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1. Introduction

There have been many recent papers involving both the theory and applications
of stochastic differential inclusions and stochastic set-valued integral equations in
one-parameter case. Such studies have been mainly inspired by the theory of sto-
chastic controlled dynamic systems and appear as their generalizations (see [1]-[4],
6], [15], [19]-]24], [27], [30]-[38], [41]-[45], [48], [52] and references therein). Namely,
similarly as in the case of deterministic differential inclusions, stochastic inclusions
appear as generalizations of a family of stochastic equations which depend on control

parameters.

On the other hand as far as we know there are only few papers dealing with sto-

chastic integral inclusions driven by random fields (see [25], [26], [47]). Such inclusions
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have been considered only with respect to two-parameter Wiener process. Therefore,
in this paper we investigate stochastic integral inclusions driven by more general in-
tegrators i.e. two-parameter continuous increasing processes and two-parameter con-
tinuous martingales. We also consider their connections with set-valued stochastic
integral equations. Two-parameter set-valued stochastic integral equations driven by
martingales and their applications were recently studied in [39] and [40]. Both two-
parameter stochastic integral inclusions and set-valued integral equations reduce in
a single-valued case to some hyperbolic stochastic partial differential equations. In
particular, they include so called stochastic Goursat problem (see e.g. [5] and [14]).
Additionally, such stochastic inclusions and set-valued stochastic integral equations
can be treated as a generalizations of stochastic differential equations in the plane
which have a wide range of financial applications (see e.g. [10], [16], [17]). In our
study we apply similar methods that were used in a single-valued case for stochastic

equations in [28], [29] and in a multivalued case in [26].

The paper is organized as follows. In Section 2 we recall some basic notions
and facts from the theory of stochastic and set-valued analysis needed in the se-
quel. Throughout Section 3 we analyze existence and main topological properties
of solutions to stochastic integral inclusions. Next, in Section 4 we establish main
interrelation between solutions to stochastic integral inclusions and set-valued sto-
chastic integral equations driven by two-parameter martingales. Finally we present

some concluding remarks on our results.

2. Preliminaries

Let I x J = [0,5] x [0,7] denote the parameter set together with the partial
ordering (s,t) = (¢,t') & s < &, t < t'. Suppose that (€, F, {Fs,t}(s,t)esz’P) is a
complete filtered probability space, where {Fs,t}(& 1el0.5]x[0.7] 15 & family of sub-o-fields
of F satisfying the usual axioms (see [8] for details).

By LP¢ we will denote the space LP (Q, F, P; ]Rd), where p,d > 1. In particular,
for d = 1 we will write L? := LP'. Let us denote L2} := L*(Q,F,,, P;R?) for
(s,t) € I x J.

A stochastic process x : I x J x 2 — R? is said to be {F,}-adapted, if z,; : Q —
R? is an F, ;-measurable random vector for every fixed (s,t) € I x J. The process z is
called right-continuous, if for every (s,t) € [0,.5) x [0,7") one has (s’,tl%r—r}(s,t)xy’tl =Ty,

(5,)2(s",')
a.s. Moreover, z is said to be continuous, if ~lim gy = x,, a.s. for every (s,t) €

(s',t")—(s,t)
0,8) % [0,7) (ct. [8], [11)).
Definition 2.1 ([8]). A process M : I x J x 2 — R is L?>-martingale if
(1) M is {Fs}(, perx-adapted,
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(ii) E|M,4|* < oo for all (s,t) € I x J,
(ili) E{My v |Fs;} = M, as. for all (s,t),(s',t') € I x J, where (s,t) < (s,t').

We say that the process z : I x J x ) — R? vanishes on the axes, if Totr = Ts0 =0
for all s € I, t € J. It is denoted as 0z = 0. By Aji,gt/ () we denote the increment of

x over the rectangle (s, s'] x (t,t] i.e.
Az:itl (,’L‘) = xs’,t’ — xs’,t — Tsy + Ls,t-
Definition 2.2 ([8]). A process A: 1 x J x Q — R is increasing if

(i) A is right-continuous and {Fy.} , . c;, -adapted,
(i) 0A =0,
(iii) Ag:{f’ (A) > 0 for each rectangle (s,s'] x (¢t,¢] C I x J P-a.e.

Denote by P the o-field of {Fy} , ¢, -predictable elements in I x .J x 2. More
precisely, P is a o-field generated by the family

R ={(s,8] x (t,t']| x F: F €Fgyy,(s,t) X (s, 1), (s,1),(s,¢') el x J}
U{{0} x (t,t'] x F: F € Fo,t <t t,t' €I}
U{(s,s']| x {0} x F: F €Fsp,8<5,s,8€J}
U{{0} x {0} x F': F € Fy,}.
Then P C BT, where B := B(I x J) is the Borel o-field of subsets of I x J.
A stochastic process = : I x J x Q — R? is said to be predictable, if z is P-

measurable.
Let (X, ||-][¢x) be a separable Banach space. Denote by IC.(X) the family of all

nonempty closed and convex subsets of X. By K%(X) we shall denote those elements
in /C.(X), which are also bounded. The Hausdorff metric Hx in IC.(X) is defined by

Hy(B, C) = max {Hx(B,C), Hx(C, B)},
where Hy(B,C) = sup distx (b, C) = sup 122 b — c||x (see e.g. [13] for details).
beB ¢

beB

For B,C, D, E € K%(X) it holds (see [13])

(2.1) Hx (B+C,D+ FE) < Hx(B,D) + Hx (C, E)
and
(2.2) Hx (B+ D,C+ D)= Hx (B,(C),

where B 4+ C = {b+c:be B,c € C} denotes the Minkowski sum of B and C.
Moreover, by B©S C we denote the Hukuhara difference (if it exists) of B, C' € K5(X),
i.e. the set D € K%(X) such that B = C' + D. By co (C) we denote the convex hull of
the set C' C X i.e. an intersection of all convex subsets of X containing C'. Similarly,
co (C') denotes the closed convex hull of the set C'.
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The space (K.(X), Hx) is complete and (ICIC’(X), HX) is its a closed subspace.
Let (U,U, i) be a measure space. A set-valued mapping (multifunction) F : U —

K%(X) is said to be U-measurable (or measurable), if it satisfies
{ueU:F(uynC # 0} € U for every closed set C' C X.

A measurable multifunction F : U — K%X) is said to be LP-integrally bounded
(p = 1), if there exists h € LP(U,U, 1; Ry ) such that |[F||y < h p-a.e., where

[[4]lx = Hx(4,{0}) = sup Jlally; for A Ke(X).

Then F is LP-integrally bounded if and only if ||F||y € LP(U,U, p;Ry) (see [12]).

In order to consider a stochastic integral inclusion driven by a two-parameter
increasing process A and a two-parameter L?-martingale M we recall the main prop-
erties of set-valued functional stochastic integrals. Similarly as in [39] for the process

A one can define a measure v4 on the measurable space (I x J x Q,P) as follows
(2.3) vy (C):=E {/ Io (w,s,t) Agr (w) dA&t(w)} for C' e P,
IxJ

where dA;(w) is a random measure on the measurable space (I x .J, B) generated by

the trajectory of A.

Hence vy (I x J x Q) = EA% 1 and vy is finite if and only if EAS ; < oo. We will
assume this property throughout the paper. Let

L5 (va) == L3I x J x Q,P,va; RY).

The set-valued mapping F : [ x J x Q — K2(R?) is called a two-parameter predictable
set-valued process, if it is P-measurable in the sense of the set-valued analysis. It is

called L%d(VA)—integrally bounded, if
[|F||ga € L*(I x J x Q,P,va;Ry).

For such a mapping F', by Kuratowski and Ryll-Nardzewski Measurable Selection

Theorem (cf. [18]), the set of its predictable and square integrable selections
S2(Fva) = {f € L3 va): f € F vs-a.e.}
is nonempty.

