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ABSTRACT. In this paper, we mainly consider the uniform asymptotic behavior for the finite-
time ruin probabilities of a two-dimensional insurance model. In this model, the insurance company
operates two classes of insurance business, whose claims occur in pairs and share a same claim arrival
process. In the obtained result, the claim distributions cover most of the common subexponential
distributions. The risk model with dependent inter-arrival times as well as the one with Brownian

motion diffusions are also investigated.
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1. INTRODUCTION

The multi-dimensional risk models were initially investigated by Hult et al. (2005).
Since then, many researchers have been devoted to the research of this field and have
obtained many meaningful results, see, for instance, Yuen et al. (2006), Li et al.
(2007), Chen et al. (2011), Zhang and Wang (2012), Chen et al. (2013), Gao and
Yang (2014), Yang and Li (2014), Jiang et al. (2015), Lu and Zhang (2016) and Yang
and Yuen (2016), and so on.

Among the above-mentioned results, Chen et al. (2011) considered a two-dimen-

sional insurance model satisfying the following assumptions.
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Assumption 1.1. The claims come in pairs and the claim amounts {X;,,n > 1},
i = 1,2 form two sequences of independent, identically distributed (i.i.d.) and non-
negative random variables (r.v.s) with finite means and distributions F; and F, re-

spectively.

Assumption 1.2. The claims of the two classes of insurance business share the same

claim arrival process

(1.1) N(t):inf{n:znzé’iﬁt}, t>0,

where the claim inter-arrival times {6,,n > 1} are i.i.d. r.v.s with a common finite
positive mean A™'. Namely, {N(t),t > 0} is a renewal counting process. We always
assume that {Xy,,n > 1}, {Xo,,n > 1} and {N(t),t > 0} are mutually independent.

Assumption 1.3. The premium rates of the two classes of insurance business are
two positive constants ¢; and ¢y such that the following safety loading conditions
hold:

wi=A'e, —EX;; >0, i=1,2.

x —
1) > (, the ruin

With the initial surplus vector of the insurance company ¥ = <
4%)

probability by time ¢, ¢ > 0 can be defined as

Yal(Z,t) = P <(2] { sup Ly(s) > x})

i Logs<t
or
Yy(Z,t) = P (U{ sup L;(s) > x,}) ,
= Logs<t
where

L1 (t) . N le Clt
o)) ()

is the aggregate loss process of the insurance company. See Lu and Zhang (2016) for

some other definitions of the ruin probabilities.

Before introducing a brief review and our main result on the two-dimensional ruin
probabilities, we need some notions and notation. For a r.v. X with a distribution
F, we denote its tail by F', namely, F(z) := P(X > x) for any —c0 < x < 0.
We say that X is bounded above if there exists some —oco < C' < oo such that
F(C) = 1, and unbounded above otherwise. Hereafter, we always suppose that X

is unbounded above. We say that X (or F) is long-tailed, denoted by F' € L, if
F(x—1)
F(z)

F e D, if limsup,_,

= 1; we say that X (or F') is dominatedly-varying tailed, denoted by

F(zy)
F(x)

lim, .o

< oo for some 0 < y < 1; we say that X (or F) is
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F(z

Y)

consistently-varying tailed, denoted by [ € C, if limyyq limsup,_,, = D = 1; we say
that X (or F) is subexponential, denoted by F' € S, if F' € £ and lim,_,, FF?S) =2,
where [*? is the two-fold convolution of F'; We say that F'is strongly subexponential,
denoted by F' € S,, if fo r)dr < oo and limsup, ., SUpP;<, o0 ‘F*Q ‘ =0
where

_ min{1, fﬂu F(t)dt}, if z > 0;

Fu(z) = ;

1, if z <0.

If fo x)dx < 0o, then we have the following inclusion relationships:

CCLNDCS,.CSCL,

see, for instance, Cline et al. (1994), Korshunov (2002) and Denisov et al. (2004),

among many others.

