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ABSTRACT. In this paper, we introduce and discuss the concept of a II-semigroup for invariant
under translations time scales and the concept of abstract weighted pseudo almost periodic functions
in Banach spaces. As an application, we obtain conditions for the existence of weighted pseudo

almost periodic solutions for a class of neutral functional differential equations on time scales.
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1. INTRODUCTION

The basic calculus on time scales (see [1, 2]) was introduced by Hilger in [3]
to unify continuous and discrete analysis, and to study dynamic equations on time
scales [4, 5, 6, 7, 8]. Almost periodic, asymptotically almost periodic, and pseudo-
almost periodic solutions for differential, and difference equations arise naturally in
biology, economics and physics [9, 10, 11, 12, 13]. The concept of almost periodic
functions on time scales in R™ was proposed and investigated in [15, 16]. In this
paper, we introduce weighted pseudo almost periodic functions and define a new
concept, namely, a Il-semigroup for invariant under translations time scales. This
concept provides a new method to investigate abstract differential equations on time
scales, and we provide sufficient conditions for the existence of weighted pseudo almost
periodic mild solutions for a class of neutral functional differential equations on time

scales.
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The organization of this paper is as follows. In Section 2, we introduce some
preliminary results needed in the later sections. In Section 3, we introduce a II-
semigroup for invariant under translations time scales, and in Section 4, we introduce
the concept of abstract weighted pseudo almost periodic functions. Finally in Section
5, we study the existence of weighted pseudo almost periodic solutions for abstract

neutral functional differential equations on time scales.

2. PRELIMINARIES

Let T be a nonempty closed subset (time scale) of R. The forward and backward
jump operators g, o : T — T, and the graininess p : T — RT are, respectively, defined
by

o(t)y=inf{seT:s>t}, o(t)=sup{seT:s<t}, ut)=o(t) —t

A point t € T is called left-dense if ¢ > infT and o(t) = ¢, left-scattered if
o(t) < t, right-dense if t < sup T and o(t) = ¢, and right-scattered if o(t) > ¢t. If T
has a left-scattered maximum m, then T* = T\{m}; otherwise T* = T. If T has a

right-scattered minimum m, then Tj = T\{m}; otherwise T) = T.

Throughout this paper, X = (X, ||.]|) denotes a Banach space. We collect the

following basic concepts and results from Ref. [1].

Definition 2.1. Let D C T be an open set, f : D — X and t € T*. If there exists
a B : T — X with the property that given any ¢ > 0, there exists a neighborhood U
of t (i.e., U= (t—9,t+ )N D for some § > 0) such that

I[f(a()) = f(s)] = [o(t) — s]Bl| < elo(t) —s| forallsel,
then we say that f is A-differentiable at ¢, and B is called the A-derivative of f at t.
In what follows, we shall denote the A-derivative of f at ¢t by f2(¢).

Lemma 2.2. Assume that X is a Banach space, f : T — X andt € T®. Then we
have the following

(0): If f is differentiable at t, then f is continuous at t.
(id): If f is continuous at t and t is right-scattered, then f is differentiable at t

v o) — 10
O’ —
(0 = .
p(t)
(1ii): If t is right-dense, then f is differentiable at t if and only if the limit
) = ()
s—t t—s
exists as a finite number. In this case
) i L0 =10)

s—t t—s
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(iv): If f is differentiable at t, then
flo(t)) = f(t) +u) f2(1).

Definition 2.3. A function f : T — X is called regulated provided its right-sided
limits exist (finite) at all right-dense points in T and its left-sided limits exist (finite)

at all left-dense points in T.

Definition 2.4. A function f : T — X is called rd-continuous provided it is con-
tinuous at right-dense points in T and its left-sided limits exist (finite) at left-dense

point in T.

Lemma 2.5. Assume that f: T — X.

(i): If f is continuous, then f is rd-continuous.

(id): If f is rd-continuous, then f is requlated.

(1ii): The jump operator o is rd-continuous.

(iv): If f is regulated or rd-continuous, then so is f°.

(v): Assume that f is continuous. If g : T — X is regulated or rd-continuous,

then f o g also has the same property.

A function p: T — X is called regressive provided I+ p(t)p(t) is invertible for all
t € T%, where I is the identity operator. The set of all regressive and rd-continuous
functions p : T — R will be denoted by R = R(T) = R(T, X).

Remark 2.6. An n xn-matrix-valued function A on a time scale T is called regressive
provided
I + u(t)A(t) is invertible for all ¢ € T,

and the class of all such regressive and rd-continuous functions is denoted by R =
R(T) = R(T,R™*™).

Lemma 2.7. Let f be requlated. Then there exists a function F which is pre-

differentiable with region of differentiation D such that

F2(t) = f(t) holds for all t € D.

Definition 2.8. Assume that f: T — X is a regulated function. Any function F' as
in Lemma 2.7 is called a pre-antiderivative of f. We define the indefinite integral of

a regulated function f by
/f(t)At =F(t)+C,

where C' € X is an arbitrary element independent of ¢t and F' is a pre-antiderivative
of f. We define the definite integral by

/8 f(t)At = F(s) — F(r) forall r,seT.
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A function F': T — X is called an antiderivative of f : T — X provided
FA(t) = f(t) holds for all t e T*

Definition 2.9. Let ¢y € T and assume that A : X — X isregressiveand Y : T — X.
The unique solution of the IVP

YA(t) = AY (1), Y(to) = Yo,

is called the operator exponential function at ty, and it is denoted by e4(+,to)Yo.

3. [I-SEMIGROUP FOR INVARIANT UNDER TRANSLATIONS
TIME SCALES AND MOVING-OPERATORS

To introduce the concept of a II-semigroup for invariant under translations time

scales, we need the following basic definitions.

Definition 3.1 ([15, 17]). A time scale T is called a invariant under translations time

scale (i.e., almost periodic time scale) if

M:={reR:t+7eT, VteT} #{0}.

In what follows, we denote by T7 = {t + 7 : ¢ € T}. It follows that if 7 € Il is a
nonzero real number, then T = T7 if and only if T is invariant under translations, i.e.,
T coincides exactly with T7 if T is invariant under translations. In fact, Definition

3.1 has the following equivalent form:

Definition 3.2. A time scale T is called invariant under translations time scale if
II:={reR: TNT* =T} # {0}.

Theorem 3.3. If T is an invariant under translations time scale, then the graininess
function p: T — RT is a periodic function.
Proof. Assume that T is invariant under translation, then by Definition 3.2, we have
T="T".

