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ABSTRACT. In this paper, we present some new generalizations of dynamic Opial-type inequali-
ties of higher order on time scales. The results contain as special cases many of the results currently
given in literature. As an application, we apply these inequalities together with a Hardy-type in-
equality on time scales to establish some lower bounds of the distance between zeros of a solution

and/or its derivatives for a fourth-order dynamic equation.
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1. Introduction

In 1960, Olech [15] extended an inequality of Opial [16] and proved that if f €
C([0, h], R) with h > 0 satisfies f(0) = 0, then

h h
(11) [ ireroia<g [ opa

In 1995, Agarwal and Pang published an entire monograph [6] devoted to (1.1),
its extensions, its discrete counterparts, and its applications. In 2001, Bohner and
Kaymakgalan [8] (see also [11, Theorem 6.23]) initiated the study of dynamic versions
of (1.1) and proved that if T is an arbitrary time scale and f € C!;([0, h]t, R) with
h > 0 satisfies f(0) = 0, then

h h
(12) [ lrwlac<n [Cgeopa
0 0
The monograph [5, Chapter 3] contains a summary of the results between 2001 and
2014 that generalized (1.2). Using a novel technique introduced in 2015 in [9] and
pursued in [10] (see also [2]), the recent paper [1] proves the following general dynamic
inequality of Opial type.
Theorem 1.1 (See [1, Theorem 3|). Assume that a € T, b € (a, c0)T,
r,s € Ca([a,blr, (0,00)), and f € Cl([a,b]r,R).
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Leta>1,3>0,and k> [+ 1. If f(a) =0, then

/ S(t)\(f“)A(t)(fA(t))ﬁ}AtSK{ / r(twa(t)}’“At} L

where
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b ) (R == ) (1)
K=c / (s(t))F+-1 5 At
a (r(t)) ®=D0-5=1)
with s o
e k—p3—1 k ﬁ +1
N ka —a— (3 a+f
and

The purpose of this paper is to study Opial-type inequalities that involve not just
derivatives of order one but derivatives of higher order of the function f. We offer
several generalizations of the following recent result from [10] and apply them to the

study of fourth-order dynamic equations on time scales.

Theorem 1.2 (See [10, Theorem 4.1]). Let n € N. Assume that a € T, b € (a, c0)T,
s € Crd([av b]Tv (07 OO))7 and f € C?d([av b]T7R>
Let o> 1 and $>0. If fA(a) =0 for all0 < i <n—1, then

/abs@)}(f“) <><fA”<>>ﬁJ;M(()}At<K / 0172 (0] A

where
B+l [ e @20 T
" atp {/a((t>) (r(t)) =T RA(¢) t}
with

Note that some related results which are contained and/or improved in our study
are given by Anastassiou in [7, Proposition 2.9], Saker in [19, Theorem 2.9], Srivastava,
Tseng, Tseng, and Lo in [21, Theorem 4|, and Wong, Lian, Yeh, and Yu in [22,
Theorem 2.2]. In addition, our presented results contain as special cases some results
given in [1,4,8-10,13] and improve the inequalities given in [17,18,20].

This paper is organized as follows. In Section 2, we briefly present the basic time
scales calculus definitions and results that are used in the sequel. Sections 3 and 4
contain the statements and proofs of the two main results as well as several corollaries

and remarks. In Section 5, we employ the inequalities from Sections 3 and 4 together
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with some new Hardy-type inequalities [14] in order to establish lower bounds of the
distance between zeros of a solution and/or its derivatives for a fourth-order dynamic

equation on time scales.