Now we return to the main topic of this paper. Based on the one-dimensional
results of Tang (2004), Chen et al. (2011) derived uniform asymptotics of ¢, (7, t) and
¥y (Z, t) under the condition that the claim distributions belonged to the class C. Chen
et al. (2013) generalized this model by enlarging the class of the claim distributions
from the class C to the class £ N D. Besides, they allowed the claim inter-arrival
times to be dependent according to certain dependence structure. More recently,
Lu and Zhang (2016) obtained uniform asymptotics for ¢,(Z,t), ¥»(Z,t) and ruin
probabilities of some other forms by assuming that the claim distributions belonged

to the class S,. However, they needed some extra conditions.

This paper aims to remove the limitations in Lu and Zhang (2016). More con-
cretely, we will establish the following uniform asymptotics for ¢, (Z, ), (%, t) for
general strongly subexponential claims. For notational convenience, for two functions
a(z,t) and b(z,t), we write a(x,t) < b(x,t), if Bmsup, (o000 @ (2, 1)b(2, 1) < 1;
a(z,t) 2 b(x,t), if iminf, 1) (0oc0) @~ (2, 0)b(z,t) > 1 and a(z,t) ~ b(z,t), if both
a(x,t) S b(x,t) and a(x,t) = b(x,t). Hereafter, unless otherwise stated, the limit pro-
cedure is to let (z; A xq,t) — (00, 00) but with kz; < 7o < k~ta; for some positive

constant k € (0,1), where 21 A o = min{x;, zo}.

With the above set-up, we are now ready to state our main result which gives

asymptotic estimates of the finite-time ruin probabilities v, (Z, t) and 1y (Z, ).

Theorem 1.4. Consider the two-dimensional risk model whose aggregate loss process
is defined by (1.2). Suppose that Assumptions 1.1-1.3 hold. If Fy, F» € S,, then

(1.3 Huz [ Fa



520 D. CHENG AND C. YU

and

(1.4) Zu /m o Fi(y)dy.

By Theorem 1.4, we immediately obtain the following result, which generalizes
Theorem 2 of Chen et al. (2011) and Theorem 3.1 of Lu and Zhang (2016).

Corollary 1.5. Let the conditions of Theorem 1.4 be valid. Then for any function
f(-) :[0,00) = [0,00) such that f(x) — 0o as x — oo,

a _)7t
limsup sup 5 1¢ x(i“.zt— —1=0
T1AT2—00 t> f(z1Az2) Hi:l ,UZ_ x; ' E(y)dy
and
T, t
lim sup sup 7\pb(']: ) 1‘ =0.

St [F Y F (y)dy

The rest of this paper is organized as follows. In Section 2 we first develop some

T1NAL2—00 t> f(z1A\22)

lemmas, then prove the main result given in Section 1. In Section 3, we extend the

two-dimensional risk model to one with Brownian motion diffusions.

2. Proof of Theorem 1.4

2.1. Some Lemmas. In order to prove Theorem 1.4, we need some lemmas. The
first lemma investigates some properties of long-tailed distributions, which has its

own independent interest.

Lemma 2.1. Let ' € L. Then for any € > 0, there exists some xg > 0 such that for

all z > xg and all 0 < u < x — x9,
e VF(2) < Fx —u) < e@“VF(2).
Proof. We only prove the inequality on the right-hand side, and the one on the left-

hand side can be proved similarly.