Definition 2.3 ([39]). By the two-parameter set-valued functional stochastic integral

of F', driven by a two-parameter increasing process A, we mean the set

/ FrodAy, == { / FundAuy : f € SA(F, I/A)}
[s,s"]x[t,t'] [s,s"]x[t,t"]

for every (s,t), (s',t') € I x J, where (s,t) = (s, t').
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Due to the Cauchy-Schwarz inequality we obtain

2.4 Bl w3 < [ 2,d
(2.4) [ o FeotAualo < [
for every (s,t), (s',t') € I x J such that (s,t) < (s/,¢') and every f € S3(F,va).

Theorem 2.4 ([39)). Let F : I x J x Q — KU(R?) be a predictable and L3 (v4)-

integrally bounded set-valued stochastic process. Then

(i) SA(F,va) is a nonempty, closed, bounded, convez, P-decomposable and weakly
2.d
compact subset of Ly (va),
(ii) Jis.sx 0] FuwdAuw is a nonempty, closed, bounded, conver and weakly compact
subsets of Li}i, for every (s,t), (s',t') € I x J and (s,t) 2 (s, t').

Theorem 2.5 ([39]). Let F,G : I x J x Q — KYR?) be predictable and L3 (v4)-

integrally bounded set-valued stochastic processes. Then

H ( / Fyod Ay, GwvdAu,U) </ H24(F,G)dv,
[s,s"]x[t,t"] [s,s']x[t,t'] [s,s"]x[t,t']x Q2
for every (s,t),(s',t') € I x J, where (s,t) < (s',1).

Theorem 2.6 ([39]). Suppose that A is a continuous increasing process on I x J. Let
F:IxJxQ— KURY) be a predictable and L3 (v4)-integrally bounded set-valued

stochastic process. Then the correspondence

I xJ> (st)— / Fu,dA,, € ’CS(LM)

[0,s]x[0,¢]

s a continuous set-valued mapping with respect to the metric Hy2.a.

Below we also recall the notion of set-valued functional stochastic integral with
respect to a two-parameter L*-martingale M with M = 0. Similarly as in [39] we

will consider Doléan’s measure on a o-field P defined as follows

(2.5) par (€ =B [ Te(uu,)d (), ()} for CeP,

where (M) denotes a quadratic variation process of M (see [8]). Let
L3 (par) == L(1 X J x Q, P, par; RY).

Then for every g € L%d(u a) one can define the stochastic integral with respect to M
(see [8] for details). This integral has the following isometry property.

Theorem 2.7 (Theorem 2.2 [8]). Let g € L3 (jupr). Then

26 B[ Ml B[ e, ]

[s,s"]x[t,t"] ,8' X[t

= 191l dpoas

[s,8']x[t,t/]xQ

for every (s,t), (s',t') € I x J such that (s,t) < (s',t').
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The integral process ( Jo,51x[0.4 gdew) is a right-continuous d-dimensional

(s,t)elxJ
L*-martingale (cf. [8]). Consequently by (2.6) and Doob’s martingale inequality we

obtain

en (w1 ) <16 [ loledi

(s,t)eIxJ  /[0,8]x IxJxQ

For G : I x J x Q — KY(R?) being a predictable and L3(ju5r)-integrally bounded

set-valued stochastic process, let

S2(G,py) = {9 € L3 (unr) - g € G ppr-ace.}.

Similarly as earlier, since G : I x J x Q — KY(R?) is L2 )-integrally bounded, it
follows that SA(G, ) # 0.

Definition 2.8 ([39]). By the two-parameter set-valued functional stochastic integral

of G, driven by a two-parameter martingale M, we mean the set

GuodM, , = / GuwdMyy i g € SE(G, 1 }
/[s,sqx[t,t/] ’ ’ { [s,s|x[t,¢'] © ’ P( M)
for every (s,t),(s',t') € I x J, where (s,t) = (s, t').

Theorem 2.9 ([39]). Let G : I x J x Q — KY(R?) be a predictable and L3*(jupr)-

integrally bounded set-valued stochastic process. Then

i) S2(G, par) is a nonempty, closed, bounded, convex, P-decomposable and weakly
P
2.d
compact subset of L3 (pnr),
(1) Jiss1x (] GuwdMu,y is a nonempty, closed, bounded, conver and weakly compact
subsets of Lg,’i, for every (s,t), (s',t') € I x J, where (s,t) < (¢,t).

Theorem 2.10 ([39]). Let F, G : I x J x Q — K%RY) be predictable and L3 (junr)-

integrally bounded set-valued stochastic processes. Then

H2, ( / FyodM,,, Gu,Udev) < / H24(F, G)dpng
[s,8']x[t,t'] [s,8']x[t,t'] [s,8"]x [t,t']xQ
for every (s,t),(s',t') € I x J and (s,t) < (s',1).

Theorem 2.11 ([39]). Suppose that M is a continuous L?-martingale on I x J. Let
G:1IxJxQ— KYRY) be a predictable and Ly (pay)-integrally bounded set-valued

stochastic process. Then the correspondence

IxJ> (S,t) = / Gu,vdMu,v € ICI;(LZC[)

[0,s]x[0,t]

1 a continuous set-valued mapping with respect to the metric Hy2.a.
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3. Stochastic inclusions and their properties

In this part we consider stochastic integral inclusions driven by two-parameter
integrators. We establish the existence and main properties of solutions to such inclu-
sions. In our study we apply multivalued counterpart of methods used for stochastic
equations studied in [29)].

Assume that (,F, {Fsi} e

S?% (I x J) denote the space of all continuous {F;,}-adapted two-parameter stochastic

P) is a complete filtered probability space. Let

processes on I x J which satisfy the condition

1

3

|3 = {E{ sup ||x(s’,t’)||]éd}} < oo for (s,t) €l x J.
(s7,¢)=<(s,t)
Then (S2(I x J), ||-||%) is a Banach space.
Before we formulate the main result of this section we recall the following version

of Carathéodory/Lipschitz Selection Theorem needed in the sequel. Let (X, M, A) be
a measure space and let X be a linear normed space. We assume that for a set-valued

mapping F : ¥ x X — Kl (Rd) and M-measurable functions L, K : ¥ — R, the
following conditions are satisfied:

(i) F (-,z) is M-measurable for every z € X,

(il) H24(F (0,x), F(0,y)) < Ly ||z — y||% for every 2,y € X and o € ¥,
(iii) Hﬁd(ﬁ (0,2),{0}) < K (14| z|%) for every z € X and o € X, where the symbol

6 denotes the zero element in R<.
Similarly as in [26] one can prove the following result.
Proposition 3.1 (Proposition 2 [26]). Let F : ¥ x X — K? (Rd) be a set-valued

mapping satisfying conditions (i)-(iii). Then there exists a function f : % x X — R¢
such that

(a) f(o,z) € F(o,z) for all (0,2) € ¥ x X,

(b) f (-, x) is M-measurable for each x € X,

() |If (o,2) — f(o,y) ||2a < ALy ||z — y|3 for all o € © and x,y € X,
() ||f (0,2) |20 < Ko (1+||z]3) for every o € ¥ and = € X.

Now we will focus our attention on stochastic integral inclusions. For this reason
let set-valued mappings F,G : I x J x Q x R? — K’(R?) be given. By a stochastic
integral inclusion we mean the relation
(3.1)

A;{f () € Jissnxpeen F (0, 0,2 (u,0)) dAuy + Jis s1xpn G (0,0, @ (u,0)) dMy,

x(0,t) = £(0,¢)
x(s,0) = &(s,0)
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for every (s,t),(s',t') € I x J, where (s,t) < (s/,¢) and £ : I x J x Q — R? being a
given {F,,} (s.tye1xs-adapted and continuous stochastic process.

A stochastic process x € S?(I x J) is a strong solution to stochastic inclusion
(3.1) if there exist f € S3(F ox,v4) and g € S5(G o x, jup) such that

$(87t) +§(O>0) _5(570) —5(0,1&)
= f(u,v)dA,, + g (u,v)dM,,, for (s,t) € I x J,

[0,5]%[0,¢] [0,5]%[0,¢]
where For and Gox are set-valued processes such that (Fox)(s,t,w) = F(s,t,w,z(s,t,w))
and (Gox)(s,t,w) = G(s,t,w,x(s,t,w)).

