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ABSTRACT. We consider an impulsive control problem governed by fractional differential equa-
tions for which we establish a set of necessary conditions. The results are applied to a model of an
HIV-immune system with memory. The fact that fractional differential equations possess memory
enhances their usefulness in the modeling effort. The objective of the control problem is to minimize
the infectious viral load and count of infected CD4+T cells while using optimal level of dosage of

anti-HIV drugs and optimal therapy. Simulation results are presented and discussed.

1. Introduction

There has been a continued effort in the mathematical modeling of the dynamics
and control of human immunodeficiency virus (HIV) by various authors ([7], [9], [11],
[14], [15], [24], [25], [33], [37], [39], [44], [48]). One of the earliest models dealing with
HIV is due to Perelson, Kirschner and De Boer [33]. They consider the interaction of
HIV with CD4+ T-cells where the CD4+ T-cells consist of four population groups:
uninfected T-cells, latently infected T cells, actively infected T cells, and free virus.
Much effort has been put toward the study of the global dynamics of the HIV dif-
ferential equation models. There have also been a number of studies where optimal
control techniques are employed [24], [6], [45], [15], [21]. Memory is an important
feature in immune response ([14], [38]). To include memory in the model fractional
differential equations have been used ([14], [15], [21]). Hou and Wong consider (][23])
an impulsive control problem with application to HIV treatment. The rational for
impulsive formulations is that while treatment by medication can suppress the virus
to a very low level, the cost of purchasing the drugs as well as the amount of damage
done to the body due to the intake of drugs can greatly offset the benefit of suppress-
ing the HIV virus. Thus, a treatment regime of taking medication and the amount of
medication at optimal instants may be more beneficial. Thus, in the current paper an

impulsive fractional models is considered. We have decision variables at the impulse
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times and between impulse times. We start with a general formulation useful for a

wider application besides the HIV modeling.

Besides applications in HIV modeling fractional differential equations have proved
to be valuable tools in the modeling of many phenomena in engineering, physics, and
economics ([18], [19], [20], [28], [29], [34], [43]). Fractional differential equations have
also been useful in biology, fluid mechanics, modeling of viscoelasticity. The most
fundamental characteristics in these models is their nonlocal characteristics. That is,
the future aspect of the model relates not only the present state, but also its historical

states.

Impulsive control problems have also been useful in engineering and in finance,
production control and inventory management. In production planning ([8], [16],[30],
[32]), a decision maker may have to decide the proper quantity of products being
produced at different times with the objective of maximizing profit over a planning
horizon. The goals that a decision maker has to accomplish are generally complex and
involve conflicting objectives. The decision maker must meet demands while adhering
to industry requirement needs, capabilities, limitations, and restrictions. Depending
on the particular application an appropriate model may be discrete or continuous

time optimization problem.

In [30] a production-planning model conducive to optimization is developed and
used with the preference-based optimization method: linear physical programming,
multiobjective programming. In [16] a continuous-time aggregate production-planning
is considered where the objective is to determine the total production-planning cost,
which involves various sets of costs like production cost, subcontracting cost, over-

time cost, hiring cost, firing cost, and inventory cost.

Mathematical aspects of impulsive hybrid control systems have been considered
by engineers and mathematicians. In addition to the references in production planning
above relevant references include [4], [5], [17], [35], [36], [42].

The organization of the paper is as follows. We first present preliminaries, then
the problem statement. Then, we establish necessary conditions for the control prob-

lem, and finally present computational results.

2. Preliminaries

For information on fractional differential equation we recommend the reference
[34]. Let f :[0,00) — R. For —oo < a < b < oo the fractional integral of order

a > 0 of f with lower limit zero is defined as

L)
210 = 5 | G
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The left Riemann-Liouville fractional derivative of order o of f is given as

I S (C)
SDIf(t) T —ajar J, (t_s)a-i-l—nds’ t>0,n <a<n

The right Riemann-Liouville fractional derivative of order « of f is given as

appy— 1 d\" [ f(s)

The right Caputo derivative of f of order a with lower limit zero is given as

-1
ﬁﬁﬂﬂ:Lﬂxpw—Ezgﬁmi,t>Qn—1<a<n
k=0

The right and left Caputo derivatives, in integral form, are given as

C N _ 1 ! f(s) s
D0 = gy ), T
(

1 " f(s)
CDa — / )
PO =T ) G e
The initial value problem
6D f(t) = f(t,a(t), 0<a<l
(2.1) z(to) = o

is equivalent to the nonlinear Volterra integral equation ([34]):

1 t o—1
z(t) = xo + @/0 (t—8)* " f(s,2(s))ds.

In this paper we take o = 0.9.

3. Problem Statement

Let 0 =t) <t <ty <---<ty_1 <t,=1tyand, fort=1,2,...,n the functions
fi i [tic1,ti] X R" x R™ — R be such that f;(-,z,u) is measurable for fixed (z,u).
For fixed ¢t and u, the function f; is continuously differentiable in z. For fixed t,

fi(t,-,-) is continuous. We also assume that

102 fi(t, x2,u2) — Op fi(t, x1,wr)|| + || fi(t, 22, u2) — fi(t, z1,u1)|
< K{|lwg — 21| + |lug — ua||},

where K is a fixed constant.

