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ABSTRACT. We study a semilinear Robin problem driven by the Laplacian plus an indefinite
and unbounded potential and a Carathéodory reaction term which exhibits linear growth near +oo
and near zero. Resonance with respect to different eigenvalues can occur at both 0o and near zero.
Using the saddle point reduction method and Morse theory (critical groups), we prove a multiplicity

theorem producing two nontrivial smooth solutions.
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1. INTRODUCTION

Let © € RY be a bounded domain with a C%-boundary 9. In this paper we

study the following semilinear Robin problem:

{ —Au(z) +E(2)ulz) = f(zu(z) nQ,

(1.1) %y B(z)u=0 on 9.

In this problem the potential function £ € L*(§2) (with s > N) is in general sign-
changing. So, the linear part of problem (1.1) is indefinite. The reaction term f
is a Carathéodory function (that is, for all ( € R, z — f(z,() is measurable and
for a.a. z € Q, ( — f(z,() is continuous). We assume that f(z,-) exhibits linear
growth near +00 and near zero and resonance is possible both at +0co and at zero,
but with respect to different eigenvalues of u —— —Au + £(z)u with Robin boundary
condition. In the boundary condition, the coefficient 3 € W1*(9Q) and B(z) > 0
for all z € 9€2. When 3 = 0, we have the usual homogeneous Neumann problem. We

prove a multiplicity theorem, producing a pair of nontrivial smooth solutions.

Recently semilinear Robin problems were studied by Shi-Li [17] (indefinite po-

tential and superlinear reaction term), Qian-Li [16] (zero potential and superlinear
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reaction term), Zhang-Li-Xue [19] (positive potential, thus a coercive differential op-
erator and an autonomous reaction term with zeros), Papageorgiou-Radulescu [15]
(indefinite potential and a Carathéodory reaction term of arbitrary growth), D’Agui-
Marano-Papageorgiou [3] (indefinite potential and an asymmetric reaction term) and
Filippakis-Papageorgiou [5] (indefinite potential and an odd reaction term of arbi-
trary growth). Also we mention the works of Papageorgiou-Papalini [11] (Dirichlet
problems) and Papageorgiou-Radulescu [12, 14] (Neumann problems) on equations
driven by the Laplacian plus an indefinite potential.

We prove a multiplicity theorem producing two nontrivial smooth solutions. Our
approach is based on a variant of the reduction method of Amann [1] and Castro-
Lazer [2] and on Morse theory (critical groups). However, note that in our case the
reduction is done on an infinite dimensional component space and this makes the

situation more complicated.

2. MATHEMATICAL BACKGROUND

Let X be a Banach space and X* its topological dual. By (-,-) we denote the
duality brackets for the pair (X*, X). Given a function ¢ € C'(X;R), we say that ¢

satisfies the “Cerami condition”, if the following is true:
“Every sequence {uy,},>1 C X such that {¢(uy,)}n>1 € R is bounded and
(1+ ||unl)¢' (un) — 0 in X* as n — +oo,
admits a strongly convergent subsequence.”
Our analysis of problem (1.1), will make use of the following three spaces:
HY(Q), CYQ), LY0N) (1<q< +o0).
We know that H'(€) is a Hilbert space with inner product given by
(u,v) g1 = /qu dz + /Q(Du, Dv)gn dz Yu,v € H(Q).
The corresponding norm is denoted by || - || and we have
lull = (lul + 1Duld)? vu e H(Q).

On 092 we consider the (N — 1)-dimensional Hausdorff (surface) measure o. Then
using this measure on Jf2, we can define in the usual way the Lebesgue spaces L?(012)
(1 < g < +0). From the theory of Sobolev spaces, we know that there exists a unique

continuous linear map vo: H'(Q) — L*(9Q) known as the “trace map” such that
Yo(u) =ulg Yu e H(Q)NC(Q).

Hence the trace map assigns “boundary values” to every Sobolev function v € H((Q).
We know that
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e 7 is compact into L4(09Q) for all ¢ € [1, 2%v_—21)) if N > 3 and for all ¢ € [1, +00)
it N =1,2;

o R(y) = H22(89) and ker v, = HL().
In the sequel, for the sake of notational simplicity, we drop the use of the trace

map 7. All restrictions of Sobolev functions on 02 are understood in the sense of

traces.

We will use the spectrum of © — —Au+ &(2)u with Robin boundary condition.