Remark 3.2. Note that for a such solution x we have equivalently

NG (x):/[ . ]f(u,v)dAu,U+ g (u,v) dM,,
5,8 x[t,t/

[s,s"]x[t,t']

with z(s,0) = £ (s,0), z(0,t) = £(0,t) for every (0,0) < (s,t) < (¢,t') < (5,T).

Remark 3.3. In a particular case with F' = {a}, G = {b} where a,b: [ x J xQxR¢ —

R, inclusion (3.1) reduces to stochastic equation
l’(s,t) +§(O>0) _5(570) _g(oat)
= a(u,v,x(u,v))dA, , + b(u,v,z(u,v))dM,,

[0,5]%[0,¢] [0,5]%[0,¢]
for (s,t) € I x J, studied in [29]. It also reduces to stochastic equations considered in
[49], [50] and [51]. Moreover, taking A, = st and M, = W, (with a two-parameter

Wiener process W) it reduces further to the stochastic form of the Goursat problem
z(s,t) =& (5,0) +£(0,2) — £(0,0)
+ / a (u, v, x(u,v)) dudv + b(u,v,x(u,v))dW,,
[0,5]%[0,4]

[0,5]%[0,£]
for (s,t) € I x J, considered among others in [5] and [53], which can be formally
recast as the stochastic partial differential equation
0%z PW

o = als ta(s, ) +b (s tals 1) 5

By SI(F, G, &) we will denote the set of all solutions to inclusion (3.1). We assume
that the multifunctions F' and G satisfy the following conditions

(i1) F(-,-,-,x) and G(-,-,-,x) are predictable for every x € R?,

(i2) there exist a non-negative predictable process L = (Lyz) , ey and an increas-

(st
ing function B on I x J such that for every w € € and

~

G (5,,w) = /[o,s]x[o,t] [+ Loy (@)] (dAy () + d (M), ()

~

the random measure generated by G (-, -, w) is dominated by the measure gen-
erated by B, i.e. dG (-,-,w) < dB(-,-),
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(i3) for every x,y € R? and (s,t,w) € I x J x Q, it holds
HZa(F (s, t,w, 1), F(s,t,w,y)) + Haa(G(s,t,w, ), G(s,t,w,y))
< Loa(@) 1z = yllza

where L is the same process as in (i2),
(i4) for every x € R? and (s,t,w) € I x J x  we have

Hia(F(s,t,w,2),{0}) + H3a(G(s,t,w, ), {0}) < d*Lyy(w) (1 + ||z]|34),
with L as above.

Additionally, we assume that the process £ satisfies the condition

(32) B{ 60,046,000} <0

(s,t)elxJ

Theorem 3.4. Let § be {Fy}, e . -adapted and continuous stochastic process sat-
isfying inequality (3.2). Assume that F,G : I x J x RY — KY%R?) satisfy condi-
tions (i1)—(i4). Then SI(F,G,§) is nonempty, bounded and closed subset of the space

S2(I x J).

Proof. Taking ¥ =1 x J x Q, M = P and X = R? by Proposition 3.1 with processes
Ly, = Lyy(w) and K, = d*L,,(w) there exist selections a(u,v,w,z) € F(u,v,w,z),
b(u,v,w,z) € G(u,v,w,x) such that the functions a(-,-,-,z) and b(,-,-, x) are pre-
dictable. Moreover the functions a(u,v,w, ) and b(u,v,w,-) are such that for every
(s,t,w) € I x J x Q and x,y € R? it holds:

||CL (Sa t>wa $) —a (S>taw>y)”]§d = d2LS7t ((U) ||£L' - y”]?%d ’
16 (s, t,w, ) = b (s, t,w,9)[|7e < Loy (W) |z = yllfa
and
la (s,t,w, 2)|[ga < d*Lyy (W) (14 [|7]|5a),
16 (s, t, w, @) < Loy (@) (14 2] 5a).

Let us consider the equation
flf(S, t) - 5(07 t) - 5(5, 0) + 5(0, O)
(3.3) = a(u, v, z(u,v))dA,, + b(u, v, z(u,v)) dM,,.

[0,5]%[0,¢] [0,5]%[0,¢]
Then similarly as in the proof of Theorem 3.1 in [29] one can show that there exists

a process T which is an unique strong solution to equation (3.3). Then Z satisfies

Aﬂww:j oy (00, B0, 0)) A b (u, v, @(u, ) dMy,
s,s8'| x[t.t/

[s,8']x[t,t']
with Z(s,0) = £(s,0), 2(0,t) = £(0,t) for every (0,0) < (s,t) < (¢,t') = (S,7T).
Hence 7 is also a solution to stochastic inclusion (3.1). Thus the set SI(F,G,¢§) is

nonempty.
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In order to prove the boundedness of SI(F, G, &), let x € SI(F,G, ). Then there
exist f € S3(Fox,va) and g € S3(G o x, puyr) such that

o(5,8) = €0.) = §(5.0) + £0,0) = [ flu,v)dd, + 9(uv)dM,,

[0,5]x[0,] [0,5]x[0,4]
for every (s,t) € I x J. Thus we get
(3.4)

E{( s Hm,v)y@d}@m sup JIE0,v) + €(u, 0) — £(0,0)[124)

,0)€[0,5] X [0,t] (u,v)€[0,s]x[0,t]

3E / VA |12
vl s [ i)

(u,v)€[0,s]x[0,t]

I T
[0,6] [0,u]x[0,v]

(u,v)€[0,s]x
By the Cauchy inequality applied to the second term on the right hand side of in-
equality (3.4) we have

Bl a Af Ay
(u,w)€[0,s]x[0,8]  +[0,u]x[0,v]

<E {( ) sup A, | 1f(, 77)||1%§ddAT,n}

,0)€[0,s] X [0,t] Y [0,u] x[0,v

<E {As,t/ 1F (u, v, 0, 2(u, v))||[%‘&dd,4u,v}
[0,5]x[0,¢]
< &R {A [ L)1+ (e v>||§d>dAu7v}
[0,s]x[0,1]

2
< d2E{ [ [ (U (@) (@A + d (M), v)]
[0,5]%[0,2] ’
[ (A Lua(@) (A +d (M),,,)
[0,5]%[0,2] ’

< | sup 2, m)lfRa(1 + Lua(@)) (@A, +d (M),,,)
[0,5]x[0,¢] (r,me

[0,u] % [0,v]

— @B, + d’B,, E{ sup  |z(7,n)|ga}dBu.
[0,s]x0,] (m,m)€[0,u] X [0,v]

Next, by Doob’s inequality and assumption (i4) we get the following inequalities for
the third part of (3.4)

B{ s [ s
(u,w)€[0,s]x[0,t] < [0,u]x[0,1]

< 16 sup E{/ T, 2dMT}
0.4 \Jouxon] lg(,n)||gad (M),

(u,v)€[0,s]x

< 164°E { [ L+ Hx<u,v)!|§d)d<M>M}
,8| %10, ’
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SUEB{[ (0 L) (0B ), + )|
[0,s] x[0,] ’
< 1602 (E {1 Bl 00, + )}
[0,s]x[0,¢] ’

ve{f sup e 1 + L)), + ) |
[0,5]x[0,1] (r,n)€e ’

[0,u] X [0,v]

< 16d2B,, + 164 / E{ sup |z(r,n)|%}dBy..

[0,5]x[0,t] (7,m)€[0,u] X [0,v]
Combining the above inequalities with (3.4) we obtain

E{( s ||a:<u,v>||ﬂéd}

€[0,s]x[0,t]

< 3E { sup  [|€(0,v) + &(u, 0) — £(0,0) ||§d} +3d°B2, + 48d*B,,

(u,v)€0,s]x[0,t]

+3d%(B,, + 16)/

E{ sup ||a:<m>||§@}d3uvv.
[0,s]x[0,1] (m,m)

€[0,u] x[0,v]

Let us note that the above inequality can be written as

a(s,t) < b(s,t) + c(s, t)/ a(u, v)dBy .,

[0,s]x0,t]

where

a<s,t>:=E{ up Hx(r,mn%@},

(m,m)€]0,s]x[0,¢]

b(s,t) := 3E {( | sup  [|€(0,v) + &(u, 0) — &(0, 0)||§@} +3d°B2, + 48d° B,

€[0,5]x[0,¢]
and
c(s,t) := 3d*(16 + By,).

