_ N1,
for some C; e R, 0 <i< N —1.

The following lemma deals with linear variant of the boundary value problem

(1.1) and gives a representation of the solution.

Lemma 2.7. Let 1 <a <2, 0< <1, 0<v<1andn € Nosg_oriats—2 be
given constants, functions h € C (Noyp-214a+5-2,R), 9,0 € C (Nags-371atrs-1, RY)
and functionals ¢, ¢ : C (Notg—s1r+at+s-1, R) X C (Noys-31+at+s-1, R) = R be given.
Then the problem

Au(t+ B — 1)+ Es_q [APg(t + @ —2)v(t +a —2)] = h(t + a + 8 — 2),
(2.1) 4 uln) = d(u,v) + A™APu(n+ 3 —2),
A7u(T+a+ B8+~ —1)=pu,v) + ATA AP (T + 26+~ —1)

has the unique solution

T+o+p-1
u(t) = ﬁ(v) S (TtatB+y—1—o(s)" (s—1) x
s=a+0—-3
1 oy
o(u,v) + A(u) + P(v) — @ S:a+ﬁ_2(n +a—1-— a(s))—h(s)]
# (557 [t + B0+ 00) = s

TH+a+p-1 r—1
Z Z (T+a+ﬁ+7—1—a(r))H(r+a—1—a(s))a_lh(s)]
r=a+f-1 s=a+5-2
t—1

1 Lh(s) = 5o X
i@ 2 el ~ o

t—a—p+1 sta+p—1

(22) ) (t=F+1-0(s) " Epa| D (sta—1-0(&)) g(f)v(ﬁ)] :

s=0 E=a+(-3
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where
1 T+a+p-1
A=goy 2 (Thatfty—1-o()=(s—n)
s=a+p—-3
2:3) [T+ (m—a—B+3)(y+1)|D(T+~+3)
' [(y 4 2)I(T + 3) ’
n—a—3+1
PO) = Farey S (1— 0+ 1-a(s)=x
st+a+p-2
(2.4) Boo| Y. (s+a—2—o()=2 g(f)v(ﬁ)] ,
¢=a+8-3

T+a+pG—1r—a—p+1

O = SIS > DY THa+B+y-1-0r)=x

r=a+(—1 s=0

s+a+p5-2
(2.5) (r=B+1—0(s)*Es 0| Y, (s+a—2-0()~ g(i)v(é)] :
E=a+f-3
_1 - (mra—l-o(s)et
Alu) =5 (14 Ps]|Qa| d(u,0) +Plv) — Y e h(s)
s=a+pF-2

TH+a+6—1 r—1

+PA( (u,v) + Qv Z Z T+a+ﬁ+7_1_g(r))ﬂx

ret 1 smaih2 Fo)
(r+a- F1(;)0—(8))“‘1 h<3)) +Ra| +Pa| Qs <¢(u, v)+PW) — 5 ok
S::%_z(n Fa—1—o(s)e=t h@)) Py (<p(u, v) + Q(v) — m «
fiij_g;;T+a+ﬂ+v—l—dmﬂix
(2.6) @+a—1—dgw*mg)+RB},
B(u) = é{ Op [QA <¢<u v) +P(v) - _ :% 2 (n+a—1- a(s))a—‘lh@))

T+a+B-1  r—1 L 1
—|—77A< (u,v) + Qv Z Z (Tra+fty—1 U(T>)Lx

r=a+p—1 s=a+6—-2 F(V)

(r+a—-1-o(s))=L
F(a) h(s)) 4—73A
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+[1+ Q4] |95 <q§(u, v)+P(v) — ﬁ i n+a—1-o0(s))22 h(s))
s=a+F—2
+ Psr <80(U>U) + Q(v) — mx

T+o+p-1 r—1

Y THa+B+y-1-0on)t

r=a+p—-1 s=a+pF-2
}7

(r+a—1- a(s))ﬂh(s)> +Rp

a=1
Eg o

S a2l (59|

E=a+(3-3

TH+a+6—1r—a—p+1

PB:F(V)F(a)F(—ﬁ) Y THa+B+y-1-0(r)="x

r=a+(—1 s=0

S a1 ety (39|

(r—B8+1-0(s)*2LE;

{=a+p-3
TR B —os)et [T o=
Q= > eI B Y. (sta—2-00)2LLe0 ¢
s=0 0=a+6-3

T+a+p—1r—a—p+1

5 = FEIF ) YooY T+a+p+y—1—0(r)x

r=a+(—1 s=0

sta+p—2

> (s+ta-2-0(0)

0=a+p3—-3

(r—B+1-0(s)*2LE;

|

n—a—p+1
B (- 8+1-o(s)et
Ra= 2 N()I(—5)

st+a+F—2

Y (sta—2-0(©)) (V) - T©)].