2. Time Scales Preliminaries

In this section, we briefly present some basic definitions and results concerning
the delta calculus on time scales that we use in this article. A time scale T is an
arbitrary nonempty closed subset of the real numbers. We define the forward jump
operator ¢ : T — T by o(t) := inf{s € T : s > t} for t € T. For any function
f:T—R, weput fo=foo. A function f : T — R is called rd-continuous, denoted
by f € C.q, if it is continuous at each right-dense point (i.e., o(t) = t) and there exists
a finite left-sided limit at all left-dense points (i.e., p(t) = ¢, where the backward jump
p is defined in a similar way as the forward jump o). For the definition of the delta
derivative and the delta integral, we refer to [11,12]. If f € C'(R,R) and g : T — R
is delta differentiable, then the time scales chain rule, see [11, Theorem 1.90], states
that

(fog)® = gA/ f'(hg” + (1 — h)g™)dh,
0

and a special case, which we use in Sections 3 and 4 of this paper, is given by

(fV)AZVfA/l(th+(1—h)f)7_1dh for v €R.
0

One of our main tools for the proofs given in Sections 3 and 4 is the time scales Holder

inequality, see [11, Theorem 6.13], which says

1
v

/ I, {/ b |f<t>|’YAt}i {/ b|g<t>|"At} ,

where a,b € T, f,g € Cu([a,b]r,R), v > 1, and v = v/(y — 1). In our main
results in Sections 3 and 4, we use the time scales monomials h;, and we refer to

their definition given in [3,11]. In Section 3, we use the time scales Taylor formula,
see [11, Theorem 1.113], i.e.,

—_

n—

1) =S il a) /¥ (@) + / B (t, (1)) 2" (1) AT

0

B
Il

for a € T and a function f € C(T,R) with n € N, more precisely, its special case

(2.1) 1(t) = / B (t, 0 (1) 2" (1) A7

that holds provided f2'(a) =0 for all 0 < i < n — 1, and replacing n by n — m with
1<m<n-—1and f by f&",

(2.2) FA (1) = / B (,0(0) f2" () A,
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which holds provided fN+m(a) =0forall 0 <i¢<n-—m—1, and this last formula
is used in Section 4. Finally, in Section 5, we also employ the time scales integration
by parts formula (see [11, Theorem 1.77 (vi)])

b b
/f(t)gA(t)Atzf(b)g(b)—f(a)g(a)—/ FA()g(a(t)At

3. Higher-Order Opial Inequalities

Our first main result reduces to Theorem 1.2 when k = « + 3, just like Theo-
rem 1.1 reduces to [9, Theorem 3.1] when k£ = o + (3.

Theorem 3.1. Let n € N. Assume that a € T, b € (a,00)r,
r,s € Cu([a, 1, (0,00)), and [ € Cly([a,blr,R).
Leta>1,3>0,and k> [+ 1. IffN(a)zoforallogign—l, then

/abs(t) ‘(fa)A(t)(fA"(t))ﬁéAAn((tg) ’ At< K {/abr(t) }fm(t)}kAt}a_ﬁ |
where
b ) Riecps A( ) kg
K—c / (s(t)) =5 (EW%)RA;) .
with N )
=) T ()
and

Proof. Define
o) = [ 10| ()" A
Then g(a) =0,

A:r}fm‘k so that }fm =

and, by the time scales Taylor formula, more precisely, (2.1),

7001 =| [ 2T e e
L (t,0(7) o A
< [l (()% (o)t |12 ()
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where we have used the time scales Holder inequality with conjugate exponents %

and k£ > 1. Thus, for h € [0, 1], we obtain, exactly as in the proof of [10, Theorem 3],

hf”+ @ =R fl < h|f7]+ (1= h)|f]
<h(R)T (¢°)F + (1 - h)R'F gi

=

k-1

— (hR°)'T (hg”)F + (1 — h)R)'F ((1— h)g)*
< (hR° + (1= h)R)* (hg” + (1 — h)g)

Bl

Y

where we have used the classical Holder inequality for sums with conjugate exponents

ﬁ and k£ > 1. Hence, again exactly as in the proof of [10, Theorem 3],

1
/O(hf"+(1—h)f)a‘1dh'

! o _ a—1
g/o \hfo + (1= h)f|* " dh

(k—1)(a—1)