For any € > 0, by F' € L, we may choose some xy > 0 such that for all x > x,
F(x —1) < e F(x).
Then for all x>xq and all positive integer n such that  —n + 1 > xy, we have

(2.1) F(az—n): F(x —n) .F(x—n+1).‘.F(:c—1)<em
' F(x) Flx—n+1) Flx—n+2) F(x) —

For any non-negative number u such that 0 < u < z —x, let n, be the largest integer

which is no larger than u, then u — 1 < n, < u < n, + 1. Therefore, for all x > x,
and all 0 < u < x — xp, we have © — (n, + 1) + 1 = © — n, > xo, thus by (2.1),

F(iﬁ —u) < F(x __(nu +1)) < efnutl) < pelutl)

F(x) — F(x) -
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This completes the proof. O

Lemma 1 and Theorem 1 of Korshunov (2002) stated the following uniform as-
ymptotic result for the maximum of a random walk with a negative mean, which plays
an important role in this paper. Here we make the convention that a summation over

an empty set of indices is zero.

Lemma 2.2. Let {X,,,n > 1} be a sequence of i.i.d. r.v.s with a common distribution
F and a common mean —p < 0. Let {S,, = > ,_, Xg,n > 0} be the random walk
generated by {X,,,n > 1}.

(i) If F € L, then

e P(maxicp<n Sk > 7)
lim inf inf —
z—o00 n>1 ,u—l fx F(y)dy

(ii) If F € S,, then

. P(maxj<x<n Sk > 7)
lim sup sup = —1|/=0
rz—oo n>1 Iu_l fx F(y)dy

The following Lemma is due to Lemma 3.3 of Leipus and Siaulys (2007). The
readers are referred to Lemma 4.4 of Wang et al. (2012) for a more general form in
the dependent case.

Lemma 2.3. Let {X,,,n > 1} be a sequence of i.i.d. r.v.s with a common mean
—u < 0 and {S,,n > 0} be the random walk generated by {X,,n > 1}. If X is

bounded above, then there exist two constants r, M > 0 such that for all x > 0,

n>1

P <max S, > x) < Me ™.

The following Lemma is due to Theorem 1(i) of Kocetova et al. (2009). See
Lemma 4.6 of Wang et al. (2012) for its generalization to the dependent case.

Lemma 2.4. Consider the renewal counting process {N(t),t > 0} introduced in (1.1).

For any a > \, there exists some b > 1 such that

lim » P(N(t) > k)b* = 0.
fmreo k>at

The last lemma is due to (3.2) of Chen et al. (2011).

Lemma 2.5. Let f(x) be a non-increasing function defined on [a,c], a < c. If
a <b<c, then

/acf(ft)d:v <(b-a)(c—a) /abf(l“)dif-
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2.2. Proof of (1.3). In this subsection, we prove (1.3) in Theorem 1.4. It’s sufficient

to prove the following result:

e2 [Iw [ Fwasw@oslet [ R

¢ i=1

2.2.1. Proof of the upper limit part in (2.2). For any £ > 0, let

k
lpa(f, t) = ( sup Z(le — Clej) > Iy,

0<k<N(1) 523

k

sup Y (X — e20;) > w0, N(t) < Me(1+ 5))

0<kSN()

k
+ P( sup Z(le — clﬁj) > T,

0<k<N() 5

k
sup Z(ng — Cgej) > To, N(t) > )\t(l + 6))
0<KEN () 5=
(2.3) = Va1 (T, 1) + Vaa(Z, 1).
We first deal with 1,2(%,t). By Lemma 2.4, there exists some 3 > 0 such that

(2.4) lim sup Z P(N(t) > n)e*" = 0.

n>At(14¢)

Furthermore, by F; € S, and Kesten’s inequality, there exists some K := K(3) > 0
such that for all x > 0 and all n > 1,

(2.5) F(x) < KeP"Fy(x), i=1,2.

