Dynamic Systems and Applications 25 (2016) 29-38

SPECTRAL ANALYSIS OF A MATRIX-VALUED
QUANTUM-DIFFERENCE OPERATOR

YELDA AYGAR AND MARTIN J. BOHNER

Ankara University, Faculty of Science, Department of Mathematics, 06100
Ankara, Turkey yaygar@science.ankara.edu.tr
Missouri S& T, Department of Mathematics and Statistics
Rolla, MO 65409-0020 USA bohner@mst.edu

ABSTRACT. The aim of this work is to find a polynomial-type Jost solution of a self adjoint
matrix-valued g¢-difference equation of second order and investigate the spectral properties of the
operator L generated by this ¢-difference expression by using asymptotic behavior of the Jost solu-

tion.
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1. INTRODUCTION

In recent years, quantum calculus which appeared as a connection between math-
ematics and physics has led to rapid development of the theory of ¢-difference equa-
tions. It arose interest due to high demand of mathematics that models quantum
competing. The study of g-difference equations has become an important area of
research because of the fact that such equations occur in a variety of real-world prob-
lems. Quantum difference operators have an interest role due to their applications
in several mathematical areas such as number theory, orthogonal polynomials, math-
ematical control theories, combinatorics, basic hyper-geometric functions and other
sciences of quantum theory such as mechanics and the theory of relativity. Several
problems of g-difference equations have been treated by various authors [13,15,16].
g-analogues of some well-known definitions and theorems of ordinary calculus have
been given in [12]. It has been shown that quantum calculus is a subfield of a more
general mathematical field of time scales calculus. Some useful generalizations and

important results were given for dynamic equations on arbitrary time scales, which
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contain ¢-difference equations as a special case in [7,8]|. Also, spectral analysis of
non-selfadjoint ¢-difference equations has been investigated in [1, 2,5, 6] using the
analytical properties of the Jost solutions. But spectral analysis of matrix-valued
g-difference equations including a polynomial type Jost solution has not been investi-
gated yet. For related results concerning standard Jacobi matrix theory, we refer the
reader to [9,10].

Hereafter, we are concerned with a specific time scale called the g-time scale
defined as follows:
= {¢" :n e Ny},
where ¢ > 1 and Ny denotes the set of nonnegative integers. Let us introduce the

Hilbert space f5(q", C™) consisting of all vector sequences

y={yt)eC™:teq"}

2. 1u(t) < oo with the inner product

(W, 2)g =Y (y(t), 2())em (1),

teg

such that >, v [ly(?)]

where C™ is m-dimensional (m < oo) Euclidean space and u(t) = (¢ — 1)t for all
t €V || |lcn and (-,-)cm denote the norm and inner product in C™, respectively.
Furthermore, we denote by L the g-difference operator generated in £5(g", C™) by the

g-difference expression
(0 =aa0utan + Bowo + A (L) (1). red

and the boundary condition y(1) = 0, where A(t), t € ¢"° and B(t), t € ¢" are linear
operators (matrices) acting in C™. Throughout the paper, we will assume that A(¢)
is invertible, A(t) = A*(t) for all t € ¢"° and B(t) = B*(t) for all t € ¢", where x
denotes the adjoint operator. Note that we can also define the operator L using the

infinite matrix
B(q) qA(g) 0 0 0

Alq) B(¢®) dA(¢®) 0 0

/= 0  A(¢®) B(¢*) dqA@*) 0

where 0 is the zero operator in C™. It is clear that L is self adjoint in £5(¢",C™).
Related to the operator L, we will consider the matrix ¢-difference equation of second
order

(L.1) dAWDy(at) + B(t)y(t) + A (t) y (f]) “ (), ted

q

The paper is organized as follows: In Section 2, we find a polynomial-type Jost

solution of (1.1) and investigate analytical properties and asymptotic behavior of this
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solution. In Section 3, we get that the continuous spectrum of L is [-2,/g, 2,/q], and
L has at most finitely many simple real eigenvalues. The purpose of this paper is
to extend some results for matrix difference equation obtained in [4] to the case of

g-difference equations.