E=a+6-3

Ejsa

TH+a+6—1r—a—pG+1

RB:F(V)F(a)F(—ﬁ) DY TH+a+pB+y—1-0(r)x

r=a+(—1 s=0
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(r—B+1-0(s))*" Es-a sioiﬁ_:(s +a—2-0()(L(E) - T(9) ],
@z[L—ZEE;Pﬂ—JuQ&
¢w—€%:7%ﬁ:§j3T+a+ﬁ+v—1—d@ﬁiw—®,

Z(n) = ﬁ 2% (a1 = ol G),

T+a+6—-1 r—1

(TH+a+B+y—1—0(r)Z(r+a—1—o0(s))e=t
-2 2 I'(y)T ()

r=a+p—1 s=a+—-2
1 &
WE) = O (€01 0()=Lh(s)

s=a+pB-2

re) = Z e - ﬁ(+)1—(0(§)) By

sta+pB—2

> @+a—2—au»%49@mui.

T=a+06-3

Proof. Using lemma 2.6 and the fractional sum of order 1 < a < 2 for (2.1), we

obtain
u(t+ 08 —1) :C'1+C2t+ﬁ;(t—a(s))“_lh(s+a+ﬁ—2)—mx
i—a s+a+B-2
(2.8) D (t=0()) By o] Y, (s+a—2-0() g,
s=0 E=a+(-3
for ¢t € Na_g’jq_a.
Changing the variable from ¢t + 3 — 1 to ¢, we have
t—1
ut) = Ci+Cy(t—p+1)+ ﬁ Z (t+a—1—0(s))2=Lh(s)
s=a+pB-2
1 t—a—p+1
a—1
T & (Aol
sta+p—2
(2.9) Eg ol D, (s+a=2-0(€))2g(€)v(€)|, t € Nayssriats 1.
{=a+p-3

Applying the first boundary condition of (2.1) implies
1

n—
Cit(-B+1)C = dluv)— Fi Z (n+a—1— o)=L h(s)
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n—a—p+1
+ﬁ@%t@ S =B+ 1-o(s)2" x
sta+p—2
(2.10) Eoa| > @+a—2—a@»%*(mo+y@wgﬁl
§=a+5-3

Taking the fractional sum of order 0 < v < 1 for (2.9), we obtain

A7u(t) = F%) B ;ﬁ (t—o(s)= + % s:;ﬁ_g(t —o(s)2"Y(s — B+ 1)

EZ S (- o) s+ a1 - ol he)
s=a+p—-3 {=a+[—-2
1 t—y r—a—[(+1

T T()()T(-B) Yo Y (o) r—B+1—0(s)t x

r=a+F—1 s=0

sta+pB—2

(2.11) Eyof Y, (s+a—2-0())g(&)u(©)]|.

¢=a+[-3

The second condition of (2.1) implies

C T+a+p-1
F(;) Z (THa+B+~y—1—0(s))=L
s=a+3-3
Cb T+a+p-1
) Y THa+B+y—1-0(s)"(s—B+1)
s=a+[—-3
THa+p-1  s—1
= p(u,v) — Z Z (IT'+a+pf+v—1—0(s) =
s=o+F—-3 {=a+F-2
(s+a—1—0a(€)2=Lh(E)+ ! X

L) (a)I(—=8)
T+a+8-1r—a—pF+1
S Y Tta+Bty-1-0(s) M r— 41— o(s)™L x
r=a+(—1 s=0
sta+0—2
2 @+a—2—a@»%*(mo+g@wgwl

E=a+(3-3

(212)  Eg_q

The constants C, Cy can be obtained by solving the system of equations (2.10) and
(2.12), so