< /1 (hR*+(1—Rh)R) *  (hg” + (1 — h)g)** dh

k—B—1
(k—1)(a—1)

< {/01 (hR"+(1—h)R)Wdh} k

B+1

N {/ (hg” + (1 — h)g) 7t dh}T,

where we have used the classical Holder inequality for integrals with conjugate expo-

nents k—§—1 and % > 1. Therefore, using the time scales chain rule three times, we
get
A (AR B(fAn An|B+1 ! a-1
2 ) s = al 7| [ e s - gt an
0
AN EEL 1
alg”) - o
_alg )T T / (hf” + (1 =h)f) 1dh‘
rE 0

Ay BtL k=f-1

k 1 k—1)(a—1 k
< O@T {/0 (hR” + (1= h)R) =51 dh}

B+1
k
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{(Se2 1) B2 f (R 4 (= mR) dh}kgl
X (=) T ()
X {<g—+i - 1> g® Jy (hg® + (1= h)g)5n dh}ﬁzl
(g—ﬁ)ﬁ:l (9%) "

and thus finally

[ om0 0% 0y L0 s

-1

ka—a

<c/abs(t){ Rk i} f } ;1 { W)A(t)}%lm

/ k Rkl? Ba 1/3) (t) . Vgi
t
r(t)) T RA(1)

where we have used one last time the time scales Holder inequality with conjugate

exponents —z— ﬁ 7 and ﬁ+1 > 1. The proof is complete. O

Remark 3.2. As a special case, when k& = a + (3, we see that Theorem 3.1 reduces to
Theorem 1.2.

The next result follows from Theorem 3.1 by choosing 5 = 0.
Corollary 3.3. Let n € N. Assume that a € T, b € (a,00)r,
r,s € Cu(la, blr, (0,00)), and f € Cly([a,b]r, R).

Leta>1and k > 1. ]ffAi(a):()fm’allOSz'gn—l, then

[solureli s < w{ [ ol o At}: ,
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where

with

_ [ (b0 ()T
R(t)_/a ey

The next result follows from Corollary 3.3 by choosing k& = a.
Corollary 3.4. Let n € N. Assume that a € T, b € (a, 00)T,
s € Crd([av b]Tv (07 OO))7 and f € C?d([av b]T7 R)

Let o> 1. If f2(a) = 0 for all 0 < i < n—1, then
[ sl se< i [l o

where

B R RN
e {/ ) <r<t>>ﬁRA<t>At}

a

[ (o ()T,
R(t)_/a (r(r))=1 A

The next result follows from Corollary 3.4 by choosing o = 2.

with

Corollary 3.5. Let n € N. Assume that a € T, b € (a, 00)T,
r,s € Cua(la, U]r, (0,00)), and f € Ciy([a, b, R).

IffAi(a) =0 for all0 <i<n—1, then

/S(t)}(f(t)+f(( NS (¢ \At<K/ ) (£ (1) A,

\// )+ R(o(t) .,
20

where

with

The next result follows from Corollary 3.3 by choosing n = 1 (see also [1, Corol-
lary 1]).
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Corollary 3.6. Assume that a € T, b € (a,00)rT,
7,5 € Cu([a, blr, (0,00)), and f € CL([a,b]r,R).
Let a > 1 and k > 1. If f(a) =0, then

[ swlomo)ans { [ f%e)mt}% |

where

with
¢ AT
Rt — 71.
=], oy

The next result follows from Corollary 3.6 by choosing k = « (see also [1, Corol-
lary 2] and [10, Corollary 3.2]).

Corollary 3.7. Assume that a € T, b € (a,00)rT,
r,s € Cua(la,b)r, (0,00)), and  f € Ciy([a,br,R).

Let a > 1. If f(a) =0, then

[ solumrmlac< k[ Ao an

where

with

Finally, if we put s = r in Theorem 3.1, then we obtain the following result.
Corollary 3.8. Let n € N. Assume that a € T, b € (a,00)r,
r € Cu([a, b1, (0,00)), and [ € Ciy([a,blr,R).