Next let h;, © = 1,2,...,n be an n x n matrix with continuously differentiable
entries. That is, if the (k,j) entry of hi(n) is aj;(n), then aj; is a continuously
differentiable of 7.

Now, we consider the following fractional differential equation

ngxl(t):fl(t,xl(t),ul(t)), O0<g<l, O=ty<t<ty
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(3.1) z(to) = h1 - ¢
and fori =2,...,n

LODYxi(t) = filt, mi(t), wi(t), ti <t <t
(3:2) Ti(tio1) = hi(zi(t;2y))e + @a(ti2y)

We consider the objective function

+Z/ (s, 2:(s), ui(s))ds.

The impulsive control problem we consider is

(P) min{J(ml,ul,...,xn,un) = +Z/ (s, (s i(s))ds}

subject to
SDIf(t) = filt,x1(t), w1 (), 0<qg<1l, 0=ty<t<t,
(to) = ha(c),
LODY(t) = filt @it), wi(t),  tia <t <t
(3-3) wition) = hi(zi(t;2,))(6) + 2i(ti).

Assume that problem (P) has a solution (¢y,...¢,), (U1,...u,). We denote the
corresponding trajectories, z;, 1 = 1,...,n. Let U = U; x --- X U, be the control
set containing the controls uy,...u,. Assume that I/ is a convex set. We can put

constraints on the decision variables cq, ..., c,.

In the interval (t,_1,t,) we have the fractional differential equation
i 2 CDT (1) = [t Tn (1), Un(t)), oy <t <t,
(3.4) Tn(tn-1) = hn(Zn(t, 1)) (Cn) + Tna(t, 1)
Let v € U,,. Consider

1 Do (t) = fult, Zon(t), Un(t) + 00(1)), ta_1 <t <ty

(35 Eonltnr) = b (t)(E) + s ()
Then,
36) ) = o)+ s [ 0= sl o) + 00(5)ds
Set
Soalt) = iy [ (€ 053051061 5)

(3.7) + Oufu(8, Tn(8), Un(s)v(s) }ds
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Then
Ton(t) — T (1)
| ot 2l

— 02, (t)]]oo — 0 as @ — 0.

Given u € U, let

2(t) = % / (Ll 7)) 2)

q
(3.8) + Oufuls, Tn(s), un(s)u(s)tds
Now, let p,, € Lo([tn_1,tn]) such that

(3.9) /t " pals)u(s)ds = /t " 0,0(s, B, i (5)2(5)ds + D Tp(@n(t)) - 2(tn)

Then,

/t " pn(S)aufn(S, :Z'n(s)’ ﬂn(S))U(S)ds

(3.10) " 0,0(5, 2 ()60 (3)d5 + BT (2 (62) - (1)

tn—1

For ease of notation let us write
fu(s) for fu(s, Tn(s),tn(s)),
Op fu(8) for Oy fu(s, Tn(s),

U
Oufu(s) for Oy fu(s, Zn(s), Un(s)).
Then, using (3.7) and (3.10)

/tn Pn(8)[0n fr(8)0x,(8) + Oufrn(s)v(s)]ds

1

- / { / " 0, 1() + 0,8(6)

(3.11) (& = 8)T 1 dE[Dx [ (8)02n(5) + Dufuls)v(s)]ds
We also have

Ou T (Zn(tn)) - 020 (t) = 0T (T (1))

(3.12) - ﬁ / " (b — 8 B fa(5)60(3) + Bufo ()0 ()]s
Thus,
__L " 17, (£)0) 9.®, (6)1d
ns) = / (6 = 5) [pu(€)0u o E) + 0,0, (€))de
(3.13) + ﬁ@xTn(aﬁn(tn — )L,
Let

(3.14) Yo = 0pTn(Zn(tn))-
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Next, we move to the interval [t,_o,t,_1] and consider

tnfchgnfljn—l(t) = fn—l(tvjn—l(t>7an—l(t))u lno <t <t,1
(3.15) Tno1(tn-2) = hn-1(Tn—2(t,_2))Cn1 + Tn-2(t, )

We have

Tp-1(t) = hn1(Tn-2(t,_3))cn-1 + Tn2(t;,_5)
1

(316) + m /t:2 (t — S)q_lfn_l(s, i’n_l(S), ﬂn_l(S))dS, tho <t <t,_1.

Forvel, 1,0 <6 <1, let
Iﬂ,n—l(t) - hn—l(fn—2(tn—2) “Cp—1 t fn—2(tn—2)

I o1 _
+ @ /tn2(t — $)7 fro1(8, gn-1(8), Un—1(s) + Ov(s))ds

Proceeding as in (3.5-3.7) and taking limit as was done following (3.7) we arrive at
the following two equations which are the changes in the states x,,_1, x,, due to the

change in u,_; from u,_; to u,_; — 0v while @, is unchanged.