1 T+o+p-1
C, = Ws:(;ﬁ (T+a+B8+y—1—0(s)=L(s— B +1) x
1 n—a—pB+1
{¢(Uav)+m ; (n—B+1—0(s)*=t x
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st+a+F—2

> (s+a—2-0(€) " (u(E) + g(&)v(&))]

¢=a+[-3

DY <n+a—1—o—<s>>a-1h<s>}—(”_f“)x

s=a+pF—2

Epo

TH+a+6—1r—a—pG+1

1 y=1y
{w(u’v)+F(7)F(a)F(—ﬂ) Z Z (T+a+pB+y—1—0(s))=

r=a+F—1 s=0

(r—B+1—0(s))*=x

s+a+[-2
Boa| D (s+a—2-0(€)™ (ul¢)+ g(f)v(ﬁ))]
{=a+p-3
P N THa+B8+7—1—0(r)Z(r+a—1—o(s))e=L
N>y For) h(s)}’
(2.13)
and
1 1 T+a+6-1r—a—pF+1 .
Cy = K{(p(u,v) + T @)D (=5) T:C;_l ; T+a+p+y—1—0(s))=x
s+a+[-2
(r=B+1=0() ™ Bya| Y. (s+a—2-0(€)7" (u(©)+ g(ﬁ)@(&))]
E=atpB-3

TH+a+p6—-1 r—1

Z Y T+a+pB+vy—1-o(r)t

r=a+06—1 s=a+F3-2

T+a+ﬁ 1
(r+a—1—-o0o(s) } (T+a+B+7—1-0(s))2=L x
5= a+ﬁ 3
n—a—p+1
{as(u,v) Ty X 1=+ 1- o) x
sta+p-2
Byl > (s+a-2-0()> 1(u<s>+g<s>v<g>)]
§=a+p-3
1 & -
T S_; 2(77 +a—1- U(S))h(s)}>
(2.14)

where A is defined on (2.3).
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Substituting the constants Cy, Cy into (2.9), and let

n—a—pF+1 sta+p-2
Awy =y el d g, Y @+a—2—a@»ﬁimar
s=0 {=a+p-3
1 T+a+B—1r—a—B+1
BW) = S s Y. Y T+a+8+7—1-0(s)"x

r=a+(—1 s=0

(r—B+1—0(s) "By,

s+a+[-2
> w+a—2—a@»%*war

¢=a+[-3

then we have

A(u)
n—a—pB+1 _ s+ot+B—2
(1= +1—o(s))e=! o 9 oLy
2 ey e & ez
T+a+p-1
{ﬁ Y (THa+p+y-1-0(0)"x
0=a+p—3
(0 —¢)|o(u,v) + A(u) + P(v) — ﬁ Z (n+a—1—0(h)= h(é’)]
0=a+(F—2
SN V. " oy L
+(‘A) (u:0)+ B(u) + Q(0) = s

TH+a+6—1 r—1

YD) THat+Bty-1-o@r)= (r+0z—1—a(«9))°‘—_1h(«9)]

r=a+p—1 0=a+p3-2

(E+a—1-o@)=t = LT (E-BH1-o(s)et
+9§£2 (@) MO )

Ejo

0+a+pB-2
Y, (0+a—-2-0(7) g(T)v(T)] }

T=0+06—-3
(2.15)

and B(u)

1 TH+a+6—1r—a—pG+1

L'(Y)T () (=f) Z Z (T+a+p+y—1—-0(s)—x

r=a+F-—1 s=0

s+a+p5-2
(r BT o) By Y @+a—2—a@»%*{—¥i—

E=a+6-3
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TH+o+p-1
Z (TH+a+B+y—1—0(0)"L (9 —f) [¢(u,v)+A(u) + P(v)
9=a+5-3
S S rac1-o)etae)] + (5‘—”) (u,0) + Blu) + Q)
o) n o A o(u,v u v
0=a+p5—-2

THa+p6—-1 r—1

Z Z T+a+B+y—1—0(r)— (T’—l—a—l—a(@))a_lh(@)]

a1 0=t h-2 F(71)(a)
o) § (E+a—1-0(0)*1h(0) - R R O
I'(ar) f=a+5-2 — T(@)T(—3)
(2.16)
0+a+pG-2
T=a+F-3

We simplify (2.15)—(2.16) into (2.6)—(2.7), respectively. Finally, substituting A(u)
and B(u) into (2.2). This complete the proof. O
In the following, we give the existence result for problem (1.1), by the help of the

Sadovskii’s fixed point theorem.