So, we consider the following linear eigenvalue problem

{ —Au(z) 4+ £(2)u(z) = Mu(z) inQ,

(1) 9 4 B(z)u=0 on 9.

This problem was studied by D’Agui-Marano-Papageorgiou [3]. Suppose that £ €
L*(Q) with s > N and let v: H'(2) — R be the C*-functional defined by

v(u) = ]|Du!|§+/ﬂ§(z)u2dz+ mﬁ(z)ifda Vu € H(Q).

Problem (2.1) has a smallest eigenvalue A1 € R given by

(2.2) Xpﬂﬁ{%w'UEHWMu#O}

lull3

Then we can find & > 0 such that
(2.3) (W) + pllull = collul* Vu e HY(Q),

for some ¢y > 0. Using (2.3) and the spectral theory for compact self-adjoint operators
on a Hilbert space, we generate the spectrum of (2.1). This consists of a sequence
{Xk};@l of distinct eigenvalues such that Xk — 400 as k — +oo. Let (Xk) denote
the eigenspace corresponding to the eigenvalue Xk Using the regularity theory of
Wang [18], we know that

EQv) € CY(Q) VE> 1.

In addition, from de Figueiredo-Gossez [4], we have that each eigenspace F ), k=1,
exhibits the “unique continuation property”, that is, if u € F (Xk) and u vanishes on

a set of positive Lebesgue measure, then u = 0. We set
H,=PEN) and H,=H,= P EN.
k=1 k>m+1

The space H,, is finite dimensional and we have the following orthogonal direct sum
decomposition
HYQ)=H,, ® H,.

For the higher eigenvalues {Xm}m>2 we have the following variational description:

Xm = inf{y(u): uEfIm_l, u;«éO}

lull3
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(2.4) = sup{ﬁ(ﬁg cu€ H,, u;éO}, m 2z 2.
ullz

From (2.2) and (2.4) we see that we have variational characterizations for all the
eigenvalues. In (2.2) the infimum is realized on E(Xl), while in (2.4) both the in-
fimum and supremum are realized on E()\,). We know that \; is simple (that is,
dim E (Xl) = 1) and is the only eigenvalue with eigenfunctions of constant sign. For
every m > 2, the elements of F (Xm) are nodal (sign changing). By u; we denote the
L2*normalized (that is, |[ulls = 1) positive eigenfunction corresponding to A;. The
strong maximum principle implies that u;(z) > 0 for all z € Q. As a consequence
of the variational characterizations of the eigenvalues (see (2.2) and (2.4)) and of the

unique continuation principle, we have the following useful inequalities.

Proposition 2.1. (a) If ¥ € L®(Q), ¥(2) < Aw for a.a. z € Q, for some m > 1
and the inequality is strict on a set of positive measure, then we can find ¢c; > 0 such
that

() — / I)utdz > arllul? Vu € Hoa
Q

(b) If 9 € L=(Q), 9(2) = A for a.a. z € Q, for some m > 1 and the inequality is

strict on a set of positive measure, then we can find co > 0 such that
v(u) — / V() dz < —collul]* Yu € H,,.
)

Next we recall some definitions and facts from Morse theory (critical groups)

which will be used in the sequel.

Let X be a Banach space, ¢ € C*(X;R) and ¢ € R. We introduce the following

sets:

¢ ={ueX: o)<l
K,={ue X :¢'(u) =0},
Ko ={ue K, :p(u)=c}.

Let (Y1,Y3) be a pair of spaces such that Y5 C Y} C X. For every k > 0, by Hy(Y1,Ys)
we denote the k-th relative singular homology group for the pair (Y7, Y5) with integer
coefficients. Suppose that u € K¢ is isolated. The critical groups of ¢ at u are defined
by

Ci(p,u) = He("NU, " NU\{u}) Vk=0.
Here U is a neighbourhood of u such that K,Ng°NU = {u}. The excision property of

singular homology, implies that the above definition of critical groups is independent

of the choice of the isolating neighbourhood U.
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Suppose that ¢ € C*(X;R) satisfies the Cerami condition at inf p(K,) > —o0.
The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X, ) Vk =0,

with ¢ < inf p(K,,). This definition is independent on the level ¢ < inf ¢(K,). Indeed,
if ¢ < c < infp(K,), then ¢¢ is strong deformation retract of ¢° (see for example

Motreanu-Motreanu-Papageorgiou [10, Theorem 5.34, p. 110]). Therefore
Hy(X,¢%) = Hy(X,¢%) YEk=0