Hence by Gronwall’s inequality (Theorem 2.3 in [29]) we get
a(s,t) < b(s,t)exp{3c(s,t)Bs.},

what proves the boundedness of SI(F,G,¢).

Now we will show that SI(F,G,¢) is a closed subset of S?(I x J). Let (z") C
SI(F,G,€) be such that 2™ — 7 in S?(I x J). Then, there exist sequences (f") C
S3(Foa™ vy) and (¢") C S3(G o x™, uy) such that

= [ ) dA, g, v)dM,
[0,s] x[0,]

[0,s]x0,t]

forn=1,2,...and (s,t) € [ x J. Since z" — Z in S*(I x J), it holds

E|z"(s,t) — Z(s,t)||ze — 0, as n — 00
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for every (s,t) € I x J. In view of (3.5) we have
(3.6) z(s,t) — £(0,t) — &(s,0) +£(0,0)

~ lim { [ oA, + g”(um)dMu,v}
[0,s] % [0,¢] [0,s] % [0,¢]

n—oo

in L>?-norm for (s,t) € I x J. On the other hand, by condition (i4) and (2.3) we

obtain
Jo N adva < [ 1F(s " (5,8) [Bedva
IxJxQ IxJ
d2/ Lo [l (s, 1)) v

(14 Lo )(1 + 2" (s, t)HRd)AgTdAst}

(]
PE{ [ (14 L)1+ 2" (s, ) (Asr + (M)gr) (dAus+d (M), )}
{/ (14 Lo o) (dAs; + d (M), )r}

d’E

ram{ s (s Ol 0+ L@k a1}

(s,t)elxJ

<d*Bir+ dZqu’TIE{ sup Hx"(s,t)nf@} < 00.

(s;t)elxJ

By the boundedness of SI(F, G, &) we get

sup/ | £ |2adrs < oo.
n>1 JIxXJIxQ

In a similar way one can show that

sup 9" |Radpins < oo.
n>1 JIXJIxQ

Indeed, by Theorem 2.7 and (i4) we have

[ g s =E{ [ g (s, )lad (M), }
<E{[ JG(s (s ) (D), )

< d°E {/I )
,
{

L Lo (L+ (5, Olf3e) (dAss +d (M), )

(1+ Loo)(
<@R{[ (4 LA, +a(),)
(

sup (5.0 [ (1 L+ o), |

(s,t)elxJ

+ d’E

< &*Bsr + d°BsrE{ sup ||2"(s,t)|ka} < oc.
(s,t)elxJ
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Hence

sup/ 9" |Radpins < oo.
n>1 JIXJIxQ

Then the sequences (") and (g") are bounded in L3%(v4) and L3%(juar), respectively.
Thus there exist subsequences (f™) C (f") and (¢"*) C (¢") such that f™ — f in
L3%(v4) and g™ — g in L3 (ua) for some f € L3%(v4) and g € L3%(pups), where ”—”
denotes a weak convergence. Moreover f™ € S%(F ox™ vy), g™ € SH(Gox™ ),

and

xnk(sv t) - g(ov t) - 5(87 O) + 5(07 0)

= [ (u,v)dAy, , + g"*(u,v)dM,, for every k > 1.
[0,5]x[0,¢] [0,5]x[0,¢]

By (2.4) and (2.7) the linear operators I, : L%d(l/A) — L*%and J,, L%d(,uM) — L%
such that

Is,t (f) = /

[0,s]x0,t]

f(u,v)dA,, and Js; (g) :== / g (u,v) dM,,

[0,5]x[0,1]
are norm-to-norm continuous. Hence by Theorem 3.4.12 in [9] they are also continu-
ous with respect to weak topologies in L3%(1v4) and L?%, and in L3(py) and L2,
respectively. Hence
Lo(f) = [ A, = Lo ()= [ f(w0)dAy,
[0,5]%[0,¢] [0,5]%[0,¢]
and

Jsi (g"™) = /

[0,s]x[0,¢]

9" (1, 0) dMyy = S (9) = [ g (u,0)dM,

[0,s]x[0,¢]

as k — 00. By (3.6) we have

/ fnk (U, U)dAuﬂI + gnk (U, U)dMU,U - ‘%(87 t) - 5(07 t) - 5(8, 0) + 5(07 0)
[0,s] % [0,¢] [0,s] x[0,¢]
in L>¢, Thus
(s, 1) — £(0,1) — £(s,0) + £(0,0) = / Flu, v)d Ay, + (1, v)d M.
[0,s] % [0,¢] [0,s] % [0,¢]

In order to finish the proof it suffices to show that f € S&(FoZ,v4) and g € S3(G o
Z, puar). For this purpose, let PA(-) and P3(-) denote metric projections from Ly(v4)
on C C L% va) and from L3%(py) on D C L3%(uar), respectively. Let f* :=
PAL(f™), where C' = S3(F o Z,v4) and g™ := P}(g"), where D = S3(G o Z, jupr).
Then by Theorem 2.2 in [12] we have

||f‘nk _ fnkHi%d(VA) = disti%d(VA)(fnk’ S%(F o7z, I/A))

= inf / ||fnk - f”]?gd dI/A
IxJx

fES%(FoZv\,VA)

= distza(f™, F o &)dv,
IxJxQ
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</ HZJ(F o 2™, F o %)dva </ Loy ™ — 2|2 dva
IXJxQ IxXJIxQ)

VAN

B (0 o) 275, 0) = 36, ) [ AsirdAse )
X

—E{dsr [ s 1o (0) ~ 5501 1+ L@, + 000,
IXJ (sityeIxJ

N

E { [/IXJ(l + Ly)(dAs:+d (M>s,t)]2 sup ||z"* (s, t) — Z(s, t)H[%Kd}

(s,t)elxJ

<BE{ s (60 a0l

(s;t)elxJ

Since ™ — 7 in S?(I x J) it follows that
n g (|2
| f™ — f kHL%d(VA) — 0, as k — oo.

Hence f™ — fm — 0 in L%%(v4). Since we have observed earlier that f™ — f in
L%%(v4) it follows that f™ — fin L3%(v4). Since f™* € S2(FoZ,v4) and S3(FoZ, v4)
is weakly compact (by Theorem 2.4) we obtain that f € SA(F o Z,v4). In a similar

way one can show that

Nk

llg™ — §"’f||i%d(uM) — 0, as k — o0

and consequently g™ —g™ — 0in L%(uy), as k — oo. Therefore g™t — g in L%d(,u M)
because g™ — ¢ in L%d(uM). Since g™ € S%(G o Z, upr) we claim by Theorem 2.9
that g € S%(G o Z, uar). Hence the limit process Z satisfies the equation

#s,t) = €0, = (5. 0) +60.0) = [ fluv)dAy, + 9(u, v)dM,.,

[0,s]x[0,¢] [0,s]x[0,¢]

where f € S3(FoZ,vy4), g € S3(GoZ,up). Thus T € SI(F,G,¢). O]

Theorem 3.5. Let F,G : I x J x QxR — KY(R?) and F™, G™ : [ x JxQxR? —
KP(RY) for n > 1 be set-valued functions satisfying (il)-(i4). Assume that

(3.7) FO(s,t,w,z) D FP(s,t,w,2) D--- D F(s,t,w, )
F(s,t,w,x) = ﬂ FM(s,t,w, )
n>1
(3.8) GY(s,t,w,z) D G (s, t,w,z) DD G(s,t,w, )
G(s, t,w,x) = | G"(s,t,w, )
n>1

or every (s.t,w.x) € I x J x Q x RL Then
f y (s,t,w,x)

SI(F,G,&) = (| SI(F™,G™,¢).

n>1
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Proof. By virtue of Theorem 3.4 the sets SI(F,G, &) and SI(F™ G™ &) forn > 1
are nonempty, bounded and closed subsets of S*(I x J). Moreover by (3.7) and (3.8)

SI(FY GW &) > SI(F® G® ¢) > ... 5 SI(F,G,¢).