Definition 2.8. Let M be a bounded set in metric space (X;d); then Kuratowskii

measure of noncompactness, a(M) is defined as

inf{e : M covered by a finitely many sets such that the diameter of each set < €}.

Definition 2.9. Let ® : D(®) C X — X be a bounded and continuous operator
on Banach space X. Then & is called a condensing map if o(P(B)) < «(B) for all
bounded sets B C D(®), where o denotes the Kuratowski measure of noncompact-

ness.

Lemma 2.10 ([27]). The map K +C is a k-set contraction with 0 < k < 1, and thus

also condensing, if

(i) K,C: D C X — X are operators on the Banach space X,
(ii) K is k-contractive, i.e., |Kx — Kyl|| < k||lz — y|| for all z,y € D,
(iii) C is compact.
Theorem 2.11 (the Sadovskii’s fixed point theorem). [26] Let B be a convex, bounded

and closed subset of a Banach space X and ® : B — B be a condensing map. Then
® has a fized point.

3. MAIN RESULT

Now, we wish to establish the existence result for problem (1.1). To accomplish

this, we denote C = C(Nyig-371+a+5-1, R), the Banach space of all function u with
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the norm defined by

lulle = llull + vl
where ||u|| = maxyec |u(t)| and [|v|| = max,ec |v(t)| of any given function v. Also
define an operator F : C — C by
(3.1) (Fu)t) = (Fru)(t) + (Fau)(t),
T+a+p-1
(Fu)(t) = ﬁ(’ﬂ Z (TH+a+8+y—1—0(s)=L(s—1t) [(;S(u,v) + A(u)
s=a+0-3
+P(v) — ﬁ > (ta—1—0(s)2f(s,uls), v(s))]
s=a+0—2
t—n ~ 1
+ (T) o(u,v) + B(u) + Q(v) — T a) X

TH+a+p-1 r—1

YD) THa+B+y-1-0(r)"x

r=o+p—-1 s=a+pF-2

(3.2) (r+a—1—0(s))2L f(s, u(s) v<s>>]
(Fau)(t) = % ﬁ (tra—1- o (5))2=L £ (s, u(s), v(s))
TR - B —a(s))e
I(a)0(—7
(33) Ep_a £§§< +a—2-o(€)2 g<s>v<g>]

where A, P(v), Q(v) are defined on (2.3) — (2.5), respectively,

Aw) = é{(l—PB) [QA<¢<U,U)+P(U>—L Y ta—1-o(s)et

P(a)s:a+ﬁ—2
f(s,u(s),v(s))) +Pa (@(u, v) + Q(v) — m X

TH+a+p-1 r-—1

S Y Ttat84y-1-0m))r+a—1-o(s)2x

r=a+p—-1 s=a+pF-2

f(s,U(S),v(S))> +Ra| +Pa

X

Qg (gb(u, v)+Pv) — o)

n—1

Y.t a—1—o(s) =t f(s,uls), v(S))) + P (w(u,v) +Q(v)

s=a+£F—-2
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TH+a+6—-1 r—1

Z Y (T+a+pB+vy—1-o(r)t

r=a+06—1 s=a+F-2
}a

(3.4) (r4+a—1—0(s))2=L f(s,u(s), v(s))) +Rp

Blu) = é{ 2 [QA <¢<u, IR0 -G 3 trka- 1oty
f(s,u(s),v(s))) +Pa (@(u, v) + Q(v) — m X

TH+a+6—1 r—1

YY) THat+B+y-1-o@) 2 (r+a—1-0(s)=Lx

r=a+#—1 s=a+p—-2

f(s,u(s),v(s))) +Ral + (1 — QA) [QB <¢(u,v) +P(v) — F(la) X
i (n+a—1—0(s)22L f(s,u(s), U(S))) + Psp (go(u,v) + Q(v)
s=a+0—-2