We know by (2.4) that there exists some ¢} > 0 such that for all t > ¢},

(2.6) At >1, 1=1,2

and

(2.7) K? Z P(N(t) > n)e*™ < e.
n>At(1+¢€)

By (2.5) and (2.7), it holds for all £ > ¢} and xy,xo > 0 that

Qﬂag(f, t) < Z P (ZXU > Il,ZXQj > l’g,N(t) = n)
) j=1 j=1

n>At(1+¢
27 Enl 28n _
S K Fl(l’l)Fg(l'Q) Z (& P(N(t) = n)
n>At(14-¢)
(2.8) < eFy(x1)Fy(xs).
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Still by F' € S,, there exists some x;, sufficiently large such that for all x > z,
- 1
(2.9) Fle+1)>  File), i=12

By (2.6), (2.8) and (2.9), it holds for x; A x > xj, and t > t] that

- €F1(I1 Fz x3) Titpi At
¢a2('r7t> < H2 _1f Z_|_1 H,U/ / Z(y)dy
7 1

TitpiAt
(2.10) < deppiy Hui‘l/ Ei(y)dy.

i=1

Next, we deal with 1,1(Z,t). Let ¢ = ¢; V ¢ = max{cy,c}. For any 0 <
6 < min{1, \e7 (1 A pa)}, we write &;(8) = Xi; — A lei(1 = 6), pis = —F&;(6) =
fi — A7teid, Si(t,0) = SUPo<k<Xt(1+e) 2?2152']'(5% n(0) = ATH 1 —6) =8, 7 > 1,
i = 1,2 and n(d) = csup; Z?Zlnj(é). For any fixed 6 > 0, since {n;(4),7 > 1} is
bounded above, it follows from Lemma 2.3 that there exists some 0 < 7y 1= 7,(d) < &
such that

B < oo,
Hence there exists some [; > 0 such that
(2.11) Ee1O1(n(6) > lh) < e,
where 1(A) is the indicator function of the event A.
For some fixed 0 < o < 27!, we have
Va1 (Z,t) < P (S1(t,0) +n(6) > xy1, Sa(t,0) +n(d) > x2)
< P (S1(t,0) > x1 — 1) P(S2(t,0) > x9 — 1)
+ P(S1(t,0) +n(6) > x1, (¢, 6) +n(6) > x2,l1 <n(d) < o(x1 A x2))
+ P(n(0) > o(x1 A z3))
(2.12) 1= Y11 (T, 1) + Yar2(Z, 1) + Yar3(7, 1)

Firstly, we deal with 1,11(Z,t). By F' € S, there exists some 2} > x{, such that

for all z > 2,
(2.13) (1—¢e)F(z) < F(x+ ) <(1+e)Fi(x), i=1,2.

Moreover, by Lemma 2.2(ii), we may assume that 2/ is sufficiently large such that for
all z > 2 and all t > 0,

x+l“16)‘t(1+5) _
P(S;(t,6) >x) < (1+ E)Mi}l/ Fi(u+ X""¢(1 = 6))du

"E+:u'z(5)‘t(1+€) _
(2.14) <1+ g)u;;/ Fi(u)du, i=1,2.
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We know by (2.14), (2.13) and Lemma 2.5 that when 21 A 2y > 2, := 2 + [ and
t >0,

@i—liHpisAt(1+e)

P(Si(t,6) > 2, — 1) < (1 + )y / | Ti(y)dy

7,+;U"L(5>‘t(1+€) _
= (14_5)#;61/ Fi(z—1;)dz

Ti+pis At _
(2.15) <Geofy [ R =12

Plugging (2.15) into ¢,11 (%, t), we obtain that when x; A xo > 2} and t > 0,

TitpisAt
b (T8 < (1+¢) 6H iy / Fi(y)dy

T+ At
(2.16) (1+¢) 61‘[,% / Fi(y)dy.

Secondly, we deal with ¥,12(Z,t). In view of Lemma 2.1, we know that for

sufficiently large ), the following relations hold for all x > zf, and any 0 < u < z—a):
(2.17) Fi(zx —u) <MV E(@), i=1,2.
It’s clear that
o(z1/Az2) 2
(2.18)  ura(T,t) = / P (WSi(t,6) > i — u} | dP(n(5) < u).
h i=1
Take 2 sufficiently large such that (1 —o)x} > 2, then we have z; —u > (1 —o0)z} >

xh, i =1,2forall [ <u < o(xyAxe)if 21 Axe > 2f. Therefore, it follows from (2.14)
that when x1 A xo > 4 and t > 0, it holds uniformly for all I; < u < o(x1 A x5) that

Ti—u+pis At(1+¢)

P (n{sia,a) . u}) | Filo)iy

i—Uu

7,+;U"L(5>‘t(1+€)
(2.19) =1+¢) HM / Fi(w — u)dw.