50 (t) = ﬁ / (t = )1 0s fus (5. Fur(8), s (5)5201 (5))
(317) + 8ufn—1(s>jn—l(s)>ﬂn—l(s)v(8)}d57

5In(t) = ([hn(fn—l(tn—l)) ’ En],x)dzn—l(tn—l)

1 t
(3.18) +— / (t — 8)17 0, fr(5, T (), Un(5)dxp (5))ds.
F(q) tnfl
For k =2,3,...,n let Ly be the solution of the fractional differential equation

tkﬂcDng(t) = &vfk(tu jk(t>7ﬂk(t)), o1 <t <ty,
(3.19) Lu(tss) = 1.

Next, for k =2,3,...,n set

(3.20) Qr(Tr-1(tk-1), ) = [r(Tp-1(tx-1)) - Ckl2) + 1.
Using (3.19) and (3.20) the solution of (3.18) is given by
(3.21) 02, (t) = L(t)Qn(Tp—1(tn_1),Cn)0xn_1(tn_1)

Next, we note that

/”M 5 Tn(8), n(s)) - 0 (s [/ 00 P (5, Tn(5), Tin(5)) - Ln(s)ds

7

(3.22) Qn(Tp—1(tn-1),¢n)0Tpn_1(tn_1)
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The variation in the total cost due to the variation in u,_; € U,,_; involves the costs

in the intervals [t,_o,t,-1] and [t,_1,t,] and is given by

/ o 02 ®p_1(8, Tpp_1(8), tn_1(5)) - 6xp_1(5)ds + [ /t t 0, D(8, T (), Un(5)) - Ln(s)ds

tn—2

(3'23) : Qn(fn—l(tn—l)a En)ézn—l(tn—l)

Similarly, the variation in the total cost due to the variation in u,,_o € U,,_o involves
the costs in the intervals [t,_3,t, o], [tn_2,tn_1] and [t,_1,%,]. As in (3.8) given
u € U,_ let

A(t) = ﬁ / (=) a5 0a (9. s (9):)
(3.24) + Oufn-1(8, Tn—1(5), Up—1(s)u(s) }ds

As in (3.9) define p,,_1 € La([tn_2,tn_1]) by the equation
tn—1 tn—1
/ Pr—1(s)u(s)ds = / 0ePr_1(8, Tp_1(8), Un—_1(8)) - z(s)ds
tn—2 tn—2
t7l
+ {/ 0. D(8, T (8), Un(8)) « Lp(s)ds| - Qn(Tp_1(tn-1),Cn)z(tn-1)
tnfl

(3.25) + 0T (w0 (tn-1)) Ln (t0) Q1 (tn 1), €n) 2(tn—1)

Following the steps that we used to get (3.13) we obtain

i) = 1 [ € s € Fara (€. €) + (€)1
o [ / 00, (6, 71 (€, 1(€) L ()€ Qu(Fmr (1) )
(326) -+ 0,T(@n(tn1) Lo (ta)Qu(Fs (ta) cn>] (taos — )77
Set
s = ( / 0,0, (€, 24(6). un<£>>Ln<5>) 4€ Qu(Frr (ta-1). )
(3.27) + YL (t2) @ (Tr—1(tn-1), Cn)

where 7, is defined in (3.14). Then, we may rewrite (3.26) as

I 1 } _
o / (€ = ) Pur ()0 four (62 Far (6), T r (6))
+ 0, P, 1(&, Tp-1(§), Un—1(§)]dE

(3.28) + Y1 (tnoy — 8)97 0

Pn-1(s) =
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Setting

Yo = (;/%”1é%ﬁbn_1<s,xn_1<s>,un_4><f>).Ln_4<5>dsc2n_1(xn_4(tn_1>,cn_1>

tn—2

(329) + ’Yn—an—l (tn—l)Qn—l (:Z'n—2 (tn—2)> En—l)a

the adjoint function in the interval [t,_s,t, o] is given by

1 [t -1 . _
WMﬁ@l@ﬂ)Wm%%WﬁW%»
+ amq)n—2((£7 jn—2(£)7 an—2(£))]d£
(330) + ’}/n_g(tn_g — S)q_l.

Next we proceed to give a formula for the adjoint function in any interval [, _(i12), tn—(i+1))-

Let

Tn—(i+1) = </ - arq)n—i(gvjn—i(g)vﬂn—i)(£)> Ln—i(g)den—i(jn—i(tn—i)7En—i>

tn—(it+1)
(331) =+ an—iLn—i(tn—i)Qn—i (jn—(i—i-l) (tn—(i—i-l))a En—i>7
Then,

1 bn—(it+1) ) - -
Pr—(i+1)(8) = @/ (€= 5)T [Pr—(i+1) (§) O fr—(i41) (§; Tr—(i41) (§), Un—(i41) (§))

+ 0P (i11) ((§; Tn—(i41) (€) Un—(i41) (§))]dE
(332) + 7n—(i+1)(tn—(i+1) — S)q_l.