TH+a+6—1 r—1

}: Y T+a+pB+y-1-o@r)=L

r=a+06—1 s=a+F5-2
}a

(3.6) T(n) — Fi Z (+a — 1= o()2=L f(s, uls), v(s)),
=a+6—

(3.5) (r4+a—1—o0(s))2=L f(s,u(s), v(s))) +Rp

and

+a+p-1  r—1

BNIT(T) = Z Y T+a+pf+y-1-o@r)t

r=a+#—1 s=a+p—-2

(r+a—1—0(s)2= f(s,u(s), v(s)),
1 &

(3.8) W() = T X (Era—1-0(s))=fls,uls),v(s),
s=a+p-2
N 1 n—a—p+1 B
Ra = m ; (n—B+1—0(s))*— x
st+a+pF—2
(3.9) Eso| Y (s+a=2=0())1(T(E)-T(9)
t=a+B-3
R 1 THa+p—1r—a—pF+1

L(y)T(a)T(—3) YD) TH+a+pB+y—1-0(r)"x

r=a+(—1 s=0
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sta+p—1

(310)(r = B+1—-0(s)* L Ega| > (s+a—1-0(€)1(V(E)-T(9)],

t=a+f-3
with Pa, Pp, Qa, Op, O, ®(6 —¢) and YT () are defined as Lemma 2.7. The problem
(1.1) has solutions if and only if the operator F' has fixed points.

Theorem 3.1. Assume that f € C(Na+ﬁ_37T+a+ﬁ_1 XR,R), g,v € C(Na+g_3’T+a+I@_1,
R+) and ¢, : C(Noyp—s1r+a+p-1,R) X C (Nots—37+a+s-1, R) — R are given. In
addition, suppose the following:

(Hy) There exist constants Ly, Ly > 0 such that
|f(tui(t), v(t) = f(t,ua(t), v(t)] < L fur — uo| + La[v],

for each t € Noyg 31041, U1,us € C.
(Hs) There exist constant py, iy > 0 such that

‘¢(U1,U) - ¢(U2’U)‘ S 241 |U1 - Ug‘ + M2 |U‘7

for each uy,us € C.
(Hs) There exist constant Ai, A2 > 0 such that

lo(ur, v1) — @(ug, ve)| < Ay Jug — us| + A2 vl

for each uy,us € C.
(Hy) 0 < g(t) < G for each t € Noyg_31+a+5-1-

Then problem (1.1) has at least one solution on Nyipg_sriarp—1 provided that

where
(3.12) L = max{Ly, Ly},
(3.13) poo= max {2},
(3.14) A= max {A, A},
[Pa] -1
O = (T+2)9| |I|—I—T(|QA||I|+|PA||~7|+|\I]A||A|>
P4l
+irgp (19511714 1Psl 171+ 125 15
T+a+pB—-1—n Op
# (T2 Vi 22 (10al 21+ Pal1]+ 1 141

o -1

(3.15) SRTET

(1261121 + 1Pl 171 + w5l 1B])

Y
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(Pel 1]

P
Q, = (T+2)|9| T|TA||A|+}|(;|‘|TB||B|+|A|
T+a+ﬁ—1—n)\9ﬂ “Qﬂ_l
3.16)  + Tal I+ g [TalIBI + 1B
(3.16) ( i [@‘Iﬂ\| o sllBl+ 18
Ps| -1 P
Qy = (T'+2)]P||1 ¥|Q| ‘|(;|}|Q |]
T+at+tf-1-1 “Q”_l’ 95|
(347 (R >[ o | e 19|
|Ps| -1 P
A Lok PN TEY
T+a+f-1-1 “Qﬂ_w Qs
(318) +< A >[L+_T6T_ o ™

Proof. Let B = {u € C: ||u|lc < R}, where R will be fixed later. We define a map
F :Br—C as

(Fu)(t) = (Fru)(t) + (F2u)(t),
where F; and F; are defined by (3.2) and (3.3),respectively. Notice that the problem

(1.1) is equivalent to a fixed point problem F(u) = u.
Step I. (Fu)(Bgr) C Bg.
Set maxXien, . 5_g14ars1 |f (£ 0,0)| = K, sup, ,ec |0(u,v)| = M, sup,, ¢ [o(u,v)] = N
and choose a constant R satisfied
K(Q v G(Q T Q3+ \Q
10, s KO 191) + GO +[TI) + 10 + 2%
1— [K(Q + ||V]]) + MQs + NQy]