Then (N SI(F™,GM™ ¢) > SI(F,G,¢). Let x € N SI(F™,G™ ¢). Then x €
n>1

n>1

S2(I x J) and there exist f™ € SZ(F™ ox,v4) and ¢ € S3(G™ oz, uys) such
that
LL’(S, t) - 5(07 t) - 5(57 0) + 5(07 0) = / f(n) (U, U)dAu,v + g(n) (uv U)dMu,v

[0,s]x[0,t] [0,s] % [0,¢]

for every n > 1 and (s,t) € I x J. By Theorem 2.4 and Theorem 2.9 the sets
SZ(F™ o z,v4) and SA(G™ o x,up) for n > 1 are weakly compact in L3%(14)
and L3%(uar), respectively. Moreover by (3.7) and (3.8) the sets S&(F™ o z,v,4) and
S%(G(") oz, uy) are decreasing with respect to n in the sense of inclusion. Thus, it
holds S%(F ox,vs) = Ql SZ(F™ oz, v4) and SA(G oz, piyr) = Ql SZ(G™ o2, ).
Hence we can select sub/sequences (f)) of (f™) and (¢™)) of (/g(")) and processes
f e L3 va) and g € L3%(pupr) such that f0%) — f and ¢ — g in L3%(v4) and
L% (), respectively. Thus f € S&(Foz,vy) and g € SA(G o, juy). Using a similar
argumentation as in the proof of the closedness of SIT(F,G,¢) in Theorem 3.4 one can
show that

ZL’(S,t) - §(O>t) - 6(570) + 6(0,0)

= f("k)(u, V)dAu, + g("k)(u, v)d M,
[0,5]x[0,1] [0,5]%[0,1]
— f(u,v)dA,, + g(u,v)dM,,
[0,5]x[0,1] [0,5]%[0,1]
in L>4 for every (s,t) € I x J. Thus z € SI(F,G,¢). O

Remark 3.6. Let us consider an investment with a horizon of time from 0 to T'.
Assume that the symbol P (s,T') denotes a price of the zero-coupon bond at the time
s with a nominal value 1 and the maturity 7. Then
Oln P (s,T)
or

denotes a temporary forward rate of a such investment. Hence the price P (s,T) is

f(s,T) =

given by
T
P(s,T)= exp{—/ f(s,u)du} :

For a fixed maturity 7" the dynamics of the forward rate is usually modeled by the

following stochastic equation of It type

(3.9) df (s,T)=al(s, f(s,T))ds+b(s, f(s,T))dWs,
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i.e. by diffusion models of interest rates. Such models are well-known and there exists
a wide literature devoted to this subject. Taking particular choices of mappings a and
b in (3.9), we arrive to popular diffusion models (see [46]):

- the Merton model

a(s, f(s,T) =a, b(s f(s,T) =7,
- the Vasicek model
a(s, f(s,T)=a—Bf(sT), b(s f(sT)) =1,
- the Dothan model
a(s, f(s,T) =af (s,T), bls f(s,1)=7f(s,T),
- the Cox-Ingersoll-Ross model
a(s, f(s,7) =a—=Bf(s,T), b(s,f(s,T))=7f2(s,T),

- the Hull-White model

N

a(s, [ (s,T)) = als) = B(s)f (s,T), bls, f(s,T)) =(s)f2(s,T),

- the Black-Karasinski model

a(s,f(s,T)) = f(s,T)(als) = B(s)In f (s,T)), (s, f(s,T)) =~(s)f (s,T).

Let us suppose now that the maturity 7" is not fixed, but it may be varied. More

precisely it may be postponed. Let us denote it by ¢. In this case we have

f(s,t)= _m%t(s,t) and P (s,t) :exp{—/:f(s,u)du}.

Then one can consider the following diffusion model, which models dynamics of for-
ward rate, as a stochastic equation with two-parameter Wiener process W = (W) __,,

ie.
df (s,t) =g (s,t, f(s,t))dsdt + h(s,t, f (s, 1)) dWs,

or

(3.10)  f(s,t) = f(0,0) = f(s,0) + f(0,t)
+/ (5,1, f (s,1)) dsdt + h(s,t, f(s,t)) dW,,.
[0,s] x[0,¢]

[0,s]x[0,¢]

It is evident that equation (3.10) is a particular case of stochastic inclusion (3.1).
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4. Stochastic inclusions and multivalued equations

Using the notions of set-valued stochastic integrals discussed in part 2 one can
consider connections between stochastic integral inclusions and appropriately defined

set-valued stochastic integral equation driven by two-parameter processes.

From now on we assume that the o-field [F is separable with respect to the prob-
ability measure P. Then L% = L2 (Q, F, P; ]Rd) is a separable Banach space.

As earlier we consider the stochastic integral inclusion generated by the triple
(F,G,9)
Ai:ét, () € Jisonxieen F (w0, 2 (u,0)) dAy,
+ Jissxieen G (00,7 (u,0)) dMy,
x(0,t) =&(0,¢)
x(s,0) =& (s,0)

for every (s,t),(s',t') € I x J, where (s,t) < (s',t'). Now we assume that set-valued

(4.1)

mappings F,G : [ x J x Q x L*% — Kb (Rd satisfy the following conditions:
(A1) for every n € L>? the mappings
F('u'u'un)vG('u'u'un) I X X Q— ]CS(Rd)

are predictable,
(A2) there exists a constant L > 0 such that

maX{HRd (F (S7t7w7771) s F (Svt7w77]2)) )

Ha (G (s tio,m) G (s,t0,m2)) b < Ll = ] o

for every (s,t,w) € I x J x Q, and every ny, 1, € L>,
(A3) there exists a constant K > 0 such that

max{ Haa (F (5,,0,1),{6}),, Haa (G (s, t.0,m) {0} }
<K (1+ ol 2)

for every (s,t,w) € I x J x €, and every n € L*? while £ : I x J x Q — R4
is now {Fs,t}(s telx ,-adapted and square integrable stochastic process such that

the mapping I x J 3 (s,t) — £ (s,t,-) € L*? is continuous.

By a solution to stochastic integral inclusion (4.1) generated by the triple (F, G, &)
we mean now {Fs,t}(s7t)gx]—adapted stochastic process x : [ x J x Q — R? such that
the mapping I xJ 3 (s,t) — x (s,t,-) € L>%is continuous and which has the following
representation

() +E0,0)=¢(0 =600 = [ fi(u0)dAu, + 91 () dM,

[0,s]x0,t] [0,s] % [0,¢]
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for some f; € Si(F ox,v4) and g1 € S3(G o, ).

In order to introduce a set-valued stochastic integral equation associated with
inclusion (4.1), let F, G : I x Jx Qx K® (LM) — Kt (Rd) be set-valued maps defined

as follows

(4.2) F(s,t,w,B) :=7to (U F (s, t,w, b))
and
(4.3) G (s,t,w,B) :==co (UG(s,t,w,b))

for (s,t,w,B) €I x J x Qx Kb (LM).

Moreover we assume that the multifunction ¢ : I x J — K (szd) is continuous
and such that

(A4) £(s,0)+£(0,t) —£(0,0) € (¥ (s,0) +9(0,t)) ©4 (0,0) for every (s,t) € I x J.
By a set-valued stochastic integral equation associated with inclusion (4.1) we
mean the following relation in the metric space (ICIC’ (szd) ,H Lz,d)
(4.4) X (s,8) +9(0,0) = (s,0) + v (0,7)
+/ F(u,v,X(u,v))dAu,U
[0,5]x[0,1]

+/ G(u,v,X (u,v)) dMy.,
[0,s]x[0,¢]

for (s,t) € I x J.
By a solution to equation (4.4) we mean Hjza-continuous map X : [ x J —
Ko (L2’d) that satisfies (4.4). Let C = C (I x J, Kb (szd)) be the space of all contin-

uous mappings from I x J to K (LM) with a metric

p(X,Y)= sup Hpea (X (s,t),Y (s,t))

(s,t)yelIxJ
for XY € C. Then (C, p) is a complete metric space.
Moreover let us assume that ¢ : [ x J — K (szd) satisfies
(A5) the mapping ¢ : [ x J — K? (Lz’d) is continuous with respect to the Hausdorff

metric Hy2q and such that the Hukuhara difference (¢ (s,0) 4 ¢ (0,t)) &1 (0,0)
exists for every (s,t) € I x J, and

/IxeQ Hi“ (W (S’ 0) + (0’ t)) S (O> 0) ) {@}) (dVA + d,UM) < 0.