We now define the Hamiltonian in the interval [t;_1), %], i = 1,2,...,n by
(3.33) Hy(t, wi(t), ¢i(t), wi(t)) = q;(1) - fi(t, wi(t), qi(t), wi(t)) + @(¢, 2i(t), @i(t), ui(?))
Then, for any v € U,

(3.34) Hi(t,z;(t), q;(t),v(t)) > Hi(t, z;(t), q;(t), w;(t) ae. t, 1 =1,2,...,n

To show the validity of (3.34) we will verify it in the last interval [t(,—1),t,]. When

we perturb the control @, only the last term of the cost

(3.35) J(1,u1, .. T, Un) = +Z/ (s, 24(s), ui(s))ds,
which is,
(3.36) T (2n(tn)) + /t " Bi(s, wn(s), un(s))ds

is affected. Thus, if we perturb u, by adding 6v, v € U,, to it, then

d
@J($1?ulax2>u2a ey Ty Uy + Q'U)
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(3.37) = {Tn(:vn(tn)) + / ; B;(s, T (5), Tn(s) +9v(s))ds}

tn—1

Thus,

d
@J(Il, Uy, x27 Uz, . .. 7jn7 an + ‘97))|9:0+ = 8xTn(jn(tn>>5$n(tn>

+ /t tnl{ﬁx@i(s,zn(s),un(s))éxn(s)
(3.38) + 8un<1;i(s, Tn(5), Un(s))v(s)}ds
Next, using (3.10), and writing
Pn(8)0ufnv(8) = Pn(8)0ufu(s, Tn(s), Un(s))v(s),
0uPv = 0,y (5, Tn(5), Un(s))v(s),
Do By, = 0,y (5, Tu(3), n(5)),

J(Uy + 0v) = J(ZT1,u1, To, Us, . . ., Ty, Uy, + OV),

we have
d [
@ Hn(s,fn(S),pn(S),ﬂn(S) +9U(S))d8|9=0+i
tn—1
tn
= / {pn(8)0ufrv(s) + 0, Prv(s)) }ds
tn—1
+ 0, T (T (1)) 0 (£1) / {0, D02, (s) + 0, P,v(s)}ds
d
= @J(un + 0v)|g—o+
(3.39) >0
Thus,

Ba0) [ 0000 [ 0,500 0)
Now, from (3.40), making needle-like variation, we obtain

(3.41) Ho(t, (1), pu(t), 0(8)) > Ho(t, Zn(t), pu(t), @n(t)), ace. t

So far we have perturbed only the controls between impulse times. That is, we
have assumed that problem (P) has a solution (¢4, ...¢,), (41, ...14,), and perturbed
only the controls (uy, ... 14,) between the impulse times and obtained the minimum
principle (3.41) where the adjoint variables are as presented in (3.13), (3.26), and

in general, in the interval [t,_(12), th—(i+1)], by (3.32). Next we perturb the decision
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variables (¢1,...¢,). First we perturb only the decision variable ¢,, while holding the

other decision variables (¢, ... ¢y—2,Cn_1), (U1, ... u,) fixed. Only the last component
t;
Tu(@n(tn) + / By (5, (), i (5))ds
tn—1
of the total cost
n t;
J(jla Uy ,Zi'n, ﬂn) = Tn(jn(tn)) + Z/ (I)i(s> ji(s)a ﬂi(S))dS
i—=1 Y ti—1

is affected. Next, we perturb only ¢,_; while holding the remaining decision variables
(C1,...Cn—2,Cn), (U1,...0u,) fixed. Only,

ti

T(Eat)) + S / Bi(s, 7(s), Ta(s))ds

i=n—1"7ti-1

of the total cost J(Zy, 1, ..., T, Uy,) is affected. Next we perturb ¢, o and continue

in this manner backwards. We obtain the following necessary conditions.
VaLon(tn) A (Tp-1(tn-1)) = 0,
Yn-1Ln-1(tn-1)hn-1(Zn-2(tr—2)) =0,

(3.42) Yr—iLn—i(tn—i)Pn—i(Tn—(it1) (tn—(+1))) = 0, @

I
=
N
I
—_

4. Application

The following model of HIV-immune system with memory was considered in [21].
Here we extend this model to one where we consider impulsive model with added
constraints at the impulse times. This extension is appropriate as stated in the

introduction [23]. The model considered in [21] is given by the system

ngSL’l(t) = —a1x] + CLQQL’lSL’g(l — Ug) + CL36L4SL’4(1 — ul),
OCDng(t) = 1 —7—511;'1 — agl’ll'g(l — Ug)(l — U4) — Qg2

1
+ ay (1 — a—(xg + x3 + x4)) To(1 + uy
8
gDE.ﬁL’g(t) = agl’lxg(l — UQ)(l — U4) — Q93 — Qgl3,
oCDgM(t) = A9T3 — A4y, ,
(4.1) 2(0) = (21(0), 22(0), 23(0), 24(0))",

where z; represents free virus, xo uninfected CD4+ T cells, x3 lately infected CD4+
T cells, x4 actively infected CD4+ T cells. The control u; is the concentration of
protease inhibitor, uy fusion inhibitor, us CD4+ T cell enhancer, uy reverse tran-
scription inhibitor. The parameters s;, ¢;, ¢ = 1,2, 3,4 and r are weight constants in

the objective functional below.