Firstly, we let A, B, ®, Z, J, ¥ and T, as follows

n—a—pB+1 sta+B-2
3 (= B+ 1—o(s))== e
A=) ()T (=5) E30&2%4<+ 2=00)

I'(n—2a—B+3)T(n—pF+2)

(3.20) “T(1— BT (n—2a+3)(n—a—F+2)
jéijr§§ﬂT#a+6;&ﬁé%?)w4v—6+1—ﬂﬁy4x
@Hxﬂgf4@+a—2—a@»””]

(3.21) &;?ia+””T+a+7+D

ST (T1h-a+2latr+ DT +1)
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I T+a+4-1 1 D(T +~+3)
(3.22) @ o sz;ﬁ_g(T+a+ﬂ+v—1—a( s))— = AT DI +3)
LS ra-i-a(etio =A%)

(3:23) I‘—r(a)s;;”” L= o) = F D —a =5+ 2)

TH+a+6—1 r—1

S S @rakseyoloo() a1 o)t

B e T()I(a)
:sz;fs;gfly
(325) W= ﬁ _ z% 2(5 tas ool = =y 2)(15“(2 EZ 2_>g T2y’
() ::g_:i% Cogt iy, :2::<5+a_2_a<7>>—ﬁ—1
I Ty g e Ty vt

Substituting (3.20)~(3.26) into Pa, Pg, Qa, Qr,©,Z(n), J(T), ¥(E), Y(€), R4 and

R, we obtain

(3.27) |Pa| < \A\max{‘”_g‘}:\fq.‘”—0‘/;5”\7

A
_ Cw— 43
(3.28) |Ps| < ‘B‘max{‘nTg }:‘B‘.‘n Aﬂ—i_ ‘7
(329) |Q4] < ‘AH@}max{TjLa%—ﬁ—l_g}:}A‘_(i&jfi)TFﬂ(LTW:;;)’
(T +2)I(T + v+ 3)

(3.30) |Qp| < |B||®|max{T+a+p—-1-¢} =B

AT(y+ D)I(T +3) "

@31 f6] = |[1=10u][1 - [Pal] - [Pal sl
Zm)| < 171 (|5 uls),v(s) = £(5,0,0)] + |£(5,0,0)])
(3.32) < (21 (Lallull + Lalloll + K) < 171+ (Lllulle + K),

IN

F@)| < 171 (|Fsul)0) ~ £5,0,0)] + [£(5.0,0)])
(

(Ll + Lol + K) < 1) (Lllulle + K).

=
w
&
IN
S

<
o
A

O] (|5, u(s), v()) — £(5,0,0)] + | £(5.0,0)])

(3:34) < I (Lillull + Lalloll + K) < [9(©)]- (Lllulle + &),

423
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(3.35) [T < TGl < [T(E)]GCulle,
‘7%/;‘ < ‘A‘max{(LHuHc—l—K)‘\IlA‘+GHuHC‘TA‘}

B Fn—a+1)
= Al (2l + &) T(a+ Iy — 2o+ 1)
I(n—3a+2)(n—a+1)
(3.36) +Gllulle - I'(1-T(n—3a+B+2)T(n—2a+1)|

Ro| < |Blmax{(Lljullc + K)[¥s] + Cllulle|Ts|}

B T + «)
-—}@kﬂWW+K)r@+UHT—a+m
I(T — 20+ B+ DI(T + B)
(3.37) +®WW'Hl_@pguaa+ma+an+ﬂ—aJ'

Next, we consider

|6(u, )] < |d(u,0) = ¢(0,0)] + |6(0,0)] < pullull + palfoll + M
(3.38) < pllufle + M,

[o(u,0)] < i, v) = 9(0,0)] +[(0,0)| < Adflul| + Aeflv] + N
(3.39) < AMulle + N

Substituting (3.27)—(3.39) into (3.4)—(3.5), we obtain ‘./T(u)‘ and |B(u)], as follow