Let P9 := {Bx Q: B € B}. Then P9 is a sub-o-field of a predictable o-field
P. Let 74 and fip; be marginals of v4 and gy, respectively, defined on (I x J, ) as

follows
va(B) :=va (B xQ) and fips (B) := upy (B x Q) for B € B.
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Let v: I x J — R, be a function given by
v (s,t) :=04([0,s] x [0,¢]) + fiar ([0, 8] x [0,8]) for (s,t) € I x J.

Theorem 4.1. Let F,G : [ x J x Q x L*» — K? (]Rd) satisfy conditions (A1)-(AS3)
and suppose that ¢ : I x J — K (LQ’d) satisfies assumption (A5). Then equation

(4.4) admits an unique solution.

Proof. The proof is similar to the proof of Theorem 27 in [39]. Therefore, we only
sketch its main parts.
(Ezistence) Firstly, by (A1)—(A3) one can show in a similar way as in Proposition 1
in [26] that the mappings F' and G defined by (4.2) and (4.3) satisfy conditions:
(B1) for every B € Kb (Lz’d) the mappings
F (o B),G (e, B) T x J x Q— YR
are predictable,
(B2) there exists a constant L; > 0 such that
max{HRd(F (s,t,w, B),F(s,t,w, ), HRd(é (s,t,w, B), G(s,t,w,C’))}
< LlHLQ,d (B, C)
for every (s,t,w) € I x J x €, and every B,C € K? (LM),
(B3) there exists a constant K; > 0 such that

A N

max{ Ha (F (5, 1,0, B), {0}), Hza(G: (5, 0, B) , {0})} < Ky (1+ Hyaa (B, {O}))
for every (s,t,w) € I x J x §, and every B € K (L2’d), where the symbol © denotes
the zero element in L*9,

Let us define set-valued mappings X,, : I x J — K? (LM) for n > 0 as follows

X0(37t>+¢(070>:¢(570)+¢(07t>

and forn > 1
(4.5) Xy (5,1) +1(0,0) = ¢ (s,0) + ¢ (0,¢)
+/ a (u, v, Xpm1 (u,v)) dAy
[0,5] % [0,¢]
+/ G (u,v, Xy (u,0)) dM,, for (s,t) € I x J.
[0,5] % [0,¢]

Due to Theorem 8.2.8 in [7] it follows that for every continuous multifunction X :
IxJ— Kb (Lz’d) the mappings (s,t,w) — clga (F (s,t,w, X (s,1))) and (s,t,w) —
clga (G (s,t,w, X (s,t))) are predictable. Then by Proposition 2.26 in [13] we know
that the mappings (s,t,w) — F (s,t,w, X (s,t)) and (s,t,w) — G (s,t,w, X (s,t)) are
predictable too. On the other hand, by condition (B3) they are L2%(v4) and L3%(puas)-
integrally bounded, respectively. Hence, due to the definition of the sequence {X,}
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we deduce that the multifunctions (s,t,w) — F(s,t,w, X, (s,t)) and (s,t,w) —
G (s,t,w, X, (s,t)) are predictable, and L3%(v4) and L% (ju5;)-integrally bounded,
respectively, for every n > 0. Therefore, the integrals in (4.5) are correctly defined.

Now applying Theorem 2.5 and (B3) we obtain

H2,, ( / F (1,0, Xo (4, 0)) dAy, {@})
[0,5]x[0,t]
< 2K} (14 Hiza (Xo (u,v),{0})) dva.
[0,s] x[0,t] x 2

In a similar way, due to Theorem 2.10, we obtain
H ( [ G, Xo (u,0)) dMy,, {@})
[0,5]x[0,£]

< 2K? (1 + H? X e) dinr.
/[o,s]x[o,t}xg 1 ( + Hiza (Xo (u,0),{ })) 157
Thus, by properties (2.1) and (2.2) we get

Hizu (X1 (s,1), X0 (s,1))

<2 2[(12 (1 + HEQ’d (XO (u> 'U) ; {@})) (dVA + d,UM) < 2777
[0,s] x[0,t] x£2

where

1= J g 260 (1+ Hau (Xo (u,0) ,{O))) (dva + dpuar)

Similarly, by condition (B2) we have
Hioa (X (5,1), X1 (s,1))
<2I?2 / Haa (X1 (4,0) , X (1, 0)) (dva + dya)
[0,s] x[0,t] x£2
= 2Lf/[ . ]Hiz,d (X1 (u,v), Xpo (u,v)) dy (u,v) for n € N,
0,s]x[0,t

where v (s,t) :== 4 ([0, s] x [0,]) + fiar ([0, s] x [0,1]) for (s,t) € I x J. In particular,
we get

H7ou (Xo (5,1), X1 (s,1) < 2LT -2 -7 (s,t).

Since the processes A and M are continuous, 0A = OM = 0, it follows that ~ is
continuous, increasing (both in the sense of Definition 2.2 and with respect to the
order <) and 0y = 0. Hence, by the two-parameter version of Ito’s formula (see
Theorem 2.1 in [29]) it holds

7"t (s, 1)

for n € N.
n+1

|y () <
[0,s]x[0,t]

Therefore, by mathematical induction we get
ST

n—1
H%zd (Xn (Svt) 7Xn—1 (S’t)) < 2“ (L%) ’f] (7’1, — 1)'
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Consequently, for m < n we have

o\k—1 k=1 S/T
P (Xns X) < /20 Z JQL w

k=m+1

Thus { X, } is a Cauchy sequence in a complete metric space (C, p). Hence, there exists
X € C such that p(X,,X) — 0, as n — oc.

In order to show that X is a solution to equation (4.4), let us fix (s,t) € I x J.
Then by properties of Hausdorff distance we have

H2.. <X (5,8) + 1 (0,0) ¢ (5,0) + 1 (0, )

+ F(u,0, X (u,v)) dAy, + G (1,0, Xy dev)
[0,s] x[0,¢] [0,s] % [0,¢]

< 3Hpaa (X (s,8) +9(0,0), X, (s,1) +4(0,0))

+3H,. (Xn (5,0) + 1 (0,0), (5,0) + 1 (0, )

+/[ ] [ } F (U, v, Xn—l (U, U)) dAu,v + G (U, v, Xn—l (U, U)) dMu,v)
0,s]x[0,t

[0,s]x[0,t]

+ 3H§2,d <@D (s,0) 4+ (0,t) + F (u, v, X1 (u,0)) dAy

[0,s]x[0,¢]

+/ Gt (w0, Xy (1, 0)) dMiy, 0 (5,0) + 4 (0, 1)
[0,5]%[0,4] ’

+/[ Ix[ ]F (u, 0, X (u, v)) dAuy + é(u,v,xw,v))dMu,u)
0,s]x[0.t

[0,5]x[0,1]
The first and the second term on the right-hand side of the above inequality converges

to zero as n — oo. It is also true for the last term above. Indeed, again by Theorem
2.5, 2.10 and (B2) we have

H?,. <w (s,0)+1(0,t) + a (u, v, Xpo1 (u,0)) dAy,

[0,s]x[0,¢]

+/ Gt (w0, Xy (1, 0)) dMy, 0 (5,0) + 40 (0, 1)
[0,5]%[0,4] ’

S P X ) dAs, + é<u,v,x<u,v>>dMu,v)
0,s]x[0.t

[0,s]x[0,¢]

<2I? / Hoa (X (u,0), X (u,v)) dy(u, v)
[0,s] x[0,¢]

<2L3p (Xpo1, X) v (S, 7).