(see Motreanu-Motreanu-Papageorgiou [10, Theorem 6.15, p. 145]).
Assume that K, is finite. We introduce the following quantities:
M(t,u) = Zranka(go,u)tk VteR, ue K,
k>0

P(t,00) = Zrank Cr(p, 00)t" vVt € R.

k>0
Then the “Morse relation” says that

(2.5) > M(t,u) = P(t,00) + (L+1)Q(t) VtER,

ucKy,
where Q(t) = > Bit”* is a formal series in ¢ € R with nonnegative integer coefficients

k>0
B

Suppose that X = H is a Hilbert space, ¢ € C*(H;R) and u € K,. We say that
u is “nondegenerate”, if ¢”(u) € L(H) is invertible. The “Morse index” m of wu is
defined to be the supremum of the dimensions of the vector subspaces of H on which

¢"(u) is negative definite. If u € K, is isolated, nondegenerate, then
Ck(go,u) = 5k,mZ vk 2 0,

where m is the Morse index of v and 0y, is the Kronecker symbol, that is,

1 if k=m,
6km: .
’ {0 it k£ m.

3. PAIRS OF NONTRIVIAL SOLUTIONS

In this section we prove the existence of two nontrivial smooth solutions for

problem (1.1) under conditions which permit resonance at +oco and at zero.
More precisely the conditions on the reaction term f are the following:

H(f): f: QxR — R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q

and
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(i): for every p > 0, there exists a, € L>(€2), such that
1f(2, Q)| < ay(z) foraa. ze all |[(| <o

(ii): there exist m > 1 and a function ¥ € L*°(Q) such that

o~

(z) =Ny foraa. z € Q, 92 Ay,
and

(f(2,Q) = flz )€ —y) 2 9(2)(C —y)* foraa z€Q, all(,y€R;

(iii): limsup ( ) < A1 uniformly for a.a. z € Q;
C—>:|:oo

(iv): if F(z fo 2,8)ds, then

Clirjtn (f(2,0)¢ —2F(%,()) = 400 uniformly for a.a. z € ;

(v): there exist [ € N, [ > m and § > 0 such that
NC < f(2,00 S Ma? foraa z € Q, all [¢] <6

Remark 3.1. Hypothesis H(f)(iiz) implies that at 00 we can have resonance with
respect to any nonprincipal eigenvalue. Similarly, hypothesis H(f)(v) says that at
zero we can have double resonance at any spectral interval higher than the one cor-

responding to the asymptotic behaviour of @ and ¢ — =£o0.

The hypotheses on the potential function ¢ and the boundary coefficient (3 are
the following:

H(§): & € L#(Q2) with s > N.
H(B): B € Whee(9Q) with 8(z) = 0 for all z € 9.
Let ¢: H'(Q) — R be the energy (Euler) functional for problem (1.1) defined

by

1

plu) = L) - / Fz,u)d= Vu e H'(Q).
Q
Evidently ¢ € C'(H'(Q2)). We set
Y= EN) and V=Y*= P EO).
k=1 k>m+1

We have the following orthogonal direct sum decomposition:
H(Q)=YaV

Proposition 3.2. If hypotheses H(f), H(§) and H((3) hold, then there exists a con-

tinuous map 7: V. — Y such that

o(v+7(v)) =maxp(v+y) YveV.
yey
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Proof. Fix v € V and consider the C'-functional ¢, : H*(2) — R defined by
oo(u) = o(v+u) Yue H(Q).
Let iy: Y — H'(Q) be the inclusion map. We set
Dy =y 0 1.
Using the chain rule, we have
(3.1) Py = Py+ © ¥,

with py~ being the orthogonal projection of H(2)* onto Y*. In the sequel by (-, -)
we denote the duality brackets for the pair (Y*,Y). For y;,y, € Y we have

@L(yﬁ - @L(yz), Y1 — Y2)y
= <S0;(?/1) - 90;(?/2%?/1 — Ya)

g — ) — / (F(z0 4 91) — Fmv+ 92)) (1 — ) d

<y —y2) — / D(z) (1 — y2)* dz
<

0
(3.2) —ealyr — vol?

(see (3.1), hypothesis H(f)(ii) and Proposition 2.1(b)).

Therefore —¢ is strongly monotone and —¢, is strictly convex. Note that
(33) (Zo®), v)y = (@,(y) = Z,(0), y)y + (Z,(0), y)y < —c2llyll* + csllyll,
for some c3 > 0 (see (3.2)), so
(3.4) —@ is coercive.