‘./T(u)‘ < 1

= @ﬁ“%WJHMMOMMMwﬂ+mmMM+@MM+mx

I(n—p5+2)
MNa+1)I(n—a—pF+2)

(T +a+7y+1) -
Ha+7+UHT+1Q%+RM

)+ 1Pal (¥l + 1) + G181l

+(Lllullc + K)

[Pl |05 ((ununc £ M) + G A Julle + (Liulle + K) x

I(n—p+2)
Nla+1)I'(n—a—G+2)

(T +a+~+1) N
R
Wa+7+DNT+U)+‘B‘

) + |Ps| <()\||U||c + M) + G |B|||ullc

b

{\QﬂbQﬁ(OﬂMk+ﬂﬂ+%HAMWc+UMﬂc+K)x

(3.40) +(L||ulle + K)

*
Kkl

I'(n—p5+2)
FNa+1)I'(n—a—0F+2

)) Pl (()\||u||c + M) + G |B] [[ulle
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T(T+a+7+1 ~
(e + K) 2T Faty ))+\RA}

T(a+y+ DT +1)

+|lea 1] [\QB} <(/~L||u||c + M) + G Al Julle + (Lljulle + K) x

L(n—5+2)
Fa+1)I'(n—a—pF+2)

(341 +(Llfufe + K)oty + 1) )+\7€B\] }

)+ [Pl (¥l + 31) + G181l

Fla+vy+1)IN(T+1)
Now, we show that (Fu)(Bgr) C Bg, for each t € Nyys-37141a+5-1, Wwe have

|(Fru)(t))]
< (T+2)|9| [(MHUHC + M) + (Llulle + K) [Z] + [A(u)]| + G |4 ||U||c]

(T'+a+p5—-1-n)

(Mlulle + N) + (Zljulle + K) [Z] + |Bu)| + G|B] HUHc]

A]
"PB‘—l
=<Luuuc+f<>{<tr+2>\@\ |I|+%(|QA||I|+\PA\|J|+\\IJA||A|)
|Pa| T+a+p—-1- 0):
Ll (10l 21+ Pal 171+ w181 |+ (FESE ) iz 22
Qa| -1
(1Qal1Z1 + [Pal 17] + 14l |A] ) + %(w Z1+ [Pyl 17| + 1] \B|)] }
“PB‘_l’ ‘PA‘
+ lulleG (7 +2)|] | L Tl AL+ L= 0 B+ A
0] 0]
TH+a+p-1-n)\ |95 “QA‘_l‘
(T ) 1 e+ g a1+ 15
Pol =1 1Pl
+ + M) (T+2)|P| |1+ —n0n—
(ljulle >{< )| o 1l + gl 12 |]
T+a+f—-1—1 “QA —1‘ Q5|
() | et + T e
Pel 1] 1Pl
+(>\||U||C+N){(T+2)|q’| o [Pl + gt 1Pl
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+<T+a+ﬁ—1—n) 1+“QA}—1’ Q5|

Al Sl 6]

= (Lllulle + K) @ + GllulleS + (pllulle + M) Qs+ (Mulle + N) 2,

|Ps| + [Pl

and
(Fou)(®)] < (Llulle + K) [ O] + Gllull|T|.
Consequently,
[(Fu)(t)] = [(Fru)()] + [(Fau)(t)]
= (Llulle + K) (@1 +|¥|) + Gllullc (2 + |T]) + (ulullc + M) Qs
+Aulle + N) < R.
Therefore, (Fu)(Bg) C Bg.

Step II. F; is continuous and y-contractive.

Let € > 0 be given, since f, v, ¢ and ¢ are continuous, so f, v, ¢ and ¢ are uniformly

continuous on Bpg. Therefore, there exists § = min {51, 09, 03, 54} > () such that

‘f(t,ul,v) — f(t,u2,v)‘

< FEQI whenever max {|u; — us| + [v|} < &,

Hu1 — u2HC < whenever max {|u1 — ug| + |v\} < 0o,

€
4Gy
‘¢(U1, v) — ¢(uz, U)‘

< KGQ?, whenever max {|u; — ua| + [v|} < &,

o (ur,v) — p(ug,v)| < whenever max {|u; — us| + [v|} < d4.

