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ABSTRACT. Let 2 = (21, 22,...,2x) be a point in the N-dimensional Euclidean space RY, B
be a N-dimensional ball {96 eRN 2] < R} centered at the origin with a radius R, 0B be the
boundary of B, v(z) denote the unit inward normal at z € 9B, and xg(z) be the characteristic
function, which is 1 for € B and 0 for z € RY \ B. We study the following multi-dimensional

semilinear parabolic problem with a concentrated source on the surface of the ball 9B:

8XaBy(x) (1 + J)” f(u) in RN x (0,71,

u(z,0) = Y(z) for z € RN u(z,t) - 0as |x| —cofor 0 <t < T,

u — ANu =«

where «, 0 and T are real numbers such that a > 0 and T" > 0, and f and 1 are given functions.
For N <2, u always blows up in a finite time. For N > 3, effects of a, R, 3, f (u) and ¢ (z) for u

to blow up are given.

AMS (MOS) Subject Classification. 35B35, 35B44, 35K57.

1. INTRODUCTION

Let H = 0/0t— A, T be a positive real number, z = (z1, s, ..., 2y) be a point in
the N-dimensional Euclidean space RY, B be a N-dimensional ball {z € RY : |z| < R}
centered at the origin with a radius R, 9B be the boundary of B, v(z) denote the unit
inward normal at x € 0B, and xp(x) be the characteristic function, which is 1 for
r € B and 0 for x € RY \ B. We would like to study the following multi-dimensional
semilinear parabolic problem with a concentrated source on the surface of the ball
0B:

(1.1) Hu:aax%y(w) (14 [2)” f(u) in RY x (0, 7],

u(x,0) = () for v € RY, u(x,t) — 0 as 2| — oo for 0 <t < T,

where «, § and T are real numbers such that « > 0 and 7" > 0, f is a given func-
tion such that f(0) > 0, f(u) and f’'(u) are positive for u > 0, and f” (u) >
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0 for v > 0, and v is a given function such that  is nontrivial on 0B, non-
negative, and continuous such that ¢ — 0 as [z] — oo, [pn ¥ (2)dz < oo, and
N+ a(Oxp () /ov) (L+|2))7 f (¢ (2)) > 0 in RY.

A solution u is said to blow up at the point (x,t,) if there exists a sequence
{(zp,t,)} such that u (z,,t,) — oo as (x,,t,) — (z, ).

The integral equation corresponding to the problem (1.1) is given by
u(z,t)
t
- [ osenv@dcra [ [ gten) (416 fut nyaser
R 0 JoB

(cf. Chan and Tragoonsirisak [2]), where

; T:—l ex —|I_§|2
N p( Mv—ﬂ)'

Let M (t) denote sup,cpn u (,t), and ¢, denote the supremum of all ¢; such that the

(1.2)

integral equation (1.2) has a unique continuous nonnegative solution for 0 < ¢ < ¢;.
The results given in the next two theorems were proved by Chan and Tragoon-

sirisak [2].

Theorem 1.1. There exists some t, such that for 0 < t < ty, the integral equation
(1.2) has a unique continuous nonnegative solution u. Furthermore, u is the solution

of the problem (1.1), and is a nondecreasing function of t. If
(1.3) Y (x) = M(0) > (y) forxedB andy ¢ 0B,
then for any t > 0,
u(x,t) = M(t) forxz e dB, M(t)>u(y,t) for anyy ¢ OB.

If ty is finite, then at t,, u blows up everywhere on OB, if in addition, v is radially

symmetric about the origin, then u blows up everywhere on 0B only.

We note that a quenching problem in RY with a concentrated nonlinear source
a(1+|z|)” f (u) was investigated by Chan and Tragoonsirisak [1]. Quenching phe-
nomena in RY without a concentrated source was studied by Dai and Zeng [3] for the
source a (1 + |z])” / (1 — w).

Since for given «, R and (3, the term «(1 + R)? is a constant, it follows from

Theorem 3.1 of Chan and Tragoonsirisak [2] that we have the following result.

Theorem 1.2. For N < 2, u always blows up in a finite time.

Henceforth, we consider N > 3. In Section 2, we give a formula for the critical
value o* such that u exists globally for « < o* and blows up in a finite time for

a > aoF. Effects of R and § on the blow-up problem are investigated. We study the
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case f(u) = u? where p > 1 in Section 3. We prove that the solution exists globally
when the initial value M (0) from (1.3) is small enough and the solution blows up in

a finite time when M (0) is large enough. The effect of the exponent p is also studied.

9. EFFECTS OF «, R AND 3

The following result follows from Theorem 4.2 of Chan and Tragoonsirisak [2].

Theorem 2.1. If u(x,t) < C for some positive constant C, then u(x,t) converges

from below to a solution U(x) = limy_ o u(z,t) of the nonlinear integral equation,

U)=a(l+R)’ [ Ga—&fU)dS,

B
where
r&+1) 1
N(N—2)7TN/2 |[L’|N_2‘

G(z) =

The next result follows from Theorems 4.3 to 4.4 of Chan and Tragoonsirisak [2].

Theorem 2.2. There exists a unique

* (N — 2y ¥-912 ()
o = - - sup ,
RO+ R'T (A7) (TTS° 7 sin' pdp) 200 T (4)

where for N = 3, Hf\:lg fo7r sin’ pdp = 1, such that u exists globally for a < o*, and
u blows up in a finite time for o > o*. If f(0) =0, then

(N —2) 7(N=3)/2 | ( M (0) )
R(1+R)"T (%) (Hf\fﬁ Jy sin’ g0d<P> f(M(0))
Let supg.o, (s/f (5)) occur at s = 3 € (0,00). If f(0) > 0, then

ot =

(V—2)n N —2/2 (i : .

ot = R(1+R)? ( )( M fO sin’ <pd<p) <f(§)> ZfM (0) <SS,
= ( )ﬂ_(N73)/2 ) M(O) ) B
R(O4R)PT (N2 ) (T, fy sin’ pdyp) (f(M(o») if M(0) = s

We study the effects of R and f3.

Lemma 2.3. (i) If

— 9) x(N-3)/2
(2.1) R(1+R)’ < V=2 - - sup ( i ),
ol (572) (TS fi sin' o) Mor<scoo \S (5)

then u exists globally.
(i) If
N — 2)r(N=3)/2
(2.2) R(1+R) > ( )™ ' - sup < i ) :
o T (%1) (TI® Ji sin' o) ar@=s<ee \T (5)

then u blows up in a finite time.
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Proof. (i) (2.1) is equivalent to o < a*. By Theorem 2.2, u exists globally.

(ii) Since (2.2) is equivalent to a > a*, it follows from Theorem 2.2 that u blows up

in a finite time. O
Let ¢ (R) = R (14 R)”. We have
(2.3) ¢ (R =(1+R" "1+ (B+1)R].

Theorem 2.4. For a given «, if f > —1, then there exists a unique R* such that u
exists globally for R < R* and blows up in a finite time for R > R*.

Proof. Using (2.3), we have for § > —1,

¢ (R) >0 for R>0,

(2.4) ¢ (0) =0,
limp oo ¢ (R) = 00.

By solving

N — 2)r(N-3)/2
al(55) <Hi=1 Jo sin’ <pdg0) M©<s<o0 \ S ()

for R, it follows from (2.4) that there exists exactly one solution, denoted by R*. The

theorem then follows from Lemma 2.3. O

Theorem 2.5. For = —1,

(i) of
— (N-3)/2
(2.5) a < ki , - sup ( S ) g
I (%) (Hz]i_lg fow sin’ gpdgp) M(©O)<s<oo \J (5)
then u exists globally for any R.
(if) o
— (N=3)/2
(26) “= =2 . . sup ( S ) )
I (%) <Hf\i_13 foﬂ sin’ (pdgp) M(0)<s<oo \f (5)

then there exists a unique R* such that u exists globally for R < R* and blows
up in a finite time for R > R*.

Proof. (i) It follows from (2.3) that for § = —1,

¢ (R) >0 for R >0,
(2.7) v (0) =0,
limp . ¢ (R) = 1.

Then, (2.5) is equivalent to a < a*. By Theorem 2.2, u exists globally for any R.
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(ii) From (2.6),

(N — 2)7T(N_3)/2 s
: -+ sup < ) <1
o T (851) (TT° 5 sin' pdp)  MO)<ssoo \S (5)
By solving
R (N —2)g(N=3)/2 ( s )
— - . Sup [
I+R 471 (%) (le\;_lg foﬂ sin’ gpdgp) M(0)<s<oo \J (s)

for R, it follows from (2.7) that there exists only one solution denoted by R*. The

result then follows from Lemma 2.3. O

Theorem 2.6. For f < —1,

(N —2)n V92 (—p 1) s
(2.8) a < - sup (f(s)) :

B - N-3 pm . 4 B oo
I (%) (Hi:l fo sin gpdgp) (%) M(0)<s<
then u exists globally for any R.
(if) o
N —x(N=-3)/2 (_g _ 1
29 a>_— NZ2T (61

FCEUGW?H@ﬁW@(g)”Mﬁim<ﬂ@)

B+1

then there exist R** and R** such that u exists globally for R < R** or R > R**,
and blows up in a finite time for R** < R < R**.

Proof. (i) From (2.3), we have for 5 < —1,

¢ (R) attains its maximum at R = ———

B+1
(2.10) ¢ (R) >0 for R < —537,
1
¢ (R) <Ofor R> —5.

(2.8) is equivalent to a < a*. By Theorem 2.2, u exists globally.
(i) From (2.9),

My
o T O (15 s o) e \ TG = PT551)

By solving

(1+R)’R = (N — 2)n Vo7 . s (ﬁ)

- P
al (%) (Hfi_lg foﬂ sin” gpdgp) M(0)<s<oo
for R, it follows from (2.10) that there exist two solutions. Let us denote the solution

less than (—3—1)"! by R**, and the one larger than (—3—1)"1 by R**. The theorem

then follows from Lemma 2.3. O
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3. EFFECTS OF THE INITIAL CONDITION M (0) AND f(u)

From now on, let f(u) = u? where p > 1. We study the effect of the initial value
M (0) (in (1.3)) on the boundary of the ball. For convenience, let M = M (0).

Lemma 3.1. (i) If
(N —2)gN=3)/2
aR(1+ R)°T (252) (TS fy sin' o)

then u exists globally.
(i) If

(3.1) MP <

(N -2
aR(1+ BT (572 (TS J7 sin odg)

then u blows up in a finite time.

(N-3)/2
(3.2) M )™

Proof. Since (3.1) is equivalent to a@ < a*, and (3.2) is equivalent to o > a*, the

lemma follows from Theorem 2.2. O
Let u (M) = MP~1. We have
(3.3) p (M) =(p—1)MP~2

Theorem 3.2. There exists a unique M* such that u exists globally for M < M* and
blows up in a finite time for M > M*.
Proof. From (3.3), ¢/ (M) is positive for p > 1 and M > 0. By solving
(N — 2)r(N-3)/2
R (1+ R’ (352) (TT5° Jy sin’ wdeo)

for M, there exists exactly one solution, denoted by M™*:

(3.4) MP~t =

(N = 2)z-92

M= B N-1 N-3 pm . 4
R (1+ BT (551 (I15° fy sin wdie)

Let w (p) = MP~1. We have
(3.5) W' (p) = MP~1n M.

Theorem 3.3. If M > 1, then there exists a unique p* such that u exists globally for
p < p* and blows up in a finite time for p > p*.
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Proof. From (3.5), we have w'(p) > 0 for M > 1. It follows from Lemma 3.1 that
there exists exactly one solution, denoted by p*, such that u exists globally for p < p*
and blows up in a finite time for p > p*. By solving (3.4) for p, we have
(3.6)
In [(N = 2)7¥-972] —In [aR (1 + B)T (252) (15" f7 sin edeo)|

In M '

pr=1+
0

Theorem 3.4. If M < 1, then there exists a unique p* such that u exists globally for
p > p* and blows up in a finite time for p < p*.

Proof. From (3.5), we have w’(p) < 0 for M < 1. It follows from Lemma 3.1 that
there exists exactly one solution, denoted by p*, such that u exists globally for p > p*
and blows up in a finite time for p < p*. By solving (3.4) for p, we have (3.6). O

For the case M = 1, the results do not depend on the exponent p. From

Lemma 3.1, we have the following results.
Corollary 3.5. For M =1,
(i) of
(N — 2)r(v-3)/2
as N-3 pm . ’
R(1+R)’T (X1) (Hizl Jy sin’ @dgp)
then u exists globally for any p.
(if)

(N — 2y
R+ R)T (354 (15 fi sin' wdy)

then u blows up in a finite time for any p.

a >
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