Hence we infer that X is a solution to equation (4.4).
(Uniqueness) Let us suppose that X and Y are any solutions to (4.4). Then similarly
as above we get

H2u (X (5,1),Y (s,1)) < 2L2 / Hu (X (u,0), Y (u,0)) dvy (u,0).

[0,s]x0,t]



144 M. KOZARYN, M. MICHTA, AND K. L. SWIATEK

Hence we have

o (X (w,0),Y (u,0) <208 [ 02, (X, V) dy (a,)

[0,s]x[0,¢]

for every (u,v) € [0, s] x [0,t], where

pst (X, Y) = sup  Hpea (X (u,v),Y (u,v)).
(u,v)€[0,s]x[0,t]
Thus
R XYY <L [ g (XY ) dy (u,0)
’ 0,s]x[0,8]

for every (s,t) € I x J. Using again Gronwall’s inequality (Theorem 2.3 in [29]) it
follows that ps (X,Y) =0 for (s,t) € I x J, what shows the uniqueness of solutions
to equation (4.4). O

In a similar way one can prove the following property.

Theorem 4.2. Under assumptions of Theorem 4.1 the solution X to equation (4.4)

satisfies:

sup  Hisa (X (u,v),{0})

(u,v)€[0,s]x[0,t]

<3[ sup Hisu (1 (5,0) +1(0,1),1(0,0)) + 2Ky (s,1)]

(s;t)elxJ
- exp {18K12fy (s, t)}
for every (s,t) € I x J.

Now we proceed with a further analysis of inclusion (4.1). Again by ST (F,G,¢)

we denote the set of its solutions.

By Theorem 2.1 in [29], i.e. by the two-parameter version of [t6’s formula one

can prove the following Lemma.

Lemma 4.3. Let B be a continuous increasing process. Then

1
hB hB
e"uvdB,, < — (et — 1
/[o,s]x[mt} v h ( )

for every h >0 and (s,t) € I x J.

Now we formulate the main result of this section.

Theorem 4.4. Assume that F' and G satisfy conditions (A1)-(A3) , and ¢ satisfies
assumption (A5). Moreover, let 1 and £ satisfy condition (A4). Then there exists a
solution X : I x J — K (szd) of equation (4.4) and a solution x : I x J x Q — R4
of (4.1) such that x (s,t) € X (s,t) for every (s,t) € I x J.
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Proof. By Theorem 4.1 there exists a unique solution X to set-valued stochastic

integral equation (4.4). Now, let us consider the set
K (£,X) = {x € C(IxJ,L>") s x(s,) +£(0,0) = £(5,0) — £(0,1)

= f(u,v)dA,, + g (u,v) dM, ,P-a.e. for every
[0,5]x[0,¢] [0,5]x[0,¢]

(s,t) € I x J, and some f € SE(F o X,v,), g € S3(G o X, ,uM)}.

Notice that K (¢, X) is a nonempty subset of C' (I x J, Lz’d). Indeed, similarly as in
the proof of Theorem 4.1 by the continuity of X it follows that the set-valued mappings
FoX:IxJxQ— K? (Rd) and GoX : I x.JxQ — K? (Rd) are predictable. Hence
by Kuratowski and Ryll-Nardzewski Measurable Selection Theorem (cf. [18]), there
exist predictable selections for F'o X and for G o X. Since by (A3) we have (B3) (at

it was mentioned in the beginning of the proof of Theorem 4.1), i.e.

1(F 0 X) (5,t,0) |5 = |F' (s, t, 0, X (5,1)) |[a
< 2K7(1+ Hiza (X (s,1),{0})),

it follows due to Theorem 4.2 that

sup  |[(F o X) (s,t,w) |2 < co.
(s,t)elIxJ

Thus the set S%(F o X, v,4) is nonempty. In a similar way one can show the nonempti-
ness of the set S%(G o X, ppr). It shows the nonemptiness of the set K (£, X).

Next, let us note that if x € K (£, X), then for every (s,t) € I x J it holds
(4.6) disty2.q (z (s,t), X (s,t)) = 0.
Indeed, by the definition of K (£, X') and assumption (A4) we have

I(S,t) Ig(S,O) +£(Ovt) _£(070>
+ f (u,v) dAuw + g (u,v) AM,

[0,s] x[0,¢] [0,s] % [0,¢]
€1 (5,0) +1 (0,t) ©¢(0,0) + F (u,v, X (u,v)) dA,.,

[0,s]x0,t]

+/ G (u,v, X (u,v)) dM,, = X (s,t) for (s,t) € I x J.
[0,5] x[0,]

Now we will show that the set K (£, X) is bounded. Let = € K (£, X). Then there
exist f € S3(FoX,vs) and g € S3(G o X, jupr) such that
ZL’(S,t) +§(O>0) _5(370) _g(oat)
= f(u,v)dA,., + g (u,v) dM, ,

[0,s] x[0,¢] [0,s]x[0,¢]
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for (s,t) € I x J. Hence by (A4), (2.4) and two-parameter [t6’s isometry (2.6) we

have

sup E |z (s, )|[ga <3 sup EJ|&(5,0) +&(0,) —£(0,0)] za

(s,t)eIxJ (s,t)elxJ
+3 sup Ef f (u,v) dAu,vH]%&d
(s,t)eIxJ [0,5]%[0,¢]
+3 sup E| g (u,v) dMu,vH[ZRd
(s,t)elxJ [0,5]%[0,¢]
<3 sup Hiau((¥(s,0) +9(0,1) ©14(0,0),{6})
(s,t)elxJ
3 I @oladva+3 [ g ()] du

On the other hand by (B3) related to (A3), Theorem 4.1 and Theorem 4.2 for every
(s,t) € I x J we infer

||f (SvtvCU)HI%{d HF(Svtvva (Svt)> ||]?§d = Hﬂid(ﬁ (Svtvva (Svt)) ) {@})

<
<2K7(1+ Hiza (X (s,t),{O})) < o0

A similar argumentation gives
lg (s, t, )| < o0.

Therefore we have

sup E || (s,4) g < m,
(s,t)elxJ

where m is a positive constant, which does not depend on x. Hence the boundedness
of K (§,X) in C (I x .J, L*4) follows.

In the next step we will show that K (£, X) is a closed subset of C ([ X J, Lz’d).
Let {z"} C K ((,X) and 2" — =z in the space C’([ x J, L2’d), as n — 00, with
reC (I X J, szd). Since 2" € K (£, X) for every n € N it follows

" (s,t) = £(s,0) + £(0,8) — £(0,0)
+ /[073}><[0,t] f" (U, U) dAu,v + gn (U, U) dMuﬂ)’

[0,]x[0,]
for every (s,t) € I x J and for some f* € S2(F o X,v4), g" € S&(G o X, ips). Thus
for every (s,t) € I x J
+ / [ (u,v)dAy, + g" (u,v)dM, , — x (s,t)
[0,]x[0,]

[0,s] x[0,]

in L?¢ for n — oo. By Theorem 2.4(i) and Theorem 2.9(i) there exist subsequences
(f™) and (g™) of (f*) and (g"), respectively, and f € SA(F o X,v4), g € SA(G o
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X, py) such that f* — fin L3%(v4) and g™ — g in L3%(ua). Therefore by (4.7)
we get

(48) 5 (87 O) + 5 (07 t) - 5 (07 0) =+ fnk (u7 U) dAu,v

[0,s]x[0,t]

+ g™ (u,v)dM, , — x (s,t)
[0,5]x[0,4]

in L>? as k — oo, and (s,t) € I x J. Similarly as in the proof of Theorem 3.4, by

the weak convergence of the sequences (f™) and (¢"*), we have

[ rdd, = [ e v)dAy,
[0,s]x[0,t] [0,s]x[0,t]

and
/ " (1w, 0)d My — 9w, v)dM,.
0,5] [0,

[0,5]x[0,4]
in L*4, as k — oo. Thus for every (s,t) € I x J we have

g(S,O)—l—g(O,t)—g(0,0)

P () dA, + 6" (1, 0) dMy,

[0,5]x[0,t] [0,5]x[0,t]

+ f (u> 'U) dAu,v _I' g (U, U) dMu,v
[0,5]x[0,t] [0,5]x[0,t]

in L?? as k — oo. This convergence and (4.8) allow us to claim that
LU(S,t) :g(S,O) +£(07t) _5(070)

+ f(u,v)dA,, + g (u,v) dM, ,P-a.e.
[0,5]%[0,¢] [0,5] % [0,¢]

Thus = € K (£, X) which proves the closedness of K (£, X) in C (I X J, L2’d).