¢
4Ny
Thus for each t € Ny g-37+a+5-1 and for all u,v € Bg, we obtain
||(.7:1u)(t) - (fl’l})(t)Hc < LQle(t,ul,v) — f(t,UQ,U)HC + GQQHUl — UQHC
+MQ3H¢(UI7 U) - ¢(U2,’U)HC + )\Q4H§0(U1’U) - QO(UQ, U>HC
_ e e e
B I
This means that F; is continuous on Bpg.

Next, we show that F; is y-contractive. For any u;,us € Bpr and for each
t € Notg—31+a+8-1, We have
[(Frua)(t) = (Fruz)(t)lle
< 10 v G s s — ]+ A — ]
= o e
By the given assumption: y < 1, it follows that F; is y-contractive.

Step III. F;, is compact.
In Step I, it has been shown that F, is uniformly bounded. Now we show that F;

maps bounded sets into equicontinuous sets of C.
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Set

max |f(t,u(t),v(t))] = fmax and max [v(t)] = Vmax-

(t,u)€Natg-3,T+at+p—-1%Br t€Nay3-3,T+a+8-1

For any € > 0, there exists § = min {gl, gg} > () such that

U(t) = U(t)] < 5 Jf whenever [t, — t;| < i,
IT(te) — YT(t1)] < 2G; whenever |ty — t;] < d.

Hence, for any t1,t2 € Notg_37174+0+8-1 and any u,v € Br, we have

[Fou(te) — Foult)ll < finae [W(t2) — V(t1)] + GUmaa [T (t2) — T(t1)]

< £4°€
—+=-=c
-2 2

Thus (F2)(Bgr) is an equicontinuous set. Therefore it follows by the Arzeld-Ascoli

theorem that F3 is completely continuous. Thus F; is compact on Bp.
Step IV. F is condensing.

Since F; is continuous, y-contraction and F5 is compact, therefore, by Lemma 2.10,
F : BR — Bg with F = F; + F5 is a condensing map on Bp.

Consequently, by Theorem 3.1, the map F has a fixed point which, implies that
the problem (1.1) has a solution. O

4. AN EXAMPLE

In this section, in order to illustrate our result, we consider an example.

Example 4.1. Consider the following fractional sum boundary value problem

3 2

wl=

A

[oNEN}

6v:os(t 2)7r
100e + 20 sin? ( - %)
e ul + (t+ ) e os(t=)
(t—@)Z lu| +sin® (¢ —3) 7

17 A_zA 8 cos(t;m)+1
o) =aiatu(g)+ +2.0 Qwul+wﬂ’
s 91 e 51nt7r) 1 . 7
A u(E) ATIA A3u<)+z <|u||+1+u(ti)),ti—z—6,

L
200

=

where ¢t € Nyg, C; and D; are given positive constants with Z?:o C; < and

8
Zi:ODi < 4_10'
Here a = 3, 8= 3,7 =1 T =6, 1=, vt) =™, g(t) = 1006+2%)sin27rt’
8 ev
O, ) = T8, O [0 1wt olu,v) = ZOD[ )

+u(t)],ti:i—%and
et u 2)v
Fltu(t), v(t)) = o - ML,
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7/6

7/6
Jur — 2|+ S5 [l

Let t € N_z o then |f(t,ui(t),v(t)—f(t ua(t),v(t))| < 2

— 351649

So, (H;) holds with L = max{L;, Ly} = max { 86¢7/0 M} ~ 0.00032.

3516497 351649

Also, we get
[p(ur,v) = d(ug,0)] < 2Ly Ci [ew(t) + [ (t )—U2( M < gaglua (t) — ua(t)| + 565101,
[p(1,0) = p(n,v) < 580 Di [+ fun (1) — wa(te)l] < fun(te) — wate)| + kel
and {55055 < 9(t) < 152+ S0, (Hz)—(Hy) hold with

= max { s, 55 b~ 0.0136, A = max { &, -1~ 0.025,G = - ~ 0.00368.

Finally, we can show that
01 = 207.4843, Qy = 49.3788, Q3 = 31.8052 and 2y, = 2.8419.
Therefore, we have
X = Ly + GQy + pufds + AQy = 0.7517 < 1.

Hence, by Theorem 3.1, this problem has at least one solution on Nyyg_374045-1. U
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