Since —¢/ is continuous, monotone, it follows that
(3.5) —@ is maximal monotone.

From (3.4) and (3.5) we infer that —¢/ is surjective (see Gasinski-Papageorgiou [6,
Corollary 3.2.31, p. 319]). Therefore we can find yo € Y such that

(3.6) (%) = 0.

Since —@! is strongly monotone, the solution yy € Y of (3.6) is unique and is the
unique minimizer of the strictly convex functional —@, = —p,|y. Now, let 7: V —
Y be the map which to each v € V' assigns the unique solution yg € Y of (3.6). From
(3.1) and (3.6), we have

(3.7) py-@(v+7() =0 and ¢(v+7(v)) = max o(v+y).
Yy
We examine the continuity of the map 7: V. — Y. So, let v,, — v in V. We have

0= (@, (T(vn), 7(va)) < —c2l|7(va)I* + esllm(vn)
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(see (3.6) and (3.3)), so the sequence {7(v,)}n>1 C Y is bounded. Since Y is finite

dimensional, by passing to a subsequence if necessary, we may assume that
(3.8) T(v,) —y € Y inY.
From the continuity of ¢, we have
(39) p(v+7) = lim (v, +7(vm))
(see (3.8)). From (3.7), we have
pon +y) <@lon+7(0n)) VyeY, nz1,

plv+y) <plv+y) Vyey,
(see (3.9)), thus y = 7(v) (see (3.7)).

By the Urysohn criterion for the convergence of subsequences (see, for example,

Gasinski-Papageorgiou [7, Problem 1.3, p. 33]), for the original sequence we have
T(v,) — 7(v) inY,
so 7: V — Y is continuous. O

We set
() =pv+T1(v)) YveV.
From Proposition 3.2 it follows that » € C(V;R). In fact we can say more, namely

that 1 is continuously differentiable on V.
Proposition 3.3. If hypotheses H(f), H(E) and H(3) hold, then ¢» € C*(V;R) and
() =prpv+7() YweV,
here py+ is the orthogonal projection of H'(Q)* onto V*.
Proof. Let v,w € V and t > 0. We have
S0+ ) = $(0)) > (e + tw -+ 7(0) = (v -+ 7(0)))

(see (3.7)), so

(3.10) fiminf = (6(0 + ) — 9(0)) > {@'(0 -+ 7(0), ).
Also, we have
S0+ ) — 9(0) < S (oo + tw -+ (o + 1)) — v + (0 -+ w)
(see (3.7)), s
(3.11) imsup (60 + t) = 6(0)) < {0+ (). w)
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(since T is continuous by Proposition 3.2 and ¢ € C1(H(Q);R)). Then from (3.10)
and (3.11) it follows that

(312 Tim ({0 + tw) = $(0) = (!0 + 7(0)),w).
In a similar fashion we show that
(313 T ({0 + ) ~ (0) = (!0 + 7)), w).

By (-, -)v we denote the duality brackets for the pair (V*, V). From (3.12) and (3.13),
we conclude that

(@' (v),whyy = (' (v +7(v),w) Yv,weV,
S0
U'(v) = py-¢'(v + 7(v)),
thus 1 € C*(V;R) (recall that 7 is continuous; see Proposition 3.2). O

Note that in contrast to the usual reduction method (see Amann [1] and Castro-
Lazer [2]), in our case the reduction is done on infinite dimensional space (the space
V). This is a consequence of hypothesis H(f)(i7) (in the spectral interval [Xm, Xmﬂ]
at 00 we can have resonance with Xmﬂ, but only nonuniform nonresonance with
respect to Xm) In addition, here the reaction term f is only a Carathéodory function
(no differentiability condition on f(z,-) is required) and so the energy functional
is only C! and not C? on H'(Q). These special features, lead to some technical
difficulties. Nevertheless, with no extra conditions, we are able to overcome these

difficulties and prove the following result.

Proposition 3.4. If hypotheses H(f), H(§) and H(() hold, then the functional ¢ is

coercive.

Proof. Let ¢ = ¢|y. Clearly § € C*(V;R) and so as before via the chain rule, we
have

(3.14) O =py-oy
(recall that py+ denotes the orthogonal projection of H(2)* onto V*).

Claim 1. The functional ¢ satisfies the Cerami condition.