Combining (2.18)—(2.19) and Fubini’s theorem, when z1 Axe > 2% and t > 0, we have

Gara(@ 1) < (14 €)? / R / / H J T (i — ) deor duond P(n(5) < u)

(w1,w2)€D(t,e,0)

(2.20) (14 ) / / / A uzé Fi(wi — W) dP(n(0) < u)dwydws,

(w1,w2)ED(t,e,0)

where D(t,e,0) := {(w1,ws) : 1 < wy < x1+psAt(14€), 29 < wo < To+pgsAt(1+e)}.
Noting that when z1 A xo > 2%, we have w; —u > (1 — 0)z;> o), for all z; < w; <
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i+ pisAt(l+¢), i =1,2 and l; < u < o(zy A z3). Therefore, by (2.17) and (2.11),

when 1 A zy > 2% and t > 0, we have

o(z1Az2) 2 o o(z1Az2) o
[ R - warae) < < [ entsapae) < o [ R
h i=1

h i=1
< B O1(n(6) > L) [ Fi(w)

(2.21) < ee® Fy(wy) Fy(ws).

Plugging (2.21) into (2.20) and using Lemma 2.5, we see that when x1 A x5 > % and
t >0,
2

T1+p1s A(1+e€) To+posAt(1+e)
o 8) < (14 2% / / [ il

z1 T2

4o T1tp1sAt I2+M25>\t_
e(1+e)*e* 1y 1o / Fi(y)dy / Fy(y)dy

x1 €2
2 i+ AL .
(222) <+ [ [ R
i=1 i
At last, we deal with ,13(7,t). By Lemma 2.3, there exist two constants M :=
M (6) and r := r(d) such that for all 21,29 > 0 and ¢ > 0,

VYa13(7,t) < Me—role1nzs)

Recall that there is some 0 < x < 1 such that kz; < 2o < k7 'zy, so we have
1 ATy > 27 k(2y + 22). Thus when 2y Ay > 0 and t > 0,

(223) ¢a13(f, t) < Me—2*1rcrmc1 . 6—2*17*0/%2'

Since F; € S,, we conclude by the proof of Lemma 1 of Embrechts et al. (1979) that
any exponential function with negative parameters is a higher-order infinitesimal of
Fi(z), i =1,2. Hence it is implied by (2.23) that there exists a constant z;, > x4 such
that when x; A xo > 2y and t > 0,

Va13(Z,t) < eFy(z1) Fa(2).

Using the same idea in the argument (2.8)—(2.10), we know that when xy A xo >
and t > t,

2 xz"‘ﬂl)\t_
(2.24) Yars (T, 1) < depap [ [ ;! / Ei(y)dy.

i=1
Plugging (2.16), (2.22) and (2.24) into (2.12), we see that when x; A 25 > 2/, and
t =1,

2 xl—l—,ul)\t_
(2.25)  Ya(Z1) < ((1+¢)° +e(1 4 €)™ + dep o) HM;;I/ Fi(y)dy.

1=1
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Therefore, we conclude from (2.3), (2.10) and (2.25) that when x; A 25 > 2/, and
t =1,

TitpiAt

2
¢4aw§(ﬂ+af+dl+@%%+&wmﬂII%f/ Ei(y)dy.

i=1 Ti

Thus we prove the upper limit in (2.2) due to the arbitrariness of € and 0. O

2.2.2. Proof of the lower limit part in (2.2). Recall that ¢ = ¢; V ¢. For any
§ >0, let £;(6) = Xi; — A\ lai(1+0), fus = —E&;(0) = pi + A 'eid, Si(n,d) =
maxo<k<n Yo iy &5(0), W(6) = ATH(1+06) —0;, 5 > 1,0 = 1,2, and 7j(6) =
cinfi=o 325 7;(6).