In order to finish the proof, we will show that there exists € ST (F, G, ) such
that £ € K (£, X). Because F' and G satisfy conditions (A1)—(A3), then by Proposition
3.1 there exist functions f,g: I x J x Q x L>? — R? such that:

(i) f(s,t,w,n) € F(s,t,w,m), g(s,t,w,n) € G(s,t,w,n) for every (s,t,w,n) €
I xJxQxL>
(i) for every n € L*? the mappings f(-,-,-,n),9(-,-,-n) : I x J x Q@ — R? are
predictable,
(iii) for every (s,t,w) € I x J x Q, my,m2 € L>? it holds

max{[|7 (s,t,w,m) = T (s,t,0,7)
< L7 ||lm — o[ 7o

2
R’ Hg (Sv t7 W, 7]1) - g (87 tv W, 772)”]?{11}

(iv) for every (s,t,w) € I x J x €, and every n € L*?

max{H?(s,t,w,n)

oo 7 (st 0, m)lga f < K (14 (Il 20)
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Then for every x € K (£, X) the mappings
IxJxQ3 (s, t,w)— f(s,t,w,z(s,t)) €RY,

IxJxQ3(s,t,w)—G(s t,w z(st)) € R?
are elements of L3%(v4) and L3%(unr), respectively. Moreover f (s,t,w, (s,t)) €
F (s, t,w,x(s,t)) and g (s,t,w,z (s,t)) € G (s,t,w,z (s,t)). Let us define the operator
VK (& X)— C( x J, L*?) as follows

V(I) (S>t) 26(8,0)—|—€(0,t)—§(0,0)

+/ f (u,v, 2 (u,v)) dAu
[0,5]%[0,1]

+/ g (u, v,z (u,v)) dM,y,
[0,5]%[0,¢]

for every x € K (¢, X) and (s,t) € I x J. By (4.6), properties of f and (4.2) we claim
that for every z € K (£, X)

f(s,t,w,x(s,t)) € F(s,t,w,x(s,t))
c U F(s,t,w,m) CF(s,t,w, X (5,1).

neX(s,t)
In a similar way we conclude the same relations for g, G and G. Thus we get V (z) €
K (&, X) forevery x € K (&, X). Hence it is sufficient to show that the mapping V' has
a fixed point. Such a fixed point will be also a solution to stochastic integral inclusion
(4.1) generated by the triple (F,G,&). We will show that V' is a contraction under

the metric

N

pla.y) = sup e Bz (s,t) -y (s,1)p]
(s,t)yelIxJ

in C ([ X J, Lz’d), where v (s,1) 1= D4 ([0, s] x [0,]) + fiar ([0, 5] x [0,¢]) for (s,t) €
I x J. Let z,y € K (£, X). Then by properties of the mappings f and g, inequality
(2.4) and Theorem 2.7 we have

PP (V(2),V(y) <2 sup e 0.
(s,t)elIxJ

B (70 00) = T 000 00) s

+E| (G (s 0, (0, 0)) — 7 (1 0, (1, 0)) dMu,vn%@]
[0,s]x[0,¢]

_ — 2
< 2 sup 6_2dLPY(s’t) [/ Hf (u7 v,T (U, U)) - f (u7 v,y (U, U)) R4 dVA
[0,5] % [0,t] x 2

(s;t)elxJ

1 19000 000 = 30003 ) i
[0,s] x[0,t] x£2

< 2dL sup e 2 / 2 (1, v) = y (u,0)|| 220 (dva + dpas)
(s,t)elxJ [0,5]x[0,¢] x 2
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= 2dL sup e~ 2dly(s:t) / |z (u,v) =y (u, U)Hi?»d dry (u, v)
(s,t)eIxJ [0,5]x[0,1]

< 2dL sup e (st 2 (:B,y)/ 2L vy (4, v)
(s,t)elxJ [0,5]x[0,1]

Therefore by Lemma 4.3 we get

PP (V(z),V(y) < sup p*(z,y) (1 _ e—2dL'y(s,t))
(s,t)yelIxJ

< p2 (z,y) (1 _ e—zdL»y(s,T)) .

Thus by Banach’s Contraction Principle we infer that there exists a unique element
T € K (&, X) such that

& (s,t) = €(5,0) +£(0,t) = £(0,0)
* /[o,s} x[0,t] ? (u’ vt (u, U)) dAu,v

+ / 7 (u, v,z (u,v)) dM,,.
[0,5] x[0,]

Thus the proof is completed. O

We finish our considerations with the following remarks. Let C'S (X) denote the
set of all continuous selections for X : [ xJ — K (LM) being a solution to set-valued
stochastic integral equation (4.4). Since X is a continuous multifunction, it follows
by Michael’s Continuous Selection Theorem (see [7], [9]) that C'S (X) # (). Hence by

Theorem 4.4 we have the following result.
Corollary 4.5. Under assumptions of Theorem 4.4 it holds

CS(X)NSI(F,G,&) 0.

Moreover Theorem 4.4 can be also expressed in the spirit of reachable sets of
solutions to stochastic inclusion (4.1) generated by (F, G, £). Namely, for (s,t) € I x.J
let

A((s,1),6 F,G) = {a(s,t) € L* : 2 € SI(F,G,¢)},

ie. A((s,t),&, F,G) is the set of all possible values that are attained by trajectories
of solutions to stochastic integral inclusion (4.1) at the point (s, t). Then the following

result can be stated.

Corollary 4.6. Let assumptions of Theorem 4.4 be satisfied and X : I x J —
Ko (Lz’d) be a unique solution to the equation (4.4). Then A ((s,t),&, F,G)NX (s,t) #
0 for every (s,t) € I x J.
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Let us also note that all of the above considerations can be applied to stochastic

inclusions with expectations in the coefficients:

Ai:ét/ () € Jis.51xe1 F1 (w0, E (2 (u,0)), |2 (u, v) || f2.0) dAu,
(4.9) + Jis 1<t G (U, 0, E (2 (u,0) (|2 (w, 0) || p2.a) dMo,,
z(0,1) = £(0,7) |

x(s,0) =& (s,0)

where F1,G1 : I x J x QxR xR — Kb (]Rd) are appropriately regular set-valued

mappings. Indeed, the stochastic inclusion (4.9) can be transformed to inclusion (4.1)
if one takes set-valued mappings F,G : [ x J x Q x L*¢ — K? (Rd) such that

F (SJ,CUJZ) =F (Svtvva (n) ) ||77||L2»d>
and
G (37 t,w, 77) =Gy (Svtvva (77> ) HnHle)

for (s,t,w,n) € IxJxQxL*%. Next, one can state an associated set-valued stochastic

integral equation with coefficients defined by (4.2) and (4.3) or by mappings

F(s,t,w, B) := o ( U R (s t,w.Em),nlle.)

neB

and

G (s,t,w,B) :=7o ( UG (s, t,w, E(), 0]l 12.0)

for (s,t,w,B) € I x J x Q x K? (szd). In a single-valued case the above stochastic

inclusion reduces to the stochastic integral equation
l’(s,t) +§(O>0) _5(570) _g(oat)
= f(u,v,E(x (uvv)) ) ||£L'(U,U)||L27d)dAu7v

[0,s] x[0,¢]
[ g E (e (w,0) e (1 0)] ) My
[0,s] x[0,¢]

Such equations driven by a two-parameter Wiener process were used in the theory of

term structure of interest rates (see e.g. [10], [16], [17] and references therein).
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