Letao>1,3>0, and k> f+1. If f2(a) =0 for all0 <i<n—1, then

[l ou o] sk { [ rolnt e T

a+p

where
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with

[ k=B-1)\ F [B+1\ T
C‘“(ka—ﬁ—l) <ﬁ+a)

_ [N (o) e
R(t)_/a e

Remark 3.9. Theorem 3.1 contains the results proved in the recent papers [1, Theo-
rem 1.3], [10, Theorem 3.1 and Theorem 4.1], [4, Theorem 3.1], [19, Theorem 2.9] and

improves the inequalities in [20, Theorem 2.1] and [18, Theorem 2.1] by removing the

and

term which contains the graininess function. Moreover, Corollary 3.5 contains the
results proved in [8, Theorem 1.3], [13, Theorem 3.1] and improves the inequalities
in [17, Theorem 1].

4. Different Higher-Order Opial Inequalities

In this section, we prove a new weighted Opial-type inequality with different

higher-order derivatives.

Theorem 4.1. Let n € N. Assume that a € T, b € (a,00)r,
r,s € Cu([a, 1, (0,00)), and [ € Cly([a,blr,R).

Let o, 3 > 0 and k > max{1,6}. If0 < m < n—1 and f2""(a) = 0 for all
0<i1<n—m-—1, then

a+f

b b &
/ s(t)}f”(t)}“\f“(t)}%szc{ / r(t)\f“(t)\k&t} ,

where

with

Proof. Define
o) = [ 10| ()] A
Then g(a) =0,

==

A
gA:r‘fAn‘k so that ‘fAn‘:<g—) ,

r

and, by the time scales Taylor formula, more precisely, (2.2),

" hmea (t, 0 (7)) PPNV E FAT (VAL
[ e )

27 (0] =
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¢ hn_m_l(t, 0-(7-)) 1 A"
< r(7))* AT
< / ST )

< { at (h"mwl((;;)a:)))kklAT}w {/:7“(7) ‘JCM(T)‘]CAT}}c

where we have used the time scales Holder inequality with conjugate exponents %

and k > 1. Altogether, we have

A
A < R g (g—)

r

B
k

and thus finally

b
JECITERCIRIERCION,

a(k—1
(k) B
k

< / S@)M

i " e s
-(:55) { / <s<t>>w%m} (98",

where we have used first one last time the time scales Holder inequality with conjugate
k

exponents 7= and % > 1 and then the increasing character of g together with the
time scales chain rule, i.e.,
a8\ A a+ ! o
(g s ) = TﬁgA/ (hg” 4+ (1 —h)g)? dh
0

1
aTjgﬁgA/O (hg + (1 = h)g)# dh

0t B gags
5 .

>

The proof is complete. 0
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Remark 4.2. Theorem 4.1 improves [19, Theorem 2.10], as the occurring parameters
there are more restricted. In the same way, when m = 0, Theorem 4.1 improves [19,
Theorem 2.9)].

The next result follows from Theorem 4.1 by choosing a = 3 = 1.

Corollary 4.3. Let n € N. Assume that a € T, b € (a,00)r,
r,s € Cul(la, blr, (0,00)), and [ € Chy([a,b]r,R).

Letk>1. If0<m<n-—1 andem+i(a):Oforallogign—m—l, then

[t s fropar sl

RS U
K_W{/a((t)) <r<t>>‘1m}

(B (t,0(7))) 7
R(t) = - AT.
“ / (r(r))*1

The next result follows from Corollary 4.3 by choosing k£ = 2.

where

with

Corollary 4.4. Let n € N. Assume that a € T, b € (a,0)r,
s € Crd([av b]Tv (07 OO))7 and f € C?d([av b]T7 R)

Ifo<m<n—1and fA""(a) =0 for all 0 <i<n—m—1, then

b m n n
[ sl ol wlar<k [0 (% 0) s

k=8 0RO

o n—m— l(t U( )))2
R(t) —/a ) AT.