Noting that E7;(8) > 0, so 77(8) is proper. Thus for any 0 < & < 27!, there exists

some [y > 0 large enough such that
(2.26) Pn(d) > —ly) >1—e¢.

By Lemma 2.2(i) and Fy, F» € S,, there exists some xf > 0 such that when z1Aze >
and t > 0, it holds uniformly for all n > At(1 — §) that

- zitlatni,s
P (Si(n, §) > x; + 12) > (1— 5)(ﬁi5)_1/ Fi(y + X tei(1 4 90))dy
xi+l2
A (=05
> (1 —g)@ig)—l/ F(ut o+ A ei(1+0)) du
l T+ ALy
>(1-P-0F) " [ Fwde i-12

where in the last step we used the long-tailed property of Fi, F; and Lemma 2.5.
Thus by the independence of {Xj,,n > 1} and {Xs,,n > 1}, it holds uniformly for
all 21 Axo > af, t > 0 and n > (1 — J) that

P (Sl(n,a) > 21 4 by, Sa(n,8) > 22 + zz)
o T1tiis At Totias At
(2.27) > (1—e)*(1— 5)2(u15u25)_1/ Fl(u)du/ Fy(u)du.

z1 2

Since {N(t),t > 0} is a renewal counting process, we know that there exists some
t, > 0 sufficiently large such that for all ¢ > ¢,

(2.28) P(N(t) > (1—=0§)At) >1—e.
Thus by (2.26) and (2.28), for all t > ¢},

Y. PIN() =n,7(0) > =l) = P(N(t) > (1 = §)At) — P(7j(6) < —la)

(2.29) >1— 2.
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Therefore, by (2.27), (2.29) and Lemma 2.5, when 21 A g > zf and t > t,

(7, 1)

k k
=P su $;(0) + am;(8)) > xy, su &0 (8) + ot (8)) >
<ogk§2(t>; (€50) +ai(®) > = B (&5(0) + i (4)) )

> P <§1(N(t),5) > x1 + lg, §2(N(t),5) > T9 + lg,ﬁ(é) > —lg,N(t) > )\t(l — 5))

o T1tHpsAt TotfizsAt
> (1 —e)*(1—2¢)(1 - 5)2(,u15,u25)_1/ Fl(u)du/ Fy(u)du
x1 )
2 TitpiAt
> (-9 =200 [[ G [ Ry
i=1 i
Since € and § are arbitrarily fixed, we prove the lower limit in (2.2). O

2.3. Proof of (1.4). Obviously, we have

(2.30) Yy(Z,1) = P ( sup Ly(s) > xl) +P ( sup La(s) > :@) — (1)

0<s<t 0<s<t

For any 0 < & < 37!, by (1.3) and the finiteness of £ X}y, there exists some xj > 0
and t5 > 0 large enough such that when z; Az > xf and t > t},

T+t

val@ ) < 1+ [ " / Fily)dy

7

(2.31) <e(l+ a)ugl/ Fy(y)dy.

2
By Corollary 2.1 of Wang et al. (2012), for sufficiently large = and ¢}, when 21 Azy >

xg and t >t}

i+ EN()
(1— ) / Fi(y)dy < P ( sup Li(s) > x)

0<s<t

Z‘i-i-uiEN(t) o
(2.32) < (4o / Fily)dy.i = 1,2.

Since {N(t),t > 0} is a renewal counting process, for sufficiently large ¢5, we know

that
(2.33) (1—e)M < EN(t) < (14+e)Xt forall t > 5.