We consider a sequence {v,} C V such that

(3.15) |P(vn)| < My Vn €N (for some M; > 0),
(3.16) (1+ oD@ (vp) — 0 in V" asn — +oo.

From (3.16), we have

enll Rl

[(P(vn), Mv] < /===
1+ lon

Vn>1, helV,
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with &, — 07, so

enllh]
(3.17) (p(vy),hy < ————— Vn>1, heV
1+ [[on]]
(see (3.14)).
In (3.17) we choose h = v, € V. Then
(3.18) ¥(vn) — / f(z,v)vndz <e, VYn>1.
Q

We will show that the sequence {v,} C V is bounded. Arguing by contradiction,

suppose that at least for a subsequence, we have

(3.19) |vp || — +o0.
Let v, = 722, n > 1. Then |[t,|| = 1 for all n > 1 and so passing to a next

llonll?

subsequence if necessary, we may assume that
(3.20) Up — 0 in HY(Q) and 7, — 7 in L*(Q) and in L?*(99).
Hypotheses H(f) imply that
(3.21) |f(z,0)] < eyl¢| foraa. ze€Q, all ( €R,
for some ¢4 > 0. We return to (3.18) and use (3.21). We obtain

V() —callvally <en ¥ >1,
SO

Y(wn) + pllvallz = (ea + ) vallz < en,

with g > 0 as in (2.3). Using also (2.3), we get

collvall® = (ea + ) all3 < en,

SO
En

co — (e + m)|Tnlz < vn =1,

e

thus by (3.19) and (3.20), we get -
co < (ca+ w02,

hence

(3.22) 5 # 0.

Let Q* = {2z € Q: ¥(z) # 0}. We have |Q*|y > 0, with |- |y being the Lebesgue

measure on RY and
|vn(2)] — +o0  for a.a. z € Q7
SO
f(z,0n(2))vn(2) — 2F(2,vn(2)) — 400 for a.a. z € Q°
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(see hypothesis H(f)(iv)), thus
(3.23) / (f(z,v0)v, — 2F(2,v,)) dz — +00

(see hypothesis H(f)(iv) and use Fatou’s lemma).
)

Hypothesis H(f)(iv) implies that we can find M, > 0 such that

(3.24) f(z,0)¢ —2F(z,() >0 foraa.zeQ, all|(| > M.
Then we have

/Q (f(2,v0)vn — 2F(2,0,)) d=

(f(2,v0)v — 2F(2,v,)) d2

/(Q\Q*)m{vn>Mz}

+ / (f(zu Un>vn - 2F(Z,’Un>) dz
(N\Q*)N{|vn|<M2}

+ /*(f(z,vn)vn —2F(z,v,)) dz

> —c5|Qn +/ (f(z,vp)v —2F(z,v,))dz ¥Yn > 1,
Q*
for some ¢5 > 0 (see (3.24) and hypothesis H(f)(7)), so
(3.25) /(f(z, Up)Uy, — 2F(2,0,)) dz — 400 as n — 400
Q

(see (3.23)).
From (3.15), we have

(3.26) v(vn) — /92F(z,vn) dz <2M; Vn>1.
Also from (3.17) with h = v, € V| we have

(3.27) —y(vp) + /Q f(z,vp)vndz <e, Vn =1
We add (3.26) and (3.27) and obtain

(3.28) /Q(f(z,vn)vn —2F(z,v,))dz < M3 Vn > 1,

for some M3 > 0. Comparing (3.25) and (3.28) we get a contradiction. This proves
that the sequence {v,},>1 C V is bounded.

Therefore, passing to a subsequence if necessary, we may assume that
(3.29) v, —»v in HY(Q) and wv, — v in L*(Q) and in L?*(99).

From (3.17), we have

(A(v,), h) + /Q (=)o d + /8 Ao - /Q F(un) d
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enllhll
~
1+ |
with &, — 0. Choosing h = v, —v € H'(Q) in (3.30), passing to the limit as

n — +oo and using (3.29), we obtain

(3.30) Vh e H'(Q),

lim (A(v,), v, —v) =0,

n—-+00
SO
[ Dvnly — [ Dvll2,

thus, by the Kadec-Klee property for Hilbert spaces (see (3.29)), we get
v, — v in HY(Q),
hence @ satisfies the Cerami condition. This proves Claim 1.

Claim 2. Xm+1§2 — 2F(z,&) — 400 uniformly for a.a. z € Q as £ — +o0.