Further,
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a; = death rate of free virus,

ay = rate CD4+ T cells become infected with virus.

az = number of free virus produced by actively infected CD4+ T cells.
a, = death rate of actively infected CD4+ T cell population.

as = source term of uninfected CD4+ T cells.

ag = death rate of infected (latently infected) CD4+ T cell population.
a7 = growth rate of CD4+ T cell population.

ag = maximum population level of CD4+ T cells.

ag = rate of latently infected cells becoming active.

Rational for this model has been presented [14], [15], [21]. In [21] necessary conditions
for optimality were presented for a control problem with the dynamics given by the
above model where the cost

T(w) = Slsiad ) + ssadey) + saat)]

(1.2 +3 | nat0 + auado) + aiake) + e

is to be minimized.

The objective in this paper is to deal with the impulsive control version of this
control problem. We consider ¢y < ti,...,t, =ty where t1, s, ..., t,_; are the impulse
times, and constraints are imposed on the trajectories at these impulse times. We
can add constraints at the initial and final times ¢, and ¢;. The material presented in
the previous sections applies to more general models than we are considering in this

section.

We now proceed to formulate the impulsion version of the above problem. First
we divide the interval [to, ] into n intervals: [t;_1,%;], i =1,2,...,n. In the interval

[ti—1,t;], we consider

SDixy(t) = —ara + agramin(l — wi) + azaszia(1 — ug),
Qs

C Na
Dixio(t) =
o Diwn(t) 1+ 211

- G2Ii1$2(1 - Ui2)(1 - Uz’4) — QT2

1
+ as (1 - a—($i2 + 23 + Ii4)) (1 + ug3),
8

S D{wis(t) = agrinwin(1 — uin) (1 — ui) — agiz — agtis,
(?Dgfm(t) = Q93 — A4Ti4,
(4.3) Ti(ti1) = hi(zim1(tima)) e + 21 (tima),

At the impulse times t1,ts,...,t,_1 we have

(4.4) xi(tic) = hi(zim1(tim1)) e + 21 (ti2q).
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At t =t
(45) I'l(t(]) = hl(Cl).
We remark that the h;, i = 1,2,...,n are 4 x 4 matrices and ¢; = (ci1, Ciz, ¢is, Cig)~ .

The cost is given by

1
J(ug, g, ... uy)) = 5[31:1721 (t,) + 833323(15”) + 84:1724(%)]

I~ [f
(4.6 #3300 [ k) + ah (o) + k) + rd 0
i=1 Jti—1
We now proceed to write the adjoint system. In the time interval [t;_1, ;]
tCDZPil(t) = —(a1 + aozin(1l — wi2))pir

a
+ {m + asmin(1 — up)(1 — Ui4)] Pi2

— ain(1 — wi2) (1 — wig)pis + qrvia,
SDZPQ@) = —a2l’i1(1 - ui2)pi1 - [azl’il(l - Ui2)(1 - Uz’4) + aﬁ]pi2

1
+ar <1 — —z(l+ Uz3)) Di2
as

ZT; —l-l’i +ZL','
+ar <1 — %) (1 4 w;i3)pio + aswin (1 — win) (1 — i) pis,

a7
fDZ-Pi?,(t) = a—In(l + U;3)Pia — A9Piz — AePis — A9Pia — G3T3,
8

a
EDZPM@) = azas(1l — wu)pin — a—7$€i2(1 + w;3)pio
8
(4.7) — Q9Pi3 — A4Pig + qaTiy,
Writing f; = (fi1, fio, fis, fia)T for the right hand side of (4.3) and p; = (pi1, pio, Piz, Pia)
the in [t;_1,t;] is given by

(4.8)  Hi(t,2(t), pi(t), wi(t)) = pi - fi + % [y (1) + as235(t) + quis(t) + 7oy (1))

If u; = (U, Ui, Uiz, uy)? were an interior point of the control constraint ; then,
using (3.34) we have

(4.9) Ou, Hi(t, i(t), pi(t), ui(t)) = 0.
From (4.9) we get

Ou,, Hi = —azaywiy + ru; = 0;

Ouy Hi = agr Tiopin — @i Tin(1 — uia)piz = 0

Tio + T3 + Tia
8
(4.10) O Hi = asxin@in(1 — o) pia — a2 Tin(1 — wi2)pis = 0

Ous H; = a7 <1 — ) Ziopiz = 0



We remark that the optimal control may not be an interior point of ¢/;. In the next

section we take three intervals and carry out a numerical computation. Our numerical
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procedure is going to based on the method of steepest descent.

In this section we take three intervals [to, 1], [t1, 2], [t2, t3], t3 = t; and carry out
a numerical simulation of the following impulsive control problem. For simplicity of

notation we use different symbols for the states and controls in different intervals. All

5. Numerical Computation and Simulation

parameters will be given specific values later.

In the interval [to, 1], we consider

(5.1)

ng!L’l(t) = —a121 + &21’11’2(1 — UQ) + &3&41’4(1 — uil),

OCDng(t) = — agl’ll'g(l — Uzg)(l — ui4) — Qg2

1-'-5(71

1
+ ay (1 — a—(LL’ZQ + 3+ LL’Z4)) 1’2(1 + U3),
8

In the interval [tq, 5], we consider

(5.2)

SDIy,(t) = —aiys + agyryz(1 — va) + agasya(l — vy),

C g 5
D t
0 ty2( ) 1 m

— agy1y2(1 — v2)(1 — vig) — agy

1
+ar l_a_(yi2+y3+yi4) y2(1 + v3),
8

6 Diys(t) = asyrya(1 — v2) (1 — v4) — agys — agys,
6 Diya(t) = agys — aya,

y1(t) = ddl + ccl - z1(ty) + x1(ty),

yo(t) = dd1l + ccl - 22(ty) + 22(ty),

ys(t) = dd1l + ccl - 23(ty) + 23(t1),

ya(t) = dd1 + ccl - z4(ty) + x4(tq).

In the interval [to, 3], we consider

OCszl(t) = —a12] + a2z122(1 — U)Q) + CL3CL4Z4(1 — wl),
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Qs
1+ 2

CD?ZQ( ) — &2212’2(1 — wzg)(l — w4) — gR2

1
+ ar (1 — a—(zn + 23+ Zz'4)) 29(1 + ws),
8

SDI25(t) = agz129(1 — wy)(1 — wy) — agzs — agzs,
EDI2(t) = a9z — asza,
21(t) = DD1 4 CC1 - yl(ts) + y1(t2),
23(t) = DD1 4 CC1 - y2(t2) + y2(ta),
2(t) = DD1 + CC1 - y3(ts) + y3(ta),
(5.3) 24(t) = DD1+ CC1 - yA(ts) + yA(ts).

The cost is given by

1
J(u,v,w) = i[slzf(tg) + 5323 (t3) + 8423 (t3)]

1 [t

+ 3 / (123 (t) + qz3(t) + quri(t) + rui(t))dt
to

1 2 2 2 2 2()\1d

+3 [q1yi(t) + qsy3(t) + qayy (t) + roi(t)]dt
t1

1

(5.4) v /t :3 @122(0) + @53 (8) + @z () + rwd(D)]de

Let f®(z,w) = (£ (z,w0), £ (z,w), £ (2,0), f{” (2, w)) where

f1(3)(z>w) = —a121 + a22122(1 — w2) + agasze(1 — wy),

(3) _ O
f2 (Z7w)_ 1+Z1

— CLQZlZg(l — wlg)(l — ’UJ4) — agR2

1
+ ay (1 — a—(ZiQ + 23 + Zi4)) 22(1 + wg)
8

fég)(z,w) = CLQZlZQ(l — U)Q)(l — ’UJ4) — Q923 — AgZ3,

(5.5) FP (2, w) = agzs — asz,

Let fO(y,v) = (P (y,0), £52(y,0), 152, 0), £ (y, v)) where
f1(2) (y,v) = —ary1 + agy1y2(1 — v2) + azasysa(1 — vy),

2 )
V)= —— —a 1—vp)(l—v4) —a
f2 (Y, v) 1+ 0, 2Y192( 2)( 4) 6Y2

1
+ ay (1 — a_(yi2 +ys+ yi4)) Yo(1 + v3)
8

£ (y,0) = asynya(1 — va2)(1 — v4) — agys — agys,
(5-6) ff)(y’ U) = Ag9Y3 — Q4Y4,
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Let fO(z,u) = (f9 (@, w), 57 (@, 0), £ (@, u), [ (2, u)) where
fl(l)(95>u) = —a1x1 + aax122(1 — uy) + azasra(l — uy),

£V (@ u) =

as
1-'-5(71

— agl’lxg(l — ulg)(l — U4) — Ag2

1
+ ay (1 — a—(SL’ZQ + 3+ l’m)) LL’Q(l + U3),
8

fél)(:c, u) = agr122(1 — ug)(1 — uy) — agrs — agrs,
(5.7) f4(1)(:c, u) = agz — 4%y,
Let L® be defined by the equation
pCDILO () = 0.0 (2(1), w(t), 2 <t <t
(5.8) L3 (ty)) = 1I.
Let L® be defined by the equation
nCDIL () = 8, fP (y(t),0(t), <t <ty
(5.9) LP(t) = 1.
Let L™ be defined by the equation
w0 DLW () = 0, f D (x(t),ult)), to<t<t,
(5.10) LW (ty) = I.
Let Q® be be the matrix defined by
(5.11) Q¥ = diag(CC1+1,0C2+1,CC3+1,C0C4+1)