2. JOST SOLUTION OF (ly)(t) = Ay(¢)

We assume that the matrix sequences {A(t)} and {B(t)}, t € ¢~ satisfy

(2.1) > =A@+ IB@)]) < oo,
tegh
where | - || denotes the matrix norm in C™ and [ is the identity matrix. Let E(-, z)

denote the bounded matrix solution of the equation
t

t
22 aaa+ 5w 4 (5 y (L) = Vit ., ted
satisfying the condition
(2.3) Jim E(t,z)z wa\/ut) =1, z€Dy={z€C:|z|=1}.

The solution E(-, z) is called the Jost solution of (2.2). The following theorem estab-

lishes the existence of the Jost solution under the condition (2.1).

Theorem 2.1. Assume (2.1). Let the solution E(-,z) be the Jost solution of (2.2).
Then E(-, z) exists and is given by

Int Ins—Int Int—Ins

Zlnq z Ing — 2z Ing
2.4 E(t, z) = I+ H
(24) W=l Y o )

s€[qt,00)NgN

where
H(s) = [1 Y (2)} E <§ z) — B(s)E(s, 2) + qlI — A(s)|E(gs, 2).
Proof. From (2.2), we get that

(2.5) E (2) +qE(qt) — /q(z + 27 E(t) = H(2).

Int _Int

Since 222 [ and 2227 are linearly independent solutions of the homogeneous equa-
NZG NGO Y ImAep 8 q

t
1) (—) +qF
q

(gt
we obtain the general solution of (2.5

tion
—a(z+2zE(t) =0,

\_/\_/

Int

o~

n
n

Zlnq Z_

Et, z) = a +

(2.6) lnieflnt lnfflns
zZ ma — z ng
H
,/ D )
sE[qt 00)NgN

Q
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by using the method of variation of parameters, where o and 3 are constants in C™.
Using (2.3) and (2.6), we find o = [ and § = 0. This shows E(t, z) satisfies (2.4).

Since the series in (2.4) is convergent under assumption (2.1), E(-, z) exists. O

Theorem 2.2. Assume (2.1). Then the Jost solution E(-,z), has a representation

Int

Zlnq Inr
I+ K(t,r)zla |, teg®
u(t) 2 K

T’Eq

where z € Dy, T(t) and K(t,r) are expressed in terms of {A(t)} and {B(t)}.

(2.7) E(t,2) = T(t)

Proof. Substituting E(-, z) defined by (2.7) into (2.2), we obtain

In gt In gt
2z Ing 2z Ing Inr
qA(t)T (qt) ——— + qA(t)T (qt) Z K(t,r)zma
p(qt) Vilat) 2=
lné lnf
m lnq nr
()7 () 7% +A<f) () % ()
4/ N Ju(?) 1 u( ;
Int
ZF Inr
= /q(z + 2 Ha(?) +q(z+ 2z Ha K(t,r)zma
V() \/ ezq

and

PE[t,00)Ng
K(t,Q):—% > T (p)B()T(p).
pElgt,00)NgN
K(t,qz):—\/ia S ) BETEE (P,
p€[gt,00)NgN
+ > T p) [I-A%(p)] T(p),
p€E[gt,00)NgN

K(t,rg®)=K(gt.r)+ Y T\ p)[I— A*(p)] T(p)K(qp.7)

pElgt,00)Ng"
1 —_
- X TOBOTEK.a)
pE(gt,00)Ng"

for r € ¢" and t € ¢"o. Due to the condition (2.1) the infinite product and the series

in K(t,r) are absolutely convergent. O

In the following, we will assume that the matrix sequences {A(¢)} and {B(t)},
t € ¢V satisfy
Int
Ing

tegh

(2.8) ¢ = AWI+IBOI) < o
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Theorem 2.3. Under the condition (2.8), the Jost solution E(-,z) has an analytic
continuation from Dy to {z € C: |z| < 1} \{0}.