The next result follows from Corollary 4.3 by choosing r = s = 1.

where

with

Corollary 4.5. Let n € N. Assume that a € T, b € (a,00)T, and
f € Ca(la, O]z, R).
Letk>1. If0<m<n-—1 andem+i(a) =0 forall0 <i<n—m-—1, then

[ereleolasx {/ il arf

N
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where
k—1

K= % {/abR(t)At}T

R(t) = / (ho 1 (£ (7)) 1 AT

with

Setting £k = a + [ in Theorem 4.1 yields the following result.
Corollary 4.6. Let n € N. Assume that a € T, b € (a, 00)T,
r,s € Cu([a,b]r,(0,00)), and f € Ciy([a,blr,R).

Let o, >0 witha+8>1. If0O<m<n—1and f2"" " (a) =0 for all 0 < i <
n—m — 1, then

b
[l | o) a< & / 01720 A

where

with

(o (t,0(7))) 75
R(t) = n AT.
( ) L (7’(7-))0&1371

Finally, setting s = r in Theorem 4.1 yields the following result.
Corollary 4.7. Let n € N. Assume that a € T, b € (a,00)r,
r € Cu(la,blr, (0,00)), and f € Ciy([a, ], R).

Let o, 8 > 0 and k > max{1,5}. If0 < m < n—1 and f2""(a) = 0 for all
0<it1<n—m-—1, then

a+g

frovorveuraes{ fomors)”

where

with
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5. Applications
In this section, we consider the fourth-order dynamic equation
A A A
(5.1) (rf2")" ) = (7" O + a7 (1) =0, ¢ € [a,blr
on an arbitrary time scale T.

Theorem 5.1. Assume that a € T, b € (a,00)r,
p.q € Cua([a,b]r,R), 7 € Cua([a, blr, (0,00)), and f € C([a,b]r,R).

If f is a nontrivial and nonnegative solution of (5.1) such that A% s nonnegative

and
fla) = fA(a) = [3%(a) = F2(b) = f2'(b) = 0,
then
K, + Ky +4L° K3 > 1,
where

o \// () +Ri0() \, g \/ /
(
2R o(t) b
K; = \/ / QL)) *1ts(t) — - 2At, and L= sup \// AT —
t t€la,b)r

with
o) [l
ro = [ SRR m = [ ESran
b AT b
Rg(t):/a ) and Q(t):/t q(T)AT.
Proof. First note that Corollary 3.6 (with n = 3) yields
[ 1awiisol | o] ar< [ 10| + e o] a

<k [ ) (fAS(t)) A

Corollary 4.4 (with m = 1 and n = 3) gives

[ wonlr ol o] s g o (o) a

and again Corollary 4.4 (with m = 1 and n = 2) yields
b b
[ 1wl w) an < [ o) (1220)° a

< ALK, /abr(t) (fAS(t))2 At,
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where the last inequality follows from the recently developed Hardy-type inequality
[14, Theorem 3.2] by replacing f, u, v, q, and p in [14, Theorem 3.2] by A 2,
and 2, respectively. Using these three estimates, together with three applications of

the time scales integration by parts rule, we obtain

[ () ar= [ () o wa

= (rr") @22 0) = (1) (@22 (@)

_ /ab (rfA3>A ) (f2%)7 (t)At
= [ (@0 - er0) (722 e
- [ @0y oar- [ e @ (%) 0
= Q(a) (f12%) (@) = Q) (£122) (b)
/@ (FF2)* )2t + (pf*) ()22 (a)
o) 040 + [ o) 05 0
-/ Q) (£255 + £75) (1
v oo oar
< [l o|ac [ bl o|a
¥ / QU F2(0)] | 722(1)| A
< (Ky + Ky + AL Ey) / ) (£ (t)>2 At

and so the claim follows after cancelling the integral. O
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