In (5.11) the notation “diag” means that matrix has all entries zero except the diag-
onal elements. Let Q® be be the matrix defined by

Q¥® = diag(ccl +1,¢c2 4 1,cc3+ 1,CC4+ 1)
From the objective function in problem (P), (4.6), and (3.3)

Y3 = (s121(t3), 0, s323(t3), s424(t3))

t1
Yo = { / (qul,O,q3y3,q4y4)L(3)(S)d8} QB + 43 LP (13)Q®

to

to
(5.12) M= {/ (Q19€1,07Q3$37Q4I4)L(2)(3)d5} QY + 7L (t,)Q®

t1
We now proceed to write the adjoint equations. We denote the adjoint variable by
p) in the third interval, by p® in the second interval, and by p®® in the first interval.

In the third interval p® is the solution of the fractional differential equation

DL (1) = —(ar + asza(1 — wy))ptY
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as (3)
+ | —————— + a929(1 —wo)(1l —w
{(1 )2 222 2)( 4)} D3
— agz(1 — wq)(1 — w4)p§3) + @z

Dggp;?) ( ) = —a2z1(1 - wg)pg?)) - [@221(1 - w2)(1 - w4) + a6]P§3)

1
+ a; <1 — a—22(1 + wg)) pg)’)
8

29+ 23+ 2
(1 - %) (1 +ws)ps” + azz1 (1 — w2) (1 — wy)p§”

ar
tc D§3p§3) (t) = G_8Z2(1 + w3)p§3) - agp;(), ) @6p§3) - @9pz(13) — (g3%3,
(3) (3) (3)

ar
- a_Z2(1 + w3)P2 — Qg9P3”’ — 4Py + a4,
3

DL (t) = agas(1 — wy)pt”

(5.13) CDtgp( '(ts) =73

In the interval [t1, t5] the adjoint is the solution of the fractional differential equation

DI (1) = —(ay + asys(1 — v3))pt?

as (2)
%% 1— 1
+ l(l N + agys(1 — v9)( v4)} D5
— agya(l — v9)(1 — 7)4)]952) + q1y1

CDEpP (1) = —asyn (1 — v2)p®) — [agyi (1 — v2) (1 — v4) + ag]ps”

1
ary <1 — a—yg(l + Ug)) p§2)
8

a- <1 Y2t ?g + y4) (1+ U2>pg2)

+ asyr (1 — v2)(1 = vg)pY

ay 2 2 2 2
Dt2p§ (1) = a—syz(l +v3)ps) — agps? — agpy) — agp’Y — qsys,

a
Dt2p§ (1) = azas(1 —vg)pt® — a—;yz(l +0)ps? — agpy) — asp’? + quya,
(5.14) ¢ DLp® () =72

In the interval [¢y,¢;] the adjoint is the solution of the fractional differential equation
1 1
E DL () = — (a1 + azwa(1 = ) ol

as (1)
+ | + ara(l —uz)(l —u
{(1+I1)2 22 2)( 4)} Da

— apa(1 — up) (1 — ug)py + gy
DL (1) = —asai (1 — up)pl") — [agm1 (1 — ug)(1 — wg) + ag]pl”

1
+ ay (1 — —zo(1+ UQ)) pgl)

as



FRACTIONAL DIFFERENTIAL EQUATIONS 53

To + Xog + 24
a\t-—g

) (14 u)p + avs (1 — 1) (1 — a)pV)

az
tCDglpgl)(t) = a—8$2(1 + Us)pgl) - agpgl) - a6p§1) - @9174(11) — {43%3,

a
tCD1[511p£(11)(t) = agaq(1 — u4)p§1) — a—7$2(1 + U2)p§1) — agpgl) — a4pfll) + a4,
8

(5.15) ¥DfpM(t) =7

Next we write the Hamiltonians in each of the intervals. In the interval [ts, 5] we

have

(5.16) Hi(t, z5(t), p® (), v) > Hs(t, 23(t), p® (1), w(t)), ae. tV v el
The Hamiltonian in the interval [tq,?2] we have

(5.17) Hy(t, ya(t), p® (1), v) = Ha(t,ya(t), p2 (1), 0(1)), ae. tV v € Uy
The Hamiltonian in the interval [to,¢;] we have

(5.18) Hy(t, (), p P (), v) > Hy(t, i (t), pP (1), u(t)), ae tYv el

To carry out the numerical simulation we use the state equations (5.1), (5.2), (5.3),
the adjoint equations (5.13), (5.14), (5.15) and the Hamiltonians (5.16), (5.17), (5.18).
Specific values for the parameters in the state equations, and the cost are given below.
The numerical procedure goes as follows. We start with the third interval, use the
Hamiltonian to improve on the control. Using the improved control we update the
state and the adjoint variables in the third interval. Then move to the second interval
and use the Hamiltonian in the second interval to improve the control in the second
interval. Then we use the improved control and update the states in the second
interval and the third interval. The states in the third interval get updated because
of the change in the state variables at t5. Finally move to the first interval and use
the Hamiltonian there to improve on the control. Using the improved control update
the states in the first interval. Due to the change in the states of the first interval at

t; the states in the second interval, hence the states in the third interval are updated.