Proof. By using induction and the equalities for K(¢,r) given in Theorem 2.2, we

obtain
(2.9) K ()| <C > (I =A@+ 11B®ID
pe {thQ]F—“TqJ ,oo) NgN
where Lzl?nrqj is the integer part of 21111an and C' > 0 is a constant. From (2.9), we get

that the series in (2.7) is absolutely convergent in D := {z € C: |z| < 1}\{0}. This
shows that E(-, z) has an analytic continuation from Dy to {z € C : |z| < 1} \{0}. O

Note that (2.8) implies (2.1). For the inequality (2.9), condition (2.1) is enough,

but for analytic continuation, we need condition (2.8).

Theorem 2.4. Under the condition (2.8), the Jost solution satisfies the following

asymptotic equation for z € D:

(2.10) E(t,2) =

Proof. Using the definition of T'(t), (2.8), and (2.9), we can write

(2.11) tlirgo Tt)=1
and
(2.12) ST K(tr)zwi =o(l), zeD, t— co.
reqh
From (2.7), (2.11), and (2.12), we get (2.10). O

3. CONTINUOUS AND DISCRETE SPECTRUM OF L

Let Ly and L; denote the g-difference operators generated in f5(¢", C™) by the

g-difference expressions
/
(loy)(t) = qy(qt) +y (5)

and

(hy)(H) = q[A(t) — I y(at) + BE)u(t) + [A (2) _ 1] , (t)

q
with the boundary condition y(1) = 0, respectively. It is clear that L = Ly + L.

Lemma 3.1. The operator Lg is self adjoint.
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Proof. For all y € l5(¢",C™), we can write

[Loylla < 2v/allylle,

so Ly is bounded in the Hilbert space f5(g",C™). Since

oy, 2)g = Y u(t) (oy(t), 2(1))em

teq
) t
= () (qy<qt> ru(1))
tegh 9
t *
= Zu <qz qt) + =z < )) y(t) = (¥, loz)q,
te q
q
Lo is a symmetric operator in lIy(¢", C™), i.e., Ly is self adjoint. a

It is easy to see that Ly has no eigenvalues, so the spectrum of the operator Ly
consists only of its continuous spectrum on the real axis. Since Ly is self adjoint and
bounded in the Hilbert space f5(g", C™), its spectrum is on the real axis and in the

interval [—n, N]|, where

n = | i”nf 1(Lou,u)q, N = sup (Lou,u),
ullg= lulla=1

for all u € l5(¢",C™) [14]. First, we find that n = —2,/¢g and N = 2,/q. Then we
get A\=N+r € p(Ly) and A =n —r € p(Ly), where r > 0, p(Ly) is resolvent set of
the operator Ly, i.e., p(Lg) = C\o(Ly) and o(Ly) is the spectrum of the operator Ly.
Finally, we obtain that +2,/q € 0(L¢). So we can write

o(Lo) = oc(Lo) = [-21/q,2+/4].

Another way of finding the continuous spectrum of the operator Lg is given in [1].

Theorem 3.2. Assume (2.8). Then o.(L) = [~2./q,2,/4].

Proof. From (2.8), it can be easily seen that L; is a compact operator in £y(g", C™).
Since L = Lo + Ly and Ly = L§, we get

0c(Lo) = 0e(L) = [-2v/4,2\/q]

from Weyl’s theorem of a compact perturbation [11, p. 13]. O

Since the operator L is self adjoint, the eigenvalues of L are real. Let a(z) :=
det E(1, z) for all z € D, where E(1,z) denotes the Jost function of L. From the

definition of the eigenvalues, we obtain that

oa(L)={ eR: A= /glz+2z""), 2€ (-1,00U(0,1), a(z) =0},
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where o4(L) denotes the set of all eigenvalues of L. o4q(L) and o.(L) are separated

sets, so we can write
oa(L) C (=00, —2/7) U (2/7, 0).

Definition 3.3. The multiplicity of a zero of the function a(z) is called the multi-

plicity of the corresponding eigenvalue of L.