If ¢ is a right dense point in T, then ¢+7 is also a right dense point in T", so t+7 is
a right dense point in T. Hence, u(t+7)—u(t) = o(t+7)—0o(t)—7 =t+7—t—7 =0,
ie., pu(t+71) = p(t).

If t is a right scattered point in T, then ¢+ 7 is also a right scattered point in T7,

so t 4+ 7 is a right scattered point in T. Without loss of generality, we assume that
7 €Il and 7 > 0. It follows from o(t) > t that o(t) + 7 > ¢t + 7, so we have

(3.1) ot)+T7>0(t+71)>t+T.
From (3.1), we find

(3.2) o(t)—t=ult)>oct+7)—(t+71)=p(t+7)>0.
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If in (3.2), p(t) > pu(t+7), then clearly p is decreasing at all right scattered points in
T, which leads to a contradiction because T is an invariant under translations time

scale. Hence, pu(t+7) = u(t). Therefore, u is periodic. This completes the proof. [

Definition 3.4. The set II in Definition 3.1 is called an invariant translations set for
T.

Theorem 3.5. Let T be an tnvariant under translations time scale and II be an

mvariant translations set. Then

(a): I is a time scale.

(b): For all 7,7 € 11, we have 1, + 5 € 11.

(c): For all 71,72, 73 € I, we have (11 + 72) + 13 =71 + (12 + 73).

(d): There ezists an element 0 € 11, such that for all elements T € 11, the equation
0+7=7+0=7 holds.

(e): For each T € 11, there exists an element —7 € II such that 7+ (—7) = 0, where
0 s the identity element.

(f): For all 7,1 € 1, we have 71 + 7o = 7o + 7.
Proof. All the parts follow from the definition, so we omit the details. O

Remark 3.6. Because II is a time scale, we denote its graininess function as py :

IT — R, and its forward jump operator as o(71) = inf{m € I : 75, > 7 }.

From Theorem 3.5, the following result follows immediately.

Theorem 3.7. The pair (I1,+) is an Abelian group.

From the proof of Proposition 4.4 in Ref. [18], the following lemma is also imme-
diate.

Lemma 3.8. For the time scale I1, 11" has constant graininess, that is pn(7) = h, T €
117, for some h € RU {oo}, h > 0.

Remark 3.9. Since II is an Abelian group, sup Il = 400, inf Il = —oo0.

For convenience, we let IIT = [0,+00) N II. Let X be a Banach space, and
T, : X — X be a transformation. Obviously, {7} : 7 € II} is a set containing only

one parameter. We define the multiplication as
(3'3) W15, =Th g,
It follows that
TT1 (TT2TT3) = (TTl TT2)TT3 = TT1+T2+T37

I = Ty is the identity, and T, is the inverse element of 7). From these definitions,

the following theorem is clear.
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Theorem 3.10. {7}, : 7 € 11} is an operator group with respect to the multiplication
defined by (3.3). It is an Abelian group.

In view of Theorem 3.10, we are now in a position to introduce some basic con-
cepts which will be needed to define a II-semigroup for an invariant under translations

time scales.

Definition 3.11. Let T be an invariant under translations time scales, and {7} be
a family of bounded linear operators on Banach space X. If for all 71,5 € II* the

following holds:
(3'4) Tripr, =15 15,,

then {7} : 7 € II*} is called a one-parameter operator semigroup; if (3.4) holds for

all 7 € I, we call {7}, : 7 € II} a one-parameter operator group.

Definition 3.12. Let T be an invariant under translations time scales, and {7, : 7 €

IT*} be an operator group on a Banach space X, i.e.,
15, =T 4r, T,T2€ I, T,=1.

If for every 79 > 0 and any £ > 0, there is a neighborhood U of 7y (i.e., U =
(10 — 0,70 + 0) NIIT for some § > 0) such that

|Trx —Thyx|| <e forall T €U,

then we call {T, : 7 € II*} the strong-continuous operator semigroup or the II-

semigroup.

Theorem 3.13. Let T be an invariant under translations time scale, and {T, : T €
[Tt} be an operator semigroup on the Banach space X, and for any x € X and any
e > 0 there exists a neighborhood U = (11 — §, 71 + ) NIIT for some 6 > 0, such that

(3.5) | Tion(r)—m) — || < e forallm €U,

then {T, : 7 € II"} is a ll-semigroup.

Proof. For any L € 11, L > 0, we claim that

(3.6) sup{||7-|| : 7 € [0, L]n} < +o0.

For any x € X, we can take, h € II, h > 0, ¢ > 0 such that
sup{||Z-z|| : 7 € [0, h]ln} < c.

Now for 7 € [0, L]i1, let 7 = kh +r, r € I, where k < £, 0 < r < h. Then, it follows
that
[ Trx|| = | Ten Tzl < [[Thnllc.
Hence (3.6) holds. In what follows we let M := sup{||7;| : 7 € [0, L]i}.
For any ¢ > 0, there is §, such that for 7 € (7; — d, 71 + )+, we have
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(1): If 75 > 7, then o (1) = 71, and we have
|Tryx — Trz]| < ||T0H(Tl)(T7’2—JH(T1) —DNx+ T, (Tan(n)—n —Ix|| < 2Me.

In the above op(71) = 7. In fact, if og(m) > 71, then 7 is a right scattered
point, which implies that 7, = 71, and this contradicts 7 > 7.
(7d): If 79 < 7y, then 75 < 7 < op(m), which yields 0 < op(11) — 11 < o) — To.
Hence, we find
||T7-2:L' - T7-1£L'|| < ||T72 (I - TO’H(Tl)_TQ)x + TT1 (TUH(Tl)—Tl - [)IH < 2Me.
Therefore, for 7, € (11 — , 71 + 0)1+, the following holds:
| Tz — Trx|| < 2Me.

Hence, {T, : 7 € II*} is a II-semigroup and (3.5) holds. This completes the proof. [

In the following, we introduce the definition of infinitesimal generator of a II-

semigroup.

Definition 3.14. Let T be an invariant under translations time scale and {7 : 7 €
IT*} be a [I-semigroup on a Banach space X. Let & denote a subset of X, which has
the property that for each x € & there exists a y € X such that for any € > 0, there
is a neighborhood U = (13 — §, 71 + &)+ for some ¢ > 0, which satisfy

(3.7) [(Tlon(r)—rol = Dz — ylon(m) — ||| <elon(n) — 7|, neU.
We define A : 9 — X satisfying Az = y, where y is fixed by (3.7). In what follows

we call this A the infinitesimal generator of this II-semigroup.