Hypothesis H(f)(iv) implies that given n > 0, we can find My = M4(n) > 0 such
that

(3.31) f(z,0)¢ —2F(z,¢) 2n foraa.zeQ, all|(| > M,.
We have
¢\ |¢[? ¢
_ f(zv C)C _ QF(Zu g)
¢1*¢
> C% for a.a. z € Q, all { > My,
< IC?ZC fora.a. z€Q, all ( < —M,y
(see (3.31)), so
Flz,y)  Flzw) ﬂ(i 3 L)
ly|? jul2 7 2\ Ju? |y
(3.32) for a.a. z € Q, all |y| > |u| = M,.
Hypotheses H(f)(ii) and (zi¢) imply that
Y(2) < liminf 1(z¢) < lim sup 19 < Xmﬂ
(—+o0 ¢—+oo C
uniformly for a.a. z € 2,
SO
Y(z) < lim inf 2F(z,) < lim sup 2F(,) < /)\\m+1
(—to0 (—+oo CZ
(3.33) uniformly for a.a. z € Q.

In (3.32) we let |y| — +o00. Using (3.33) we obtain

Amai|u> = 2F(z,u) = n foraa. z € Q, all [u] > M.
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Since n > 0 is arbitrary, it follows that
Ami1|ul* — 2F(z,u) — +oo uniformly for a.a. z € Q, as u — Fo0.

This proves Claim 2.

For every v € V, we have

20(v) = v(v) — 2/ F(z,v)dz > /(Xmﬂvz —2F(z,v))dz > —cs,
Q Q

for some ¢5 > 0 (recall that @ = ¢|y, see (2.4), Claim 2 and hypothesis H(f)(i)), so

(3.34) @ is bounded below.

Then (3.34), Claim 1 and Proposition 5.22 of Motreanu-Motreanu-Papageorgiou [10,

p. 103] imply that @ is coercive. From Proposition 2.1 we have

Y(v) =pv+7(v)) = max pv+y) = )=o) Ywev,

so 1) is coercive (since @ is coercive). O

Corollary 3.5. If hypotheses H(f), H(&) and H((3) hold, then ¢ is bounded below,

satisfies the Cerami condition and

Ck(@b, OO) = 5k7QZ vk > 0.

We assume that K, is finite. Otherwise we already have an infinity of solutions

and so we are done.
Proposition 3.6. If hypotheses H(f), H(§) and H(() hold, then

Cy(p,0) =04, Z Yk >0,

l —~
k=1
Proof. Let
l
Y = @E(Xk) and V= @ E(Xg).
k=1 k141
We have the following orthogonal direct sum decomposition
H(Q)=YaV.
Then every u € H*() admits a unique sum decomposition of the form

(3.35) u=y+0, withgeV,veV.

Let A € (X;,X;H) and consider the C2-functional y: H'(Q) — R defined by

1 A
polu) = 37(w) = S|l Vu e H(Q).
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We consider the homotopy h(t,u) defined by
h(t,u) = (1 —t)p(u) + tpo(u) V(t,u) €[0,1] x H' ().
Suppose that we can find two sequences {t,},>1 C [0, 1] and {u,},>1 € H'(Q)\ {0}
such that

(3.36) { tp,—t IR, wu,—0 in HY(Q)

R (tn,u,) =0 Vn>1
Since K, is finite, we may assume that ¢,, # 0 for all n > 1. We have
(3.37) (1 =t ){¢ (un), ) + to(ph(un), h) =0 ¥Yn =1, h € H'(Q),
SO
mw@myﬁéaawh@+ [ Bpunhdo
(3.38) ::/«1—mﬁ@m@+¢gwgm Vhe HY(Q), n > 1,

Q
SO

{ At (2) + E(2)un(2) = (1 — t) f(2,un(2)) + tadun(z) for aa. z € Q,
%un 4 B(2)u, =0 on O

(see Papageorgiou-Radulescu [13]). The regularity theory of Wang [18] implies that
there exists a € (0,1) and M; > 0 such that

(3.39) u, € CH*(Q) and lunllcro@m < Ms  Vn > 1.
Recall that C1*(Q) is embedded compactly into C*(Q). So, from (3.36) and (3.39),

we have

(3.40) u, — 0 in C*Q) asn — +oo.
From (3.40) it follows that we can find ng > 1 such that
(3.41) u,(2) € [=0,6] Vz2€Q, alln>n

In (3.38) we choose h = ¥, — §, € H*(Q) (see (3.35)). Exploiting the orthogonality
of the component spaces, we have

(342)  A(F) — () = / (1= ta) (22 ) + i) (T — G .
Note that when wu,(z) # 0, we have

(2, un(2))(Un = Yn)(2)

- [z lz)) (j;jjz”um(m )
BTl — ) I =)~ () 0
R =Gl w2)E— G)(2) <O

(3.43) < N1Tn(2)? = Nl (2)? V0 = ng
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(see (3.35) and hypothesis H(f)(v)).
When u,(z) = 0, then f(z,u,(2)) = 0 and v,(z) = —yn(2) (see (3.35)). Hence

(3.43) remains valid.

We return to (3.42) and use (3.43). Recalling that ¢, # 0 for all n > 1 and that
A E (XZ,XM), we have

7(0n) — /((1 — tu) A1 + N2 dz < (Fn) — /((1 b+ TR dz,
Q@ Q
SO
cr]|Onll? < —callgnll® Y = ng

(see Proposition 2.1), thus

U =9, =0 Vn=ny,
hence
u, =0 Vn = no,

a contradiction. This shows that (3.36) cannot occur. Then the homotopy invariance

of critical groups (see Gasinski-Papageorgiou [8, Theorem 5.125, p. 836]) implies that
(3.44) Cr(p,0) = Ci(0,0) VEk = 0.

Recall that A € (A, A11). Hence K, = {0} and v = 0 is a nondegenerate critical
! ~
point of ¢y with Morse index d; = dim @ E(\g). Since ¢y € C*(H'(Q)), we can

k=1
apply Theorem 6.51 of Motreanu-Motreanu-Papageorgiou [10, p. 155] and have that

Ci(¢0,0) = 0.4, Z Yk >0,

S0
Ck(QO, 0) = 5k,dlZ Vk 2 0
(see (3.44)) O
Using Proposition 3.6 and Theorem 1.2 of Li-Liu [9], we obtain the following
result.

Corollary 3.7. If hypotheses H(f), H(§) and H([3) hold, then

Cr(p,0) = Cr—a,, (¥,0) = 6paZ Vk > 0.

The next result is an easy observation which relates the critical sets K, and K.

Proposition 3.8. If hypotheses H(f), H(§) and H((3) hold, then v € Ky if and only
if v+ 1(v) € K.



324 L. GASINSKI AND N. S. PAPAGEORGIOU

Proof. “=": We have

(3.45) 0 =1'(v) =pv¢'(v+7(v))

(see Proposition 3.3). We know that H'(Q)* = Y* & V*. So, from (3.45), it follows
that ¢'(v+7(v)) € Y*. But from (3.7), we have py«¢'(v+7(v)) = 0, s0 ¢'(v+7(v)) =
0, thus v + 7(v) € K.

“«<—=": Follows from Proposition 3.3. O

Now we are ready for the multiplicity theorem for problem (1.1). We produce

two nontrivial smooth solution.

Theorem 3.9. If hypotheses H(f), H(§) and H((3) hold, then problem (1.1) admits

at least two nontrivial solutions
Uo,a S Cl(ﬁ), Ug 7’é u.

Proof. From Proposition 3.4 we know that 1) is coercive. Also, the Sobolev embedding
theorem, the compactness of the trace operator and the continuity of the map 7 (see
Proposition 3.2) imply that ¢ is sequentially weakly lower semicontinuous. So, by

the Weierstrass-Tonelli theorem, we can find vy € V' such that

¥(vo) = inf ¢(v),

veV
SO

(3.46) Cr(¢,v9) = 0 0Z Yk = 0.

From Corollary 3.7, we have

(3.47) Cr(¢,0) = Sgay—a,,Z Yk > 0.

According to hypothesis H(f)(v), [ > m. Hence d; > d,,. So, comparing (3.46) and

(3.47), we infer that vy # 0, therefore ug = vo+7(vo) € K, \{0} (see Proposition 3.8).
Hypotheses H(f) imply that

(3.48) |f(z, Q)| < cl¢|] foraa. zeQ, all ( €R,

for some ¢ > 0. We have

—Aug(z) + £(2)up(2) = f(z,up(2)) for a.a. z € Q,
(3.49) { %0 4 B(z)ug =0 on O

We define (o)
z,uo(z .
n(z) = S if wg(z) #0,
0 if wo(z) =0.
Evidently n € L>(Q) (see (3.48)). From (3.49), we have

—Aug(z) = n(2)up(z) for a.a. z € Q,
% + B(2)ug =0 on 99,
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with 7 =n—& € L*(Q2), s > N (see hypothesis H(¢)). From Lemma 5.1 of Wang
[18], we have that uy € L*(2). Then using the Calderon-Zygmund estimates (see
Lemma 5.2 of Wang [18]), we obtain

uy € W5(Q),

SO
Uy € Cl’a(ﬁ),
with a =1 — % > (0 (by the Sobolev embedding theorem).

Suppose that K, = {0,v9}. Then from (3.46), (3.47), Corollary 3.5 and the
Morse relation with ¢ = —1 (see (2.5)), we have

(_l)dl_dm =0,
a contradiction. So, there exists v € Ky \ {0,v9}. Then
u=v+70) € K,\{0,up}

and as before using the regularity theory of Wang [18], we have 7 € C*(Q). O

REFERENCES

[1] H. Amann, Saddle points and multiple solutions of differential equations, Math. Z., 169:127—
166, 1979.

[2] A. Castro and A. C. Lazer, Critical point theory and the number of solutions of a nonlinear
Dirichlet problem, Ann. Mat. Pura Appl. (4), 120:113-137, 1979.

[3] G. D’Agui, G. S. A. Marano and N. S. Papageorgiou, Multiple solutions to a Robin problem
with indefinite weight and asymmetric reaction, J. Math. Anal. Appl., 433:1821-1845, 2016.

[4] D. G. de Figueiredo and J.-P. Gossez, Strict monotonicity of eigenvalues and unique continu-
ation, Comm. Partial Differential Equations, 17:339-346, 1992.

[5] M. Filippakis and N. S. Papageorgiou, Nodal solutions for indefinite Robin problems, Bull.
Malays. Math. Sci. Soc., to appear.

[6] L. Gasiniski and N. S. Papageorgiou, Nonlinear Analysis. Chapman & Hall/CRC, Boca Raton,
FL, 2006.

[7] L. Gasiriski and N. S. Papageorgiou, Exercises in Analysis. Part 1, Springer, Cham, 2014.

[8] L. Gasiriski and N. S. Papageorgiou, Exercises in Analysis. Part 2, Springer, Cham, 2014.

[9] C. Li and S. Liu, Homology of saddle point reduction and applications to resonant elliptic
systems, Nonlinear Anal., 81:236-246, 2013.

[10] D. Motreanu, V. V. Motreanu and N. S. Papageorgiou, Topological and Variational Methods
with Applications to Nonlinear Boundary Value Problems, Springer, New York, 2014.

[11] N. S. Papageorgiou and F. Papalini, Seven solutions with sign information for sublinear equa-
tions with unbounded and indefinite potential and no symmetries, Israel J. Math., 201:761-796,
2014.

[12] N. S. Papageorgiou and V. D. Radulescu, Semilinear Neumann problems with indefinite and
unbounded potential and crossing nonlinearity, in: Recent trends in nonlinear partial differen-
tial equations. II. Stationary problems, Contemp. Math., 595:293-315, 2013.



326 L. GASINSKI AND N. S. PAPAGEORGIOU

[13] N. S. Papageorgiou and V. D. Radulescu, Multiple solutions with precise sign for nonlinear
parametric Robin problems, J. Differential Equations, 256:2449-2479, 2014.

[14] N. S. Papageorgiou and V. D. Radulescu, Multiplicity of solutions for resonant Neumann
problems with an indefinite and unbounded potential, Trans. Amer. Math. Soc., 367:8723-8756,
2015.

[15] N. S. Papageorgiou and V. D. Radulescu, Robin problems with indefinite, unbounded potential
and reaction of arbitrary growth, Rev. Mat. Complut., 29:91-126, 2016.

[16] A. Qian and C. Li, Infinitely many solutions for a Robin boundary value problem, Int. J. Differ.
Equ., 2010, Art. ID 548702, p. 9.

[17] S. Shi and S. Li, Existence of solutions for a class of semilinear elliptic equations with the
Robin boundary value condition, Nonlinear Anal., 71:3292-3298, 2009.

[18] X. J. Wang, Neumann problems of semilinear elliptic equations involving critical Sobolev ex-
ponents, J. Differential Equations, 93:283-310, 1991.

[19] J. Zhang, S. Li and X. Xue, Multiple solutions for a class of semilinear elliptic problems with
Robin boundary condition, J. Math. Anal. Appl., 388:435-442, 2012.