Theorem 3.4. Assume (2.8). Then the operator L has at most finitely many simple

real eigenvalues.

Proof. Let Jl(k) and Jék) denote the matrices

B(q') if 1<i=j<k

“ q(Alqg") = 1) if j=i+1, 1<i<k
(J17)ij = 9 .
Al -1  if j=i—1, 2<i<k

0 otherwise,

B(q) if i=j>k+1
qA(q") if j=i4+1, i>k+1

Al@™Y  if j=i—1, i>k+1

(J2(k))w:
ql if 7=i4+1, 1<i<k+1
I if j=i—1, 2<i<k+1
0 otherwise.

\
It is clear that J = Jl(k) + Jz(k). We denote by Lgk) and Lék) self adjoint operators
generated in fy(¢",C™) by Jl(k) and Jék), respectively. Thus, we can write L =
Lgk) + L;k), and for sufficiently large £ the operator Lék) has no eigenvalues. Because
under the condition (2.8), A(¢*) — I, B(¢*) — 0 for k — oo, and the Jost solution

of the equation
k _
LYy = valz=+ ="y

satisfies

(3.1) E®(t, 2) = (I+0o(1), teqgb.

v u(t)

From the equation (3.1), we obtain E®)(1,2) = \/qITl +o(1), i.e,

det E®(1,2) #0,
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and this gives that L ) has no eigenvalues. Also L( has continuous spectrum filling
the segment [—2,/q, 2,/q] (see Theorem 3.2). On the other hand, the operator L™ isa
finite-dimensional self adjoint operator. From the theorem of decomposition of linear
operators [11, Theorem 12], we get that L has at most finitely many real eigenvalues.

If we obtain that the zeros of the function a(z) are simple, we will complete the proof.

Let zo be one of the zeros of a(z). Now we show that

d
a(2) | 0.

Hence a(zy) = det E(1, zg) = 0, there is a non-zero vector u such that E(1, zo)u = 0
(see [3]). As we know, E(t, z) is the Jost solution of (2.2), i.e.,

(32)  qA()E(qt,2) + BU)E(L, 2) + A (é) E G z) — Ji(z + 2 DE(, 2).

Differentiating (3.2) with respect to z, we have

(3.3) qA(t)%E(qt,z) + B(t)%E(t )+ A ( ) (iE (t z)

— V(= + z‘l)%E(t, )+ Va1l — 2 2)E(L, 2).

If we take the conjugate complex of (3.3), then we get

(3.4) q{%E(qt,z)rA*(t)jL{%E(t,z)rB*(t) [ ddZE (E,Z)TA* (2)
— VAEFE LB+

Multiplying (3.2) by [ E(t,2)]" on the left-hand side and (3.4) by E(t,2) on the
right-hand side, then subtracting the resulting equations, we obtain
d
A(t)E(qt, 2) — q

REE .

09 [ a()e() (] 4 ()
= Va|z+ 2 = )] Gl 2) - VAl = 21, 2),

where G(t,z) = [LE(t,z)]" E(t,2) and F(t,z) = E*(t,2)E(t, z). From (3.5), we get

* *

— E(qt, z)} A(t)E(t, 2)

[%E(Q,Z)}*A(l)E(l,z) - [%E(l,z)rA(l)E(q,z)
(3.6) =v4 [(2 +27) = (2 + 2‘1)} g TGt 2)

—\/_1—z qulnftl F(t,z2).

tegh
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If we write (3.6) for z = 2z, and u € f5(¢", C™), u # 0, then we obtain

(3.7) <A(1)E(q, 2)u, diZE(l, zo)u> =./q(1— zO_Q) Z q%fz_lﬂE(t, 20 )ul?.

tegh

Since 29 # 0 and || E(t, 20)ul|* # 0 for all ¢, we get
55) (4B 2 1B ) 0

by using (3.7). From (3.8), we obtain that L E(1,z2) |,, u # 0, that is, all zeros of

a(z) are simple. O

20
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