Remark 3.15. From (3.7), it follows that
Ton(r)—m) =1

on(m) — 7o

z — Az

<e&.

By Lemma 3.8, un(7) = h > 0 is a constant, thus A is independent of the variable 7.

(1): If T =R, then II = R. Thus from (3.7), we have

1
hmH;(Tt — DNz —y|| =0,

t—0

and hence .
A=lms (@ -).
(17): If T = hZ, then II = hZ. Thus from (3.7), we find
Y- n—y| =0
h h y - Y

and hence .
A= (T, —-1).
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Definition 3.16 ([20]). A linear operator 7" from one topological vector space X to
another one Y is said to be densely defined if the domain of 7" is a dense subset of X

and the range of T is contained within Y.

Theorem 3.17. Let T be an invariant under translations time scale, {T, : T € TI*}
be a I1-semigroup on Banach space X satisfying (3.5), and A be the infinitesimal
generator of the Il-semigroup. Then A is a closed densely defined operator and for
every x € P(A), the following holds:

(3.8) (T,z)2" = A(T.x) = T, Az,

that is

(3.9) (Trz) —x :/ AT,z A s :/ T, AxAps,
0 0

where P(A) denotes the domain of the operator A and Ay is the differential operator
over the time scale 11.

Proof. First we show that A is a densely defined operator. Note that for any x € X,

lor(71)—72|
= ‘ / (Tgl’ — SL’)AHG ‘
0

< Jon(n)—ml  sup | Tyx — ]
0<0<|om(11)—72|

(310) < |0’H(7'1) —’7'2|€.

we have

lor(T1)—T2]
H / TQSL’AHG — ‘0'1'[(7'1) - T2|LL’
0

Let y = [ TpzAnb, then

T

T“TH(H)_TQW Yy = (T9+\0H(Tl)—‘r2| - Te!E)AHH

T+|om(r1)— 72|

—

TQIAHQ—/ TgZL'AHH
\ 0

o (r1)—T2|

T+|om(r1)— 72|

lom(T1)—72|
Tg[L’AHQ - / TQI’AHQ
0

lort (1) —T2|

I
o~ T

lom(71)—72|
TQ(TT[L’)AHQ —/ TgZL'AHQ.
0
Since (3.10) holds for any x € X, then it follows that
|(Tiori(r)=raly — y) — lon(m1) — 22|(Trz — )|

lor(T1)—72|
/ Ty(Tox — 2)Af — lon(ry) — 7ol (T — )
0

S |0’H(’7'1) — 7'2|€.

Therefore, y € Z(A), so Z(A) = X.
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Next, we will show that (3.8) and (3.9) hold. Since

(Tlcrn(ﬁ)—ml - I)T‘HI _ TTl(Tlan(Tl)—Tz\ - I):lf

\UH(Tl)—Tﬂ B \UH(Tl)—Tz|

= Ax,

we have

1T (Tion(r)—ma) = D)7 = |on(m) = 72|15 Az
B11) < T I(Ton(r) | = D = lon(ni) = maf Az|| < |17 [le|on() = 7],

and so, Trx € Z(A). From (3.11), we also have
(3.12) [(Tlon(r)—ml = D2 = lou(1) = 72| Az < efon(n) — 7.
(¢): If 72 > 7, then from (3.12) and Theorem 3.13 it follows that

[(Ton(r) — 17)x — (on(m) — )17 Ax||
< | Toner) (I = Trpmone))® = (on(m1) — 72) Loy (n) A
+ (on(m1) — 1) Tonrm)yAz — (ou(m1) — 72) 15 Ax||
<N Tou (2 — on(m)) Az — (I = Trpopr)) 2|
+ [T 1[I = Toyy (ri)—m ) Az|[ (72 — on(71))
< Me(ty — on(m)),

where M := sup{||T;|| : 7 € [0, L]n}, and L € II is any fixed positive constant.
In the above it is necessary that op(m) = 7, since if op(7) > 7, then 7 is
right scattered point, which implies that 7, = 7, and this contradictions our
assumption that 7 > 7.

(7i): If 5 < 7, then it follows from 7 < 71 < opy(7y) that 0 < 7 — 79 < op(1y) —To.
Hence, from (3.12) and Theorem 3.13, we obtain

[(Toq(r) = Trp) = (ou(m) — 72) 17, A
<N (Toyry—r — L) — (on(n1) — 72) 15 Az
+ (ou(n1) — 72)Tr Az — (on(m) — 72) 17 Ax||
< T I (Ton) - — D = (ou(1) — 72) Az)||
+ [T = Ty —r) Az || (o1 (71) — T2)
< Me(on(m) — 1),

where M := sup{||T|| : 7 € [0, L]}, and L € II is any fixed positive constant.

Therefore, (T,2)?" = T, Az = AT,z. Since (3.9) is the integral form of (3.8), we
can conclude that (3.9) holds.
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Finally, we show that A is a closed operator. Let z, € Z(A), ©, — =, Az, — v,
then by (3.12), we have

H(T\Un(n)—m\ — Dz — |on(n) — mlyl| = nh_{n (7] low(m)—"2| — Dy, — |on(m1) — 2| Az, ||
< elon(n) — .

Hence, x € Z(A) and Az = y, that is, A is a closed operator. This completes the

proof. O

Theorem 3.18. Let T be an invariant under translations time scale and X be a
Banach space. Assume that {T, : 7 € I} is a 1I-semigroup, A is the infinitesimal
generator of the Il-semigroup and P(A) = X, ea(11 + 72,0) = ea(71,0)ea(72,0) for
all 7,79 € IIT. Then,

T, =es(t,0), 7€ IIT,

where P(A) denotes the domain of A.

Proof. From Theorem 3.17, we have
(ea(r, 0)2) " = Aea(r,0)z = ea(,0) Ax.

Further, since es(7,0) is A-differentiable on II, from Definition 2.1, for any £ > 0,
there is d, such that for 7, € (13 — 9,71 + )1+, it follows that

(3.13)  [[(ealon(m),0) — ea(r2,0))x — (on(n) — 72)Aea(n, 0)x|| < elon(n) — 7,
and hence:
(7): If 75 > 7, then it follows from (3.13) that
lea(on(r1), 0)[f — eal(r2 — ou(m), 0)x — (on(m) — 72)ea(rs, on(n)) Al
< llealon(m), O[[[I = ealr2 — on(m1),0)z — (ou(m1) — ®2)ea(mr, on(m)) Az]|
< Melon(m) — 7ol

In the above op(m) = 7. Indeed, if op(7) > 71, then 7y is a right scattered
point, and then 7 = 77, which is a contradiction since 75 > 7.