Combining (2.32), (2.33) and Lemma 2.5, we know that when z1 Azs > f and t > ti,

TitpiAt
(1-— e)z,ui_l/ Fi(y)dy < P < sup L;(s) > x,)
T4 0<s<t
Titpi At

(2.34) <@eofut [ Ty

Ty
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By (2.30), (2.31) and (2.34), when 21 A zo > x5 and t > 8,

T1+HHI A zotp2 At
(1) < (142 (wl [ B [ F2<y>dy)

1 z2

and
T1+p1 At

Fily)dy + (1 — 36)15 / By

1 z2

(@0 = 1P [
Therefore, we prove (1.4) by the arbitrariness of . O

Remark 2.6. Chen et al. (2013) considered a risk model with extended negatively
orthant dependent (ENOD, see Liu et al. (2009) for its definition) inter-arrival times
{0,,n > 1}, and obtained a similar result to Theorem 1.4 under the condition that
the claim distributions belonged to the distribution class £ N D. We see that if the
inter-arrival times are ENOD, then Lemma 2.3 still holds by Lemma 4.4 of Wang et
al. (2012), which implies that (2.11) and (2.23) are true; and by Lemma 4.6 of Wang
et al. (2012), Lemma 2.4 holds, which implies (2.4); and by Theorem 4.2 of Chen
et al. (2010), (2.28) holds true. Thus Theorem 1.4 still holds if Assumption 1.2 is
replaced by the following Assumption 1.2*.

Assumption 1.2*. The inter-arrival claim times {6,,n > 1} are ENOD and identi-

cally distributed r.v.s with a common finite mean 7!

3. The case with Brownian motion diffusions

In this section, we extend the two-dimensional risk model introduced in Section 1
to one with Brownian motion diffusions. By definition, a standard Brownian motion
{B(t),t > 0} is a random process with independent increments and almost-surely
continuous paths, and for each given t, B(t) is a centered Gaussian r.v. with variance
t. We consider such a risk model that its aggregate loss process has the following

form:

zl (t) . N le Clt O'lBl(t)
. (Em) 2 (X) ) (t) ) (0232@)’ =0

where the two diffusion processes {Bi(t),t > 0}, i = 1,2 are mutually independent
standard Brownian motions, o;, ¢ = 1, 2 are positive constants and the other quantities

are the same as in Section 1. The corresponding ruin probability can be defined as

Ju(@t) = P (é {oiliﬁt T > x})

or
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Our main result is as follows.

Theorem 3.1. Consider the risk model introduced above. Suppose that Assump-
tions 1.1-1.3 hold. Suppose that {(By(t), Ba(t))T,t > 0} is independent of {(X1n, Xan)T,
n>1} and {0,,n > 1}. If F, Fy € S,, then

T+ i At
(3:2) Val@, 1) ~ Huz / ' Fi(y)dy

i

and
T4 At
(3.3) (7, ) ~ Zu / Fiy)dy.

By Theorem 3.1, we immediately obtain the following result.

Corollary 3.2. Consider the two-dimensional risk model whose aggregate loss process
is defined by (3.1). Suppose that Assumptions 1.1-1.3 hold. If Fy, F» € S, then for

any function f(-) : [0,00) — [0,00) such that f(z) — o0 as x — o0,

(7t
limsup sup 5 1¢ x(i“.zt— —1=0
T1AT2—00 t> f(z1Az2) Hi:l ,UZ_ x; ' E(y)dy
and
ey
hmsup Sup ¢b(x? ) _1 = 0

T1AT2—00 t> f(21AT2)

_ T; it T
St [T F(y)dy

In order to prove Theorem 3.1, we need the following lemma, which is due to
Theorem 3.1 of Chapter X of Rolski et al. (1999).

Lemma 3.3. Let {B(t),t > 0} be a standard Brownian motion. Then for any o, > 0
and x > 0,

P ( sup {—ds+oB(s)} > x) