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1. INTRODUCTION

Let Q € RY (N > 3) be a non-empty bounded open set with a smooth boundary
09). In this paper, we study the following gradient nonlinear elliptic system with

Dirichlet conditions
—Apu + a(x)|ulP?u = A\F,(z,u,v) in Q,
(1.1) — A+ b(z) |7 %0 = AF, (2, u,v) in €,
u=v=_0 on 0f2
where p,q > 1, A is a positive real parameter, by A; we denote the s-Laplacian

operator defined Ayu = div(|Vu|*2Vu) for all u € Wy *(Q) (s = p,q). In the

statement of system (1.1) the reaction term F : Q x R? — R is a C'-function such
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that F'(x,0,0) = 0 for every z € Q, F,, F, denote the partial derivatives of F' with

respect to u and v respectively. We suppose, moreover that a,b € L*>°()) and

' : s . b0,
(1.2) esxseglf a(x) =ag >0, eSxSEIS{lf b(x) =by >0

In recent years the existence and structure of solutions for problem driven by
p-Laplacian have found many interest and different approaches have been developed.
The variational methods are used to obtain weak solutions as critical points of a
suitable energy function. This approach is employed to deal with systems of gradient
type, i.e. the nonlinearities are the gradient of a C! functional. We refer the reader
to [15] for a complete overview on this subject and [1], [2], [3], [4], [5], [9] [10],[12],[17],
[18] and the references therein for more developments. In [5], the authors study the
existence of critical points of the energy functional for which these points are the
solutions of a quasilinear elliptic system involving (p, ¢)-Laplacian with 1 < p,q < N.
They consider subcritical growth conditions, and under suitable conditions on the
nonlinearity, prove the existence of non-trivial solutions according to various cases:
sublinear, superlinear and resonant case. In [10] and [17] the authors get the existence
of three solutions for a class of quasilinear elliptic systems involving (p, ¢)-Laplacian
with p,q > N. In [1], the authors generalize the results obtained in [17] to systems
involving (p1,pa, ..., pn)-Laplacian. Similar studies, but under different boundary
conditions, can be found in [3], [4] (mixed boundary conditions). It is worth noticing
that in [17] precise values of parameter A are not established. In the study of nonlinear
elliptic systems in order to obtain non-zero solutions, non-variational approaches have
also been used under a different set of assumptions (as for instance the monotony of

the nonlinearity) and we refer to [14, 16] and the references therein for further details.

The aim of paper is to determine the existence of multiple solutions as the param-
eter A > 0 varies in an appropriate interval. In this work, without losing generality,

we suppose that 1 < ¢ <p < N.

The paper is arranged as follows. First, we obtain the existence of one non-zero
weak solution to system (1.1) without assuming any asymptotic condition neither at
zero nor at infinity (see Theorem 3.1). Next we prove the existence of at least two
non zero weak solutions by using the Ambrosetti-Rabinowitz condition (see Theo-
rem 3.2). Finally, we present an existence result three solutions under an appropriate
condition on the nonlinear term F' (see Theorem 3.3). Moreover the case in which F’

is autonomuos is presented and some examples are given.

2. PRELIMINARIES

In this section, we recall definitions and theorems used in the paper.

Let (X, - ||) be a real Banach space and &, ¥ : X — R be two Gateaux
differentiable functionals and r €] — 0o, +00]. We say that functional / = & — ¥
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satisfies the Palais-Smale condition cut off upper at r (in short (P.S)I-condition) if

any sequence {u,} in X such that
(1) {I(uy)} is bounded,

(or2) limy, oo ([ (un)|
(a3) ®(un) <r VnéeN,

X*:Ov

has a convergent subsequence.

When r = +o0 the previous definition coincides with the classical (PS)-condition,
while if 7 < oo such condition is more general than the classical one. We refer to [6]
for more details.

We say that the functional [ satisfies the weak Palais-Smale condition ((W PS)-
condition) if any bounded sequence {u,} in X such that (a;) and (az) hold, admits
a convergent subsequence.

Our main tool is the local minimum theorem obtained in [6]. We recall here its

version presented in [7].

Theorem 2.1 ([7, Theorem 2.3]). Let X be a real Banach space, and let &, ¥ : X —
R be two continuously Gateaux differentiable functionals such that infxy & = ®(0) =
U (0) = 0. Assume that there exist v € R and u € X, with 0 < ®(u) < v, such that

SUD,ep-1(—con) Y(U)  U(a)

2.1
2y ] 2(a)
and, for each A € A .= ] $EZ;, Supuequ(]ioo ) [ the functional I, = ® — AV satisfied
(PS)I-condition.
Then, for each A € A := } igg;, Supuequqioo,w[)‘l’(“) [, there is uy € ®71(]0,7[) such

that Iy(uy) < Ix(u) for all u € ®71(]0,~[) and I§(uy) = 0.

Now, we also recall a recent result obtained in [9] that insures the existence of at

least two non-zero critical points for differentiable functionals.

Theorem 2.2 (8, Theorem 2.1]). Let X be a real Banach space and let @, ¥ : X — R
be two continuously Gateaux differentiable functionals such that infx ® = ®(0) =
U (0) = 0. Assume that there exist v € R and u € X, with 0 < ®(u) <+, such that
SUPuce 1 (oo T(4) _ ¥(1)
< -
gl ®(u)
and for each A € A := ] i(a) K [, the functional I = ® — AV satisfies

(@) SUP,,e 41 (] o0,n]) W (u)
(PS)-condition and it is unbounded from below.

Then, for each A € A = } (@) K e [, the functional I admits two

V(@) $UPy g —1(1—c0,))
non-zero critical points uy 1, uxo such that I (uy1) <0 < Iy(uy2).
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Finally, we point out an other result which insures the existence of at least three
critical points. Theorem 2.3. has been obtained in [6], it is a more precise version of
Theorem 3.2 of [8] and Theorem 3.6 of [11].

Theorem 2.3 ([9, Theorem 2.1)). Let X be a real Banach space, ®,¥ : X — R be
two continuously Gateauz differentiable functionals with ® bounded from below and
®(0) = ¥(0) =0.

Assume that there exist v € R and u € X, with 0 < v < ®(u), such that

N T S B A O ()
(i) === <3
5 — | 2@ 0l ; . ;

(ii) for each X € A := T Supuequ(]foo,m‘l’(“)[ the functional Iy = ® — AW is

bounded from below and satisfies (PS)-condition.

Then, for each A € A, the functional Iy = ® — AV has at least three distinct critical
points in X.

Throughout in the paper, we suppose that the following condition holds

(H) there exist two non negative constants a;, as and two constants s € [1, A’;—ﬁ;[ and
re [l A‘}—qu[ such that

|Ft1($vt1>t2)| <a + &2|t1|s_1

|F (2,11, t0)| < ar + aslta]
for every (z,t) € Q x R2.
Clearly, from (H) follows

t1)° ta|"
(2.2)  |F(x,ty,t2)| < ar(|ts| + |t2]) + a2 <| ;| + | i| ) for every (x,t) € Q x R%.

In fact, there exists 0 < ¢ < 1 such that

by using (H), we have
2 1
LEYIED Sy MENCR AT
i=1 70

1
< / (a1 + asl6t2]" [t | + (a1 + |08]")|ta])d6
0

[t]® | |ta]”

S a1(|t1\ + |t2‘) “+ ag (T + —) .

r

We consider the Sobolev space X = W, (Q) x W, 9(Q) endowed with the norm

ICw, )= Nullyr ) + lollwroq
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for all (u,v) € X, where

I — ( / (IVu(a)l + a@\u(x)mdx); ,

1

lollysagey = ( / (IVo(@)l + b<x>|v<x>|q>dx)_ ,

that are, taking into account (1.2), equivalent to the usual one.

A function (u,v) € X is said a weak solution to system (1.1) if

/QHVu(a:)V’_QVu(x) -V, (z)dz + |[Vo(2)|92V(z) - Vws(z)]de
+ [l[a(x)|u(f)|p_2u(f)w1($) +b(x) () |0 () ws (z)]da

- A /Q[Fu(x,u(at), v(x))wi(z) + Fy(z, u(z),v(x))ws(z)|dr =0

for every (wy,ws) € X.

Now, consider 1 < h < N and put h* = h—_Nh Denote by I' the Gamma function

N
defined by
+oo
[(s) = / 2 tefdz, Vs > 0.
0

From the Sobolev embedding theorem, for every u € W,"(2) there exists a constant
¢(N,h) € Ry such that

(2.3) [l o @) < (NS ) lullyyanq)

the best constant that appears in (2.3) is
1
—I\"F [ TNy \ Y
¢(N,h)=n"2N"% <7h ) N( ) I )N
von) \E@TaeN-g)
(see [19]).

Fixing s € [1, h*[ in virtue of Sobolev embedding theorem, for every u € Wy (),

there exists a positive constant ¢, - such that

(2.4) ||lu

(@) < Conellullying

and, in virtue of Rellich theorem the embedding is compact.
By using Holder’s inequality, we have

(2.5) Coper < p(Q) T (N, )

where 11(€2) denotes the Lebesgue measure of the set (2. Now, we put

(2.6) C1,1 = MaX{Clpe, Clgr b, Cps = Max{c; ., Cp v},

where the constants s and r are given by (H).
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Moreover, let

(2.7) D := sup dist(z, 02).

e
Simple calculations show that there is zg € 2 such that B(zg, D) C Q.

Finally, we set

N
w2 DN

2.8 po TP
(28) r(1+%)

2p 1 1 1 1
(2.9) UZEmaX{—p (1—2—N) + |la| o, e (1—2—N) —|-||b||oo}.

29 1 1 1 1

(210) T:;mln{ﬁ(l—Q_N)—Fao,ﬁ<1—2—N)+b0}

In order to study problem (1.1), we will use the functionals &, ¥ : X — R defined
by putting

_1 p 1 q —
R11) @) = el + ool ¥w0)i= [ Plou(o) o)

for every (u,v) € X and put I, = & — AV for A > 0.

Clearly, ® is a coercive, weakly sequentially lower semicontinuous, continuously

Gateaux differentiable and its derivative at point (u,v) € X is defined by

O (u,v)(wy, wy) = L[|Vu(z)|p_2Vu(x) -V () + a(z)|u(@) [P~ ?u(z)w, (z)]ds

" /Q[IW(I)I‘]_QW(QJ) V() + b(x)|v(@)|* v (2)ws(z))]dz

for every (wy,wsy) € X.

Moreover, ¥ is well defined, weakly sequentially upper semicontinuous contin-
uously Gateaux differentiable with compact derivative and its derivative at point
(u,v) € X is defined by

U (u, v)(wy, wy) = /Q[Fu(:v,u(x),v(x))wl(:z) + Fy(z,u(z),v(z))ws(z)]dz,

for every (wy,wy) € X.

A critical point for the functional I := ® — AV is any (u,v) € X such that
O (u,v)(wy, we) — AV (u, v)(wy,wy) =0 V(wy,wy) € X.

Hence, the critical points for functional I := ® — AU are exactly the weak solutions

to system (1.1).
We have the following result

Lemma 2.4. Fiz A > 0 the functional I, = ® — AV satisfies the (WPS)-condition.
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Proof. Fixed A > 0, we claim that the functional I, = ® — AV satisfies the (WPS)-
condition. For this end, let {(u,,v,)} be a bounded sequence in X such that I (u,, v,)
is bounded and I (uy,, vy) (W1 — U, wo —Uy) > —&p || (w1 — Uy, wa —v,,)]| for all (wy,ws) €

X and where ¢, — 0. Hence, taking a subsequence if necessary, we have

(un’vn) — (U,'U) in Xa
u, — u in L*(Q) for all « € [1,p*[
v, — v in LA(Q) for all B € [1,¢*]

From the previous relation, written with w; = u and ws = v we infer
(2.12) D (p, vp) (U=, v —0n) = AV (U, V) (U= Uy, V=) > —Ep|[(u—tp, v—2,)]|.
We observe that
! — p _
¥t 00) (1~ 0 = 1) = a1 = [0

+ A[|Vun(x)|p_2Vun(x) Vu(z) + a(z) [ un, ()P~ 2w, (z)u(z)]dz

+ /[|an(x)\p_2an(x) -Vu(z) + b(x)|vn(x)\p_2vn(x)v(x)]dx
Q
and, bearing in mind that for all a,b € R and p > 1,
-1 1
jal o] < P=—=af? + ~|bP?
p p
one has

P(Q) Wy ()
1 1

I p _ q

1 1
(2.13) O (tn, vn) (10 = i, v — W) < EIIUIIIV’V& vy T 5||v||q

Moreover, by using (H) we have
U (U, V) (U = Uy 0 = 0)| < a1 ([[n — ull i) + [[on — vllL1@)

+ a3 (Il g lum = ll o) + ol g lon = vllioey)

where o = p*f—sﬂ and § = ﬁ, hence observing that o < p* and 3 < ¢*, we obtain
(2.14) lim W (up, v,) (U — Uy, v — v,) = 0.
n——+o00

From (2.12) and (2.13) we obtain

1
—enl|(u = un,v — )| + ];Ilun||’v’vol,p(m el

1
S EHUHa/OLP(Q) + 6”””3{/0141(9) - )\\D,(UTH ,Un)(u = Up,V — Un)?

from this, taking into account (2.14) we have

n—-4oo

1 1 1 1
. P q - p _ q
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thus, since X is uniformly convex, Proposition II1.30 of [13] ensures that {(u,,v,)}

converges to (u,v) in X. Hence our claim is proved. O

3. MAIN RESULTS
By using the notation of Section 2 we have our main results

Theorem 3.1. We suppose that (H) holds and assume that

(i1) F(z,t) >0 for every (z,t) € Q x R%
where RT = {t = (t1,ts) e R* : t; >0 i=1,2};

(ig) there exist two positive constants vy and § with

513 ‘l‘ 5‘1 < ﬁ
ko'
such that
inf,eq F(z,8,8) 2N 114 11 Poal @ o
— +(§q )5 qg [alcl,l (P73~ + qi9a ") + azcrs <]§7P by 1)]

where a1, az, s and r are given by (H) and k, o are given by (2.8) and (2.9).

2N (6P +59) 1
Then, for each \ € T F(00)’ T ST | the
a101,1(p1“ﬂ’ +qav¢ )-i—ach-,s =P +5ve

system (1.1) has at least one non-zero weak solution.

Proof. Our goal is to apply Theorem 2.1. Consider the Sobolev space X and the
operators defined in (2.11).

Taking into account (2.2), it follows that

(3.1) @WWZLF@mmmmm

ul

by . 10l
<ar(ul + o) + o < P ’) '

Let 7 €]0,4o00[, then for every (u,v) € X such that ®(u,v) < v, by using (2.4) and
(2.6) we get

r

32 W) S aen (@) ) + e, (@Z” . m);) -

Hence, from (3.2), we have
(3.3)

S . L 5 .
WPt i(-conp Y(t:¥) < ajcr (p%ﬁ‘l + q%ﬁ‘l)mzcrs <Z£75_1 + q—75_1> :
’ ’ S T

Y

for every v > 0.
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Now, we choose the function (u, @) defined by putting
0 if v € Q\ B(xg, D)

(34)  alz) =3 B(D- \/zj.vzl(xj —2j0)2) if # € B(wo, D)\ Blwo, 2)
5 if v € B(zo, 2)

Clearly (u,u) € X and by using (2.8), (2.9) and (2.10) we have
9P + &1 0P + 01
; KT < ®(u,u) < 2:

In virtue of (3.5) and bearing in mind that §” + ¢ < I we obtain

(3.5)

KRO.

0< ®(u,u) <7y

and by using (i) we have

(3.6) (@, a) = / Fla, (), a(x))dz > / F(2,6,0)ds > — inf F(z,,0).
Q B(z0,2) 2N ze0

Hence, by (3.5) and (3.6), one has

U(u,u) S 4 inf,eq F(z,9,0)

d(u,u) — 2No 9P + 64 '

By using (3.3), (3.7) and taking into account (iy), we get

(3.7)

SUP (4,0)e®—1(]—00,7[) \If(u’ U)

P r
< e (pry ™+t e, <p_w‘1 - q_qu)
S T

7
PR SR F(x,0,9)
2Ng (0P + §9) z€Q T
_ Wn)
~ (u,u)

Moreover, let be 7o > 0 and {(u,, v,)} a sequence in X such that (a3) holds, since ®
is coercive we have that {(u,,v,)} is bounded. Then by using Lemma 2.1. we obtain
that (WPS)-condition implies (P.S)"2-condition.

Therefore, all the assumptions of Theorem 2.1 are satisfied. So, for each

N e 2N (6P + 69) 1
qinfoen F(2,6,0)" ¢ ¢ | (p777 " + qi95 ") + azcs (@75_1 - évg_l)

the functional I, has at least one non-zero critical point that is weak solution of
system (1.1). O

The following result, in which Ambrosetti-Rabinowitz condition is also used, en-

sures the existence at least two non-zero weak solutions.
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Theorem 3.2. We suppose that (H) holds. Assume that
(j1) F(z,t) >0 for every (z,t) € Q2 x R2

where RZ = {t = (t1,t2) e R?: ¢; >0 i=1,2};

(j2) there are two positive constants v and § with

5p_|_6q < @
ko'
such that
inf,cq F(2,8,6) 2N L1 11 Pos, qi oo
! E(;; +(§q )> qa [alcm (p’l’Wl’ 1+q;7‘11 1>+a20r,s <]§7” 1+%vq 1)]

where a1, as, s and r are gwen by (H) and k, o are given by (2.8) and (2.9),

and that there are two positive constants > p and R such that
(AR) 0 < pF(x,t) <tV F(z,t)

for all x € Q and |t| > R.

2N (6P +57) 1
Then, for each A € | g Fwda) 11, 11, P 21 .8 ra) |
11101,1(19”“/” +qiv1 )+a20r,s 5P+

the system (1.1) has at least two non-zero weak solutions.

Proof. Our goal is to apply Theorem 2.2. Consider the Sobolev space X and the
operators defined in (2.11) taking into account that the regolarity assumptions on ®
and ¥ are satisfied. Arguing as in the proof of Theorem 3.1, put (@, ) as in (3.4),
by using (i1), (j2), (3.5) and bearing in mind that 6” + ¢ > I we obtain

0< ®(u,u) <7y

and
SUP (4,0)e®~1(]—00,1]) W (u,v) U (1w, u)
v O(u,a)

. 2N (6P +59) 1
Fix A € | o Feas) 11, 11 s o | from (AR), by
a101,1(p1"yp +q iy )+azcr,s By +Lloya

hat

3

standard computations, there is a positive constant C' such
(3.8) F(x,t) > C|t|*

Vo € Q, |t| > R.

From (3.8) it follows that I, is unbounded from below.
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Now, by using Lemma 2.4 to verify (PS)-condition it is enough to prove that any

sequence of Palais-Smale is bounded. To this end, taking into account (AR) one has

(3.9)  pl(un,vn) — ng\(umUn)HX’H(umUn>H >y (tn, vy) — ];(umvnxumvn)
= 1@ (U, vn) — MV (U, V) — P (U, V) (s V) + AW (U, V) (U V)

H P H q
= (5= 1) by + (2= 1) Bl = A [ (o). o)
— (Ful@, un (), vo () )un () + Fy (2, upn (), v () )0n(2))

B p B q
> (4= 1) Bl + (5= 1) Bkt + €

where C'is a constant.
If {(wn,v,)} is not bounded from (3.9) we have a contradiction.

Therefore, all conditions of Theorem 2.2 are satisfied, then the system (1.1),

2N (6P 464 .
for each \ € | 220+ 1 - - , admits at
ginfzeq F((E,é,é) 1 1 4 1 1 4 P S_1 q r_1
a1r:1,1(ppvp +qivy1 )+Q2Cr,s Pt A el
least two non-zero weak solutions. O

Now, we point out the following result on the existence of at least three weak

solutions.

Theorem 3.3. We suppose that (H) holds and assume that

(j1) F(x,t) >0 for every (x,t) € Q x R
where RZ = {t = (t1,t2) e R?: ¢; >0 i=1,2};
(ha) there exist three positive constants v, 3 and b with o < p and § < q such that

F(xvtlth) < b(l + |t1|a + ‘t2|ﬁ)

for almost every x € Q and for every (t1,t2) € R ;

(h3) there exist two positive constants vy and 6 with

v+ 60> 21
KT’
such that
infreo F($75> 5) 2o 11y L1y p% s_q qg T_q
oP + 44 > p aiC1,1 (pp”yp + qaryaq ) + az¢y s ?fyp + 77(1

where ay, as, s and r are given by (H) and K, o are given by (2.8) and (2.9).

2N (6P +59) 1
Then, for each \ € Tinfoco F20.0) T 11 L T | the
alcl,l(pp'}/p +qiv4 )—i—azcr,s T’yp +T»yq

system (1.1) has at least three weak solutions.
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Proof. Our goal is to apply Theorem 2.3. Consider the Sobolev space X and the
operators defined in (2.11) taking into account that the regolarity assumptions on
® and U are satisfied, our aim is to verify (i) and (ii). Arguing as in the proof
of Theorem 3.1, put (u,u) as in (3.4), by using (3.5) and bearing in mind that
OP 467 > BX we obtain
O (u,u) >y > 0.

Therefore, the assumption (¢) of Theorem 2.3 is satisfied.

We prove that the functional I, = & — AWV is coercive for all positive parameter,

in fact by using condition (hy) we have

I\(u,v) = ®(u,v) — AV (u,v)
_ 1 p ]' q
= gy + 210y = [ Flaute). ofa)da

1 a p-a o
> (Sl = AEa ) Tl )

1 q 8 a=8 B
(00l gy = @) ol ) = M)
We observe that the functional I, = ® — AV is bounded from below because it is
coercive and weakly sequentially lower semicontinuous.

Now, by using Lemma 2.4 to verify (PS)-condition it is enough to observe that
since the functional Iy, = ® — AWV is coercive any sequence of Palais-Smale is bounded.

Then also condition (#7) holds. Hence all the assumptions of Theorem 2.3 are satisfied.

2N (5P +59) 1
qinfxegp(m@é)’a1C1,1(p%V%1+q%“¥%1)+a20r,s<p§7%1+qfvg1> ’
functional I, has at least three distinct critical points that are weak solutions of
system (1.1). O

So, for each A € the

Now, we point out the case when F' does not depend on = € €2, we consider the

following system

—Apu + a(x)|ulP?u = A\F,(u,v) in
(3.10) —Ayv+ b(z) v %0 = AF,(u,v) in £,

u=v=>0 on 0f),
we have the following result.

Corollary 3.4. Let F : R? — R be a nonnegative and C*-function satisfying (H) and

assume that

lim M = +00.
ta

t—0t

Then, there is \* > 0 such that, for each X €]0, \*|, the problem (3.10) admits at least

one non-zero weak solution.
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Proof. Fix
1

A= - —.
aiCi,1 (p% + q%) + a2Cr s <% + %)
where the constants ay, as, ¢11 and ¢, ¢ are given by condition (H) and (2.6).
By using (2.8) and (2.9) and taking into account that

F
lim (t.1)

t—0+ 19

F(tt)

we obtain that for each A €]0, \*[ there exists A > 0 such that =

t| < h.

N
> 22 for each
gA

Now, consider 0 < § < min{h, (%)%} we have
F(5,6) 2No 2No
> >
oP + 04 g\ g *
q

5460 < L,
RO

Then, by choosing v = 1 all assumptions of Theorem 3.1 are satisfied and the proof

is complete. O

Corollary 3.5. Let F : R* — R be a nonnegative and C*-function satisfying (H),

(AR) and assume that
Pt
lim = 400

t—0+ 19
Then, there is \* > 0 such that, for each X €]0, \*|, the problem (3.10) admits at least

two non-zero weak solutions.

Proof. Fix

1
A=

B
pP

1 1 qi
a1C1,1 <pp + qq> + agCr s <7 + 7)
where the constants ay, as, ¢11 and ¢, are given by condition (H) and (2.6).

The conclusion follows arguing as in the proof of Corollary 3.4 taking into account
Theorem 3.2. U

Now, we present some examples that illustrate our results.

Example 3.6. Let Q be an open ball of radius one in R®.
Consider the function F': R? — R defined by

F(t,ty) = log(1+ 3 +12).

We observe that

9%,
Fy(tte) = 11212
1 2

2t

th (tla t2) = 2

BT EN
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then, choosing ¢ =3, p=4, s =r =2 a; = 0 and as = 2, the condition (H) holds.
We observe
. F(t,t)
lim =
t—0+ t3
Then by using Corollary 3.4, put

A = 0,46
VA €]0, A*[ the following system

—Ayu + JuPu = AF,(u,v) in Q,
—Azv + |v]?v = AF,(u,v) in Q,
u=v=0 on 0f2

admits at least one non-zero weak solution in X = W, (Q) x W, *(Q).

Example 3.7. Let Q be an open ball of radius one in R®.
Consider the function F : R? — R defined by

1

f5(t o) + (1 + t3)e T3 (t1,15) # (0,0)
0 (t1,t2) = (0,0).

F(tq,t2) =

We observe that

1 2 (t4+t4) —ﬁg
_+2<2ti+ 3 2)ti6 1Tt ti,t 0,0
Fy(tty) = 1 (G+3)? (t1,t2) # (0,0)

1_18 (tlu t2) = (07 O)
then, choosing p = ¢ =3, r = s =4, a; = 3 and ay = 6, the condition (H) holds.
Moreover, choose ¢t = 4 and R = 1 we have
0 <4F(t1,ty) < t1Fy, (t1, te) + toFy, (t1, t2)
for every (t1,ts) € R? with |(t1,%5)| > 1. We observe

lim F(t.t)
t—0t t3

Then by using Corollary 3.5, put A* = 0.061, YA €]0, A*[ the following system

= +00.

—Azu + |ulPu = A\F,(u,v) in Q,
—Azv + [v[*v = AF,(u,v) in Q,
u=v=0 on 0f)

admits at least two non-zero weak solutions in X = Wy *(Q) x W, ().
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