(7i): If 75 < 1, then it follows from 7, < 7 < opp(7), that 0 < 71 —79 < opr(71) —To.
Hence, from (3.13) we find

lea(r2,0)[(ealon(m1) = 72,0) = Iz — (on(m1) — 72) Az
+ (ou(m) = 72)(I — ealm, 72)) A]]|
< [lea(r, 0)[[[[[(ealon(m1) = 72,0) = Iz — (ou(m1) — 72) Az]|
+ Me|op(m) — 1

S 2M€|O’H(’7'1) — 7'2|,

) =
0)

where M := sup{|lea(7,0)|| : 7 :€ [0,L]n}, and L € II is any fixed positive

constant.
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From (1), (ii), we obtain
leallon(n) =7, 0) = Dz — [on(n) — nfAz|| < 2Mefon(n) — 7.

Therefore, A is the infinitesimal generator of {7, : 7 € II*}. This completes the
proof. O

Remark 3.19. If (i) T = R, then II = R, T, = e4(7,0) = e". Clearly, it satisfies
Triry, =TTy, 1f (17) T = Z, then Il = Z, T, = ex(7,0) = (I + A)™, which also
satisfies T, 4 r, = 17, 17, .

Now we will introduce a new concept that will be needed later.

Definition 3.20. Let A be the infinitesimal generator of the Il-semigroup. We call
€a(t,to),to € T the exponential function generated by A on the time scale T. We also
let 7, = €a(t,to) and call .7, the moving-operator on T.

Remark 3.21. In Figure 1 we give a relationship between T, II, A, and .7;,. Note
that if T = II, then the II-semigroup will strictly include the continuous (T = R) and

the discrete (T = Z) case of a %y-semigroup.

. T Generates
The time scale r—~—— | Theset L1
Generates Generates
Exponential function e.x(f.f,) II-Semigroup
Equivalentto Generates
the infinitesimal generator A4
The moving operator £, == ofthe Il— semigroup
Generates

FiGURE 1. The generation relationship of T, II-semigroup, A, ..

Let X be a Banach space, and consider the following system:

(3.14) ™ = Ax(t), x(ty) =z, to€T,
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where A is the infinitesimal generator of a Il-semigroup satisfying all the conditions
in Theorem 3.18, and z : T — X.

Theorem 3.22. The fundamental solution of the system (3.14) can be expressed as
x(t) = o,
Proof. From Definition 3.20, Z; = é4(¢, ), and hence
8 = (Fwo)® = AZGx(ty) = Ax(t).
Therefore, Zx¢ is the fundamental solution of (3.14). This completes the proof. O
From Theorem 3.22, the following result follows immediately.

Theorem 3.23. Let A be the infinitesimal generator of the Il-semigroup, and let F;

be the moving-operator on T. Then
(Z2)® = A(Fx) = FAw,

that is . .
(Jx) — x :/ AT xAs :/ T ATAs.

to to

Remark 3.24. Note the [I-semigroups studied in this paper are more general than the
%o-semigroups introduced in [21]. If we let T = II, we obtain that the II-semigroups in
this paper turn into the %p-semigroups in [21]. If IT # T, for example, IINT = @ (see
Example 1.2 from Ref. [16]), the results in [21] cannot be applied to study abstract

dynamic equations on time scales.

4. ABSTRACT WEIGHTED PSEUDO ALMOST PERIODIC
FUNCTIONS

In this section, we shall assume that T is an invariant under translations time
scale. We introduce abstract weighted pseudo almost periodic functions on time

scales. For this, we need the following definitions.

Definition 4.1 ([16]). Let T be an invariant under translations time scale and let X
be a Banach space. A function f: T x X — X is called an almost periodic function

in t € T uniformly for x € X if the e-translation set of f
Ele, f,D}y={rell:|f(t+7,2)— f(t,z)]| <e, forall (t,z) €T x D}

is a relatively dense set in II for all £ > 0 and for each compact subset D of X; that
is, for any given € > 0 and each compact subset D of X, there exists a constant
l(e, D) > 0 such that each interval of length (e, D) contains a 7(g, D) € E{e, f, D}
such that

|lf(t+72)— f(t,z)|| <e, forallteT x D.
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Here, 7 is called the e-translation number of f and [(e, D) is called the inclusion
length of E{e, f, D}.

Now we state several results which can be proved by following the same lines as
in Ref. [14] and Refs. [15, 16]. We will use them in the applications later. Below X

is a Banach space

Theorem 4.2. Let f : T x X — X be almost periodic in t uniformly for x € X.

Then it s uniformly continuous and bounded on T x D; here D is any compact subset
of X.

Corollary 4.1. Let f : T — X be almost periodic. Then it is uniformly continuous
and bounded on T.

Theorem 4.3. If F': R x X — X s almost periodic in t uniformly for x € X, then

F(t,x) is also continuous on T x X and almost periodic in t uniformly for x € X.
Corollary 4.2. If F': R — X is almost periodic, then F(t) is almost periodic on T.

Theorem 4.4. If f, : Tx X — X,n=1,2,... are almost periodic in t for x € X,
and the sequence { f,(t,z)} uniformly converges to f(t,z) on T x D, then f(t,x) is

almost periodic in t uniformly for x € X; here D is any compact subset of X .

Corollary 4.3. If f,, : T — X,n=1,2,... are almost periodic on T, and the sequence
{fu(®)} uniformly converges to f(t) on T, then f(t) is almost periodic on T.

Theorem 4.5. Let f: T x X — X be almost periodic in t uniformly for x € X, and
let

F(t,z) = /0 t F(s,2)As.

Then F' : T x X — X 1is almost periodic in t uniformly for x € X if and only if
F(t,x) is bounded on T x D; here D is any compact subset of X.

Next, we will prove a theorem that will be needed later.

Theorem 4.6. Ifu(t) : T — X and g(t) : T — II are almost periodic, and E{e,u} N
E{e, g} # 0, then u(t — Q(t)) is almost periodic.

Proof. Since u : T — X is almost periodic, for any € > 0, there exists a 7 such that
. . €
Jufe+ = 360) —u(t - 3(0)]| < 5

Now from Theorem 4.2, we find
€

Hu(t—l—f—g(t+7')) _u(t+7'—§](t))H < 5
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Hence, it follows that

lu(t+7—g(t+7) —ult—9@)|| = ||lu@+7—9C+7) —ult+7—39@1)]
+u(t+7=g1) —ult—g(t)|
< %—i—% = €.
This completes the proof. O

Definition 4.7 (][22, 23]). Assume that X is a Banach space, f : T x X — X and
T € II. Then m(f) is called mean-value of f(t,z) if m(f) = lim £ [°7 f(t,z)At €

- Jl—n)o T Jto
X, where t; € T.

From Theorem 3.2 in Ref. [23], the following result follows immediately:

Theorem 4.8. Let X be a Banach space, and let f : T x X — X be almost periodic
in t uniformly for v € X. Then m(f) exists uniformly for x € X.

Remark 4.9. If f(¢,z) is almost periodic in ¢ uniformly for x € X, then || f(t, z)||
is almost periodic in ¢ uniformly for z € X. This follows from the fact that for any
e > 0, there is a 7 € E{e, f, D} such that

It +r o)l = If )| < If(E+72) = f(t,2)] <e.

1 [tot+T

Hence, by Theorem 4.8, we have m(|| f||) = TIEEO Ty If(E x)||At exists uniformly
for x € X, where ty € T.
Let X,Y be two Banach spaces endowed with the norms || - ||x and || - ||y, re-

spectively. We denote by B(X,Y’) the Banach space of all bounded linear operators
from X to Y. This is denoted as B(X) when X =Y. Now BC(T, X) is the space of
bounded continuous function from T to X equipped with the supremum norm defined
by
[ulloe = sup [Ju()]|x.
teT
Let U be the collection of all functions (weights) p : T — (0,+00) which are

locally integrable over T and are such that p(t) > 0 for almost each t € T. For each
r > 0and p € U, we set

to+r
m(r, p,to) = / p(t)At, wherety € T, r € IL.
t

0o—"r
Let
Uw={peU: limm(r,p) =oco}; Up= {p € Uy : pis bounded and g{p(t) > 0}.

Before introducing the concept of weighted pseudo almost periodic functions, we
need to define the “weighted ergodic” spaces PAPy(T, X, p) and PAP,(T x X, X, p).
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Let p € Usx. We define

to+r
PAPy(T, X,p) = {f € BC(T, X) : lim ¥/ £ ()] xp(t)At =0,

r—oo m(r, P t(]) 0—

where r € 11, £, € T}

and

PAPy(T x X, X,p) = {f € BO(T x X, X) :

1 to+r
lim / 1t 2)|xp(D) AL = 0
t

r—oo m(r, P, tO) o—"r

uniformly for x € X, where r € II, t; € ’]I'}.

Remark 4.10. If p(t) =1, ty = 0 € T, then PAPR(T, X, p) and PAP(T x X, X, p)
are reduced to ergodic spaces PAPy(T, X ) and PAPy(T x X, X) respectively, which

are defined as
1 I8
PAPR(T, X) = {f € BO(T, X) : lim 27/ If(@)]|At = 0}
and

1 T
PAR (T x X, X) = {fEBC(TxX,X):lim 2—/ | f(t,x)||At = 0,
r—oo 2T J_,.
uniformly for x € X }

Definition 4.11. A function f : T — X is called pseudo almost periodic, if f = g+ ¢
where g € AP(T, X) and ¢ € PAPy(T, X).

We denote the set of all such functions by PAP(T, X).

Definition 4.12. A function f : T x X — X is called pseudo almost periodic, if
f =g+ ¢ where g € AP(T x X, X) and ¢ € PAP,(T x X, X).

We denote the set of all such functions by PAP(T x X, X).

Definition 4.13. Let p € U,,. A function f € BC(T, X) is called weighted pseudo
almost periodic, if f = g+ ¢ where g € AP(T, X) and ¢ € PAP,(T, X, p).

We denote the set all such functions by WPAP(T x X, X, p).

Definition 4.14. Let p € U,. A function f € BC(T x X, X) is called weighted
pseudo almost periodic, if f = g + ¢ where g € AP(T x X, X) and ¢ € PAP,(T x
X, X, p).
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We denote the set all such functions by WPAP(T x X, X, p). Since the space
WPAP(T x X, X) is a particular case of the space WPAA(T x X, X) (i.e., the
weighted pseudo almost periodic functions on time scales are a particular case of
the weighted pseudo almost automorphic functions on time scales) and some of the

results in Uy are also true for U,,, Theorems 4.15-4.18 can be deduced directly from
Ref. [24].

Theorem 4.15. Let p € Uy, be fizred. Then the decomposition of a weighted pseudo
almost periodic function f = g+ ¢ where g € AP(T,X) and ¢ € PAPy(T, X, p) is

unique.
Theorem 4.16. If p € Uy, then (WPAP(T, X, p),| - ||o) s a Banach space.
Theorem 4.17. If f € WPAP(T, X, p), then f(t) is bounded on T.

Theorem 4.18. If f € WPAP(T x X, X, p), then f(t,z) is bounded on T x D; here
D s any compact subset of X.

Following the definition of A-measurability in Ref. [25], we introduce the following

concept:

Definition 4.19. A closed subset C' of T is said to be a weighted ergodic zero set in
T if
,UA(Cﬂ ([to —’f’,to —l—r] ﬂT))
m(r, Ps tO)

— 0 asr — oo, where ty € T.

Using this concept the following Theorems 4.20—4.24 directly follow from Ref. [24].

Theorem 4.20. A function ¢ € PAPy(T x X, X, p) if and only if for e > 0, the set
C.={teT:|¢(t,x)|] > e} is a weighted ergodic zero subset in T.

Theorem 4.21. If p € Uy, then the following hold:

(i): A function ¢ € PAPY(T x D, X, p) if and only if ||¢(t,z)||> € PAP(T x
D,R,p); here D is any compact subset of X.
(ii): ¢ € PAP)(Tx X, X, p) if and only if the norm function ||¢(-, x)|| € PAP(T x

X,R, p).
Theorem 4.22. If f € WPAP(T x X, X, p) and g is its almost periodic component,
then
g(T x D) C f(T x D)
and

o> gl > inf ¢, > inf t ,
Flle = lglle = inf gt @)l = inf £ )]l

where f(T x D) denotes the value field of f on T x D, f(T x D) denotes the closure

of f(T x D) and is the same as g(T x D); here D is an arbitrary compact subset of
X.
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Theorem 4.23. If f € WPAP(T x X, X, p) satisfy the Lipschitz condition
1f(t2) = f(Ey)llx < Lelle —yllx, for allz,y € X, t €T,
then ¢o € WPAP(T, X, p) implies f(-, ¢o(-)) € WPAP(T, X, p).
Theorem 4.24. Assume that f,g € WPAP(T, X, p), then f+g, f-g € WPAP(T, X, p).

In what follows, we will consider linear abstract differential equations on time

scales which are based on the I[I-semigroup introduced in Section 3.

Suppose that X (¢) is the fundamental solution of the linear system:
(4.1) z® = Az,

where A is the infinitesimal generator of a [I-semigroup that satisfies all the conditions
in Theorem 3.18 and z: T — X.

Now following Ref. [22], we introduce the following definition:

Definition 4.25. Eq. (4.1) is said to admit exponential dichotomy if there is a pro-
jection P and positive numbers o > 0 and 3 > 1 such that

(4.2) IX®)PX " (s)l|px) < Becalt,s), t = s,

(4.3) IX (O = P)X(3)]|n0x) < Becals,t). s >t

Let F': T — X and consider the system
(4.4) o™ = Az + F(t).
In view of Definition 4.1 and Theorem 4.19 in Ref. [15], we state the following theorem:

Theorem 4.26. Let A be the infinitesimal generator of a Il-semigroup and all the
conditions in Theorem 3.18 are satisfied, and F(t) is almost periodic. If (4.1) admits
an exponential dichotomy, then (4.4) has a unique almost periodic solution

x(t) = /_ X(t)PX " (o(s))F(s)As — h X(t)(I = P)X " (o(s))F(s)As,

t

where X (t) is the fundamental solution of (4.1).

From Theorem 4.26, the following corollary follows immediately.

Corollary 4.4. Suppose (4.1) admits exponential dichotomy, that is, there exist con-
stants a > 0, f > 1 such that (4.2) and (4.3) hold. Then for each almost periodic
function F(t), both ffoo X()PX(o(s))F(s)As and [~ X (t)(I-P)X '(o(s))F(s)As
are almost periodic.
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5. APPLICATIONS TO NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATIONS ON TIME SCALES

Qualitative analysis such as periodicity, almost periodicity, and stability of func-
tional differential equations was studied by many researchers (see [26, 27, 28, 29, 30,
31] and the references cited therein). In [28], Islam and Raffoul examined the periodic

solutions of a nonlinear neutral equations of the form
dx(t d
6. PO Al + LRl - g(0) + Clt.a(0).alt - a(1).

where A(t) is a nonsingular n X n matrix with continuous real-valued functions as
its elements, and the functions F' : R x R” — R™ and G : R x R” x R" — R" are

continuous in their respective arguments. In [30], Abbas and Bahuguna discussed the

almost periodic solutions of (5.1) when A(t) is almost periodic and F'(t,u), G(t,u,v)

are almost periodic. They assumed that

(A1): The family {A(¢),t € R} of operators in X generates an exponential stable
evolution system {U(t, s),t > s}.

(A2): {U(t,s),t > s}, satisfies the condition that, for each ¢ > 0, there exists a
number [, > 0 such that each interval of length [. contains a number 7 with the

property that
Ut +7,5+7) — Ut s) | px) < Me™ 3¢ %)e.

Motivated by these works in this section we provide sufficient conditions which
ensure the existence and uniqueness of weighted pseudo almost periodic solutions of

the following system of neutral differential equations:
(5.2) 22(t) = Ax(t) + F2(t,x(t — (1)) + G(t, x(t),z(t — g(t))), t € T,

where T is an invariant under translations time scale and A is the infinitesimal genera-
tor of a II-semigroup that satisfies all the conditions in Theorem 3.18, F': Tx X — X
is almost periodic in ¢ uniformly for x € X, G : T x X x X — X is almost periodic in
t uniformly for (z,y) € X x X, g: T — II. Using the properties of weighted pseudo
almost periodic functions in the previous sections and the exponential dichotomy of
a linear differential equations together with Krasnoselskii’s fixed point theorem, we
obtain conditions that guarantee the existence of weighted pseudo almost periodic
solutions of (5.2).

Lemma 5.1 ([20]). Let M be a closed convexr nonempty subset of X. Suppose that B
and C map M into X such that

(1): x, y € M implies Bx + Cy € M,
(ii): C is continuous and CM is contained in a compact set,

(1ii): B is a contraction mapping.
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Then there exists z € M with z = Bz + Cz.

With respect to (5.2), we shall assume the following conditions:

(Hy): There exist positive numbers Lg, Lg such that for each z;, y; € X, i = 1,2,
and all t € T,

(5.3) |F(t,21) — F(t,22)||x < Lr|lvs — 2| x

and

(5.4) 1G(t 21, 91) = Gt 2, 99)lx < La([lan = zallx + [lyr = 2]l x);

(Hs): A is the infinitesimal generator of the II-semigroup and all the conditions in
Theorem 3.18 are satisfied, and F' € WPAP(T x X, X, p) and G € WPAP(T x
X x X, X, p);

(Hs): Eq. (4.1) admits exponential dichotomy, that is, there exists constants o >
0, 8 > 1, such that (4.2) and (4.3) hold.

(Hy): The weight p: T — (0, 00) is continuous and

p(s + 1)
p(s)

< 00, limsup [

r—00

m@+7miw]

1
i [ m(r, P tO)

§—00

for every T € 11, ty € T.

Lemma 5.2. Under the condition (Hy), the space PAPy(T, X, p) is translation in-
variant, that is, for each ¢ € PAPy(T, X, p) and u € 1, we have t — ¢(t — u) €
PAPRy(T, X, p).

Proof. Let ¢ € PAPy(T, X, p). Then for each u € I, u > 0, we have

1 to+r
m(r, p,to) - A
0% s [ ot = st
1 to+r—u
= poto) A
nﬂn@%)[;%ﬂ|WUWXMt+u)t
1 to+r+u
= m(r, pr to) A
m(r, p, to) (/to_r_u o)l xp(t + u)At
to+r+u
[ Hotwlente + woe)

1 to+r+u
/t 16(6)lxp(t + WAt

- m(r, P tO) 0o—r—u
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and for each u € II, u < 0, we have

1 to+r
ETEa ) / ot = u)lxp(t) At

1 to+r—u

a m/to_r_u [t xp(t +u)At
1 to+r—u

—m(r, p,to) </t0_r+u ()| xp(t +u)At

_/0 ||¢(t)!|xp(t+u)m)
to—r+u

to+r—u
L [ oot < wa

- m(r, Ps tO) o—T+u
Thus it follows that
1 to+r 1 to+r+|ul
< - ot —u ptAtgif o) || xp(t + u)At.
Now from condition (H4) and the fact that ¢ € PAP(T, X, p), we find
1 to+r+|ul
limif o(t)||xp(t + u)At
r—00 m(r>p>t0) to—r—|ul || ()HX ( )
to+r+|ul
BT VST N S
L m(r, P tO) p(gu) m(r + ‘u‘vpv tO) t
where &, € (to —r — |ul, to + 7 + |u|)r.

(B[ xp(t)AL = 0,

o—r—]ul

Hence, we have

1 to+r
fm — - / 16(t — u)llxp(t)At = 0,
t

e m(r, Ps t()) 0—T

that is, t — ¢(t —u) € PAPy(T, X, p). Therefore, the space PAP,(T, X, p) is trans-

lation invariant. This completes the proof. O

To prove our results, we define a mapping ® as follows
t
(Pu)(t) = F(t,ut—g(t))) +/ X(t)PX " (o(s))G(s,u(s),u(s — g(s)))As

— /too X(t)(I = P)X ' (o(s))G(s,u(s), u(s — g(s)))As,
where X (t) is the fundamental solution of (4.1).

Lemma 5.3. The operator ®u is weighted pseudo almost periodic if u is weighted

pseudo almost periodic.

Proof. Let u(t) be weighted pseudo almost periodic. Now from (H;), (H,), Theo-
rem 4.23 and Lemma 5.2, it is clear that F'(t, u(t — g(¢))) and G (¢, u(t), u(t — g(?)))

are also weighted pseudo almost periodic.
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Now we will show that Hy(¢ f X(t)PX 7 (o(s))G(s,u(s),u(s — g(s)))As
is weighted pseudo almost perlodlc. Let
G(t ut),u(t —g(t)) = G1(t) + (1),
where Gy € AP(T, X) and ¢ € PAPy(T, X, p). Then

/ Xt Px! ())Gl(S)AS—l—/_ X(t)PX " (o(s))e(s)As.

Since G (t) is almost periodic, it follows from Corollary 4.4 that [*__ X (t)PX ' (o(s))x
G1(s)As is almost periodic

Let h(t f X(t “Ho(s))p(s)As. In order to show Hy € WPAP(T, X, p),
we only need to show that h € PAPy(T, X, p), that is

1 to+r
lim 7/ 1B e p(B) AL = 0.
2

e m(n Ps tO) 0—T

It follows from (H3) and e, (t, 0(s)) < 1 for ¢t > s that

[ IO lxpt)Al

m(fr? P, tO) to—r

<L / PO / Beca(t, o(5))[6(s)l|x As

m(fr? Py tO) o—T

ﬁ to+r t
W/ p0at [ Jos)lxas

o /6 o0 to+r
— il [T [ oot - s

Now from (H,) and Lemma 5.2, PAP(T, X, p) translation invariant, we find that
t — ¢(t —u) € PAPR(T, X, p) for each u € TI. Thus we have

IN

1 to+r
lim — / ()|t — u)|x At =0,
t

e m(r, 2 t()) 0—T

for each uw € II. This implies that

1 to+r
lim — / 1) lxp(H) At =0,

=00 m(r,p,to) to—r

that is, h € PAPy(T, X, p), and hence H; € WPAP(T, X, p).
Finally, let

- /t T X~ P)X (o)) G s, u(s),uls — g(5)) s

In a similar way we see that Hy € WPAP(T, X, p). Thus from Theorem 4.24, we find
that du € WPAP(T, X, p) for u € WPAP(T, X, p). This completes the proof. [
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Next we will apply Krasnoselskii’s fixed point theorem. Let

(Pu)(t) = (Bu)(t) + (Cu)(?)
where B,C : WPAP(T, X, p) — WPAP(T, X, p) are given by
(5.5) (Bu)(t) = F(t,u(t — g(t)))
and

= /t X(t)Pxt (a(s))G(s,u(s),u(s — g(s)))As
(5.6) — /OO X(t)(I—P)X ' (o(s))G(s,u(s),u(s — g(s)))As.
t

Lemma 5.4. The operator B is contraction provided Lp < 1.
Proof. From (5.3), we have

1B(6(t)) = B(v®) |, = [|F(tot—g(t) — F(t, ot —gt)|
< Lello(t—gt) =t —g)|ly < Lello — ¢

Since Lr < 1, B is contraction. This completes the proof. O

Lemma 5.5. The operator C' is continuous and the image CD is contained in a
compact set, where D = {u € WPAP(T, X, p) : ||u]|co <k}, and k is a fized constant.

Proof. Clearly, we have
|(Cu)(t)||x < /_ HX(t)PX_l(U(s))HB(X)HG(s,u(s),u(s—g(s)))HXAs

+/too HX(t)(I — P)X_1(0(8)>HB(X)HG(S,U(S),U(S - g(s)))HXAS

Thus, we obtain

[Ca)O)leo < G CuC)ul—a(D)]|., ( / [XPX (0(5) 5
/HX = PIX (6D 20
< G (out)ul-— g D). ( / ecalto(s))

"

(5.7 - ﬁ(———)HG( )ul-— g())|

«
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To see that C' is continuous, we let u, v € AP(T,X). Given ¢ > 0, take 0 =
5

2Laf (% — 25)
[(Cu)(t) — (Cv)(t)x

< [ IX@OPX )]y | G5, s — 9(5))
— G5, v(5), (s — 9(5))) |y As
+ [ IO = PIX (006) |y |6 ), s = (5)
— G(s.v(5), (s — 9(5))) |y As
< [ Becult-ots)) (aluts) — v(s)lx
+ Lel[u(s - @D— (s = 9(s) ][ y)As
+ [ Becalo(e).t) (Leluls) — v(s) s
+ Lel[u(s - @D— (s = 9(s) [ y)As

< 2Ll — ol [ decalto)as+ [ ecalols).0)25)

Then we have

1 1
—2269( 5 - 2 )= vl <
whenever ||[u—v|| < 0. This proves that C' is continuous. ForD = {u € WPAP(T, X) :
|u|loo < k}, to show that the image C'D is contained in a compact set, let {u,} be a

sequence in D. In view of (5.4), we have
|Gt u),v®)], < |Gt u),v(t) —G(t0,0)], + IG(£0,0)|x
La([[u(®)llx + lv@®)llx) +a < La([Julle + [[v]lec) + a
(5.8) < Lg(2k +a),
(5.7) and (5.8), we find

IA

where a = ||G(¢,0,0)||x. From
1 1

(59) [Culls < L2k +a)3( % - - ) ==

Next, we calculate (Cu,)>(t) and show that it is uniformly bounded. Clearly,

(Cun)2(t) = A(Cup)(t) + G(t, un(t), un(t — g(t))).

Since A is a bounded operator, there exists a positive constant K such that ||A|| < K.
This, when combined with (5.8) and (5.9) implies

1(Cun)®|oe < KL + Le(2k 4 a).

Thus the sequence {(Cu,)(t)} is uniformly bounded and equi-continuous. Hence, by
the Ascoli-Arzela Theorem, CD is compact. The completes the proof. O
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Theorem 5.6. Suppose that (Hy)—(Hy4) hold, b = ||F(t,0)]|e and a = ||G(t,0,0)| -

If there exists a constant k, such that

(5.10) LFk;+b+ﬂ< ! )LG(2k+a) <k,

1

a oo
where «, 3 are constants given in (4.2) and (4.3), then (5.2) has a weighted pseudo
almost periodic solution in Ml = {u € WPAP(T, X, p) : |lu|]| < k}.

Proof. Note that condition (5.10) implies that Ly < 1. Thus in view of Lemma 5.4
the mapping B defined by (5.5) is contraction. The mapping C' defined by (5.6) is
continuous by Lemma 5.5 and C'M is contained in a compact set. Now, for u, v € M,

we have

[(Bu)(t) + (Cv)(t) x
< ||F(t,u(t —g(t)) = F(t,0)|| + | F(t,0)]Ix

+ / [XOPX ()| |G (5, 5), v(s — () [ ¢ A
+ /too HX(t)(I - P)X_l(a(s)) HB(X)HG(S,U(S),U<S —g(s))) HXAS

1

1

a  Sa
Thus Bu + Cv € M. Therefore all the conditions of Krasnoselskii’'s theorem are
satisfied, and as a consequence there exists a fixed point z € M such that z = Bz+C'z,
i.e., (5.2) has a weighted pseudo almost periodic solution in M. This completes the

proof. O

Theorem 5.7. Suppose that (Hy)—(Hy4) hold. Further, suppose that

1

1
5.11 L 2L ——— | <1
( ) Pt Gﬁ(a @a)

Then (5.2) has a unique weighted pseudo almost periodic solution.

Proof. 1t follows from Lemma 5.3 that ®u maps WPAP(T, X, p) to WPAP(T, X, p).
Thus for u, v € WPAP(T, X, p), we have

1Bu(t) — du(t)][x < Lp||u—v||oo+/_ X PX(0(5)) || o 2Le lu — vl

—AWquxf—me%dgﬂbwghﬂu—muAs

1 1
< [ee+2zos(2 - 2 bl
a S
Since L +2Lgﬂ(é — i) < 1, ® is a contractive mapping. Therefore, ® has a unique

fixed point u* € WPAP(T, X, p). We conclude that u*(¢) is the unique weighted
pseudo almost periodic solution of (5.2). This completes the proof. O
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An example. Let p(t) = 14 t* +to(t) + o*(t), and let T be an invariant under
translations time scale. For this p(t), we have

m(r,p) = /T [1+ ¢ +to(t) + o*(t)| At

-r

_ / (14814 (t+o(t)o(t)] At

-Tr
T

= / [1+t2'1+(t2)A0’(t)}At=/ [1+ (£)2] At = 2(r +1%).

Thus condition (Hy) holds. Now consider the following perturbed differential equa-

tions for small €; and €5 on T :

(5.12) ot = Ax + F2(tz(t — g(t)) + G(t, x(t), z(t — g(t))), t € TT,

T . -5 0
IZ(:@)’ A_<O _5>, and u(t) #

F(t,2(t — g(t))) = ( 0 )

e1(sint + sin /2t + ecs(t, 0))22(t — g(t))

where

Y

ot =

and

0
G(t,x(t),z(t —g(t))) = )
(t,2(t), 2(t = 9(1))) (@(cost + cos V2t + egs(t,0)) — 52x%(t)x2(t)>
It is clear that sin ¢+ sin v/2t and cost+ cos v/2t are almost periodic, and by Theorem
1.120 in Ref. [1][L’Hopital’s Rule], we find that lim —£%- — 0. Thus, egs(t, 0)p(t) is

t—+00 eg(t,o) -

bounded, and hence we have

. 1 " : 1 "
lim 7/ eos(t,0)p(t)At = lim m/ e_3(t,0)p(t)At = 0.

r=com(r, p) J_, reo 2 —r
Thus F € WPAP(T x R?2,R? p) and G € (T x R? x R? R?, p).
Obviously, I + u(t)A is invertible for all T, so A € R. We claim that 22 = Ax
admits an exponential dichotomy. In fact, the eigenvalues of the coefficient matrix A

are \; = Ay = —5, and thus in Theorem 5.35 (Putzer Algorithm) in Ref. [1], the P

matrices are given by

1 0 0 0
Py=1= d PP=(A-—\N1)Py,=A4+5] = .
0 (O 1) an 1 ( 1)0 (0 0)

We choose
TIA:—57’1, Tl(to): 1 and 7"2A:7’1—57’2, 7‘2(150):0.
Solving the first IVP for r; we get m = e_5(t,tg). Solving the second IVP, i.e.,

7‘2A = —57’2 + 6_5(t7 t0)7 T2(t0) = 0’
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ro = e (tt)/tL
2 —5\4 0 o 1—5IU(S)

Now using Theorem 5.35 (Putzer Algorithm) in Ref. [1], we get

we obtain

01

e_s5(t,to) ((1) (1)> eo—5(8,to) ((1) (1]> H < ﬂe@%(t, s).

Thus we can take f = V2, a = g so that 22 = Az admits an exponential dichotomy.
Define M = {u € WPAP(T,R? p) : |lul| < k}, where k is a fixed constant. For

2(t) = (21(t), 22(t)), y(t) = (y1(), (1)) € M, we have
| F(t,21(t = g(1)) = F(t, xa(t — g(t))) || < 6e1k|lz1 — 25,
|G (t,21(8), 91 (t = 9(1))) = Gt 22(t), 4t — g(t)))]] < 2k®||a1 — .
Thus if we take Ly = 6e1k, Lg = e3k%, B =2, a = g then (5.10) holds. Therefore,

with these choices the conditions of Theorem 5.6 are satisfied. In conclusion, (5.12)

10
ealt,to) = ri(t) o + ra(t) Pr = e_5(t, o) < ) :
Thus,

IX (O PX(s)] =

has a weighted pseudo almost periodic solution in M.

Moreover, for each positive number k, if €1, e9 are small enough such that
1 1 44 5u(t
LF + 2Lgﬂ (— — —) = 681]{3 + Qﬁgkzﬂw < 1,
o O )

then (5.12) has a unique weighted pseudo almost periodic solution in M.
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