BEGIN pseudocode

Third interval:

Use Hamiltonian to improve control.

Using improved control update state, adjoint variables in

third interval.

Second interval:
Improve control in the second interval.

Update states in second and third interval.
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First interval: Improve control.

Update states in all intervals.

END pseudocode

This procedure is essentially dynamic programming procedure.

The values of the parameters in (4.1) are given in the following table.

Parameters Values
a1 = Death rate of free virus 2.5d71
as = Rate CD4+ T cells become infected with virus 2.4 x 10~ 5mm3d~1
asz = Number of free virus produced by actively infected
CD4+ T cells 1200
as = Death rate of actively infected CD4+ T cells population | 0.24d~"
as = Source term for uninfected CD4+ T cells 10d=tmm=3
ag = Death rate of uninfected (latently infected) CD4+ T
cells population 0.02d~*
a7 = Growth rate of CD4+ T cells population 0.02d~*
ag = Maximal population level of CD4+ T cells 1500mm =3
ag = Rate latently infected cells become active 3 x 1073471

In (5.4) the parameters in the cost are give the values
(5.19) s1=s3=81=q =qs=qa = 10’

In (5.1) the parameters in the cost are give the values

(5.20) 4(to
Next, we give particular values to the parameters in (5.2) and (5.3)
ddl = dd2 = dd3 = dd4 = 0.002,
DDD1 = .0002, DDD2 =0.002, DDD3 = DD D4 = 0.002
ccl = —0.99, cc2 = —0.95, cec3 = ccd = —0.99,
(5.21) CCC1=-.995,CCC2=-0.35CCC3 =CCC4=—-0.995.

The control variables take the values in the following table (Table 1).

Next, we give particular values to the parameters in (5.2) and (5.3) when there
is no memory, that is the model is no more fractional differential equation. Thus, in
(4.1), the left hand sides are ordinary derivatives of the states. The control variables
in (5.2) and (5.3) are given in the following table (Table 1).

ddl = dd2 = dd3 = dd4 = 0.002,
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FIGURE 1. States in Time Interval 1.

TABLE 1
Interval 1 | Interval 2 | Interval 3
ul =1.0 vl=1 wl=1
u2 = .95 v2 =10 w2 =1
u3=00| v3=1 | w3=09
ud = .95 vd=1 wd =1

DDD1=.0002, DDD2 = 0.002, DDD3 = DD D4 = 0.002
ccl = —0.95,cc2 = —0.95, cc3 = ccd = —0.95,

(5.22) CCC1=-.95C0C2=-0.95CCC3=CCC4=-0.95.
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FIGURE 2. States in Time Interval 2.

TABLE 2
Interval 1 Interval 2 Interval 3
ul =0 vl =0 wl = 0.0418538
u2 =1 v2=1 w2 =1

u3 = 0.0009521

v3 = 0.0009401

w3 = 0.0008798

ud = 1.026987

v4 = 1.010854

wd =1

Then, we get the following graphs (Figure 4-Figure 6).
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FIGURE 3. States in Time Interval 3.

6. Discussion of the results of the numerical computation

The numerical computation shows that in the fractional differential equation
model that the virus at the intervention/impulse times should be killed 99%. The
same is true in latently and actively infected CD4+ cells. Although there is damage
to uninfected CD4+ cells the number rises to what is regarded as normal. The virus
level and the infected and latently infected CD4+ cells also increase. However their
number does not reach the number for uninfected CD4+ cells. In the differential
equation model if 95% of the virus and the CD4+ cells are killed at the time of the
intervention the number of uninfected CD4+ cells rises quickly to the normal number
while the virus level and the infected CD4+ cells remain low. What one observes in

these models is the importance of planned strong interventions .
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FIGURE 4. States in Time Interval 1.
7. Conclusion

We have considered an optimal control problem governed by fractional order
differential equations modeling an HIV-immune system. The rational for using frac-
tional differential equations is to account for the fact that the immune response in-
volves memory. The impulse system formulation is to account for the fact a treatment
regime of taking medication and the amount at optimal instants may be less dam-
aging to the body and also less expensive. Some medications may still have to be
taken regularly. Thus we have decision variables at impulse time and between impulse
times. We have constructed necessary conditions for optimality and carried out nu-
merical computation. Our results demonstrate that regardless of what we do between
impulse times strong interventions are needed at impulse times, and the controls in

between impulse times help increase the length of time between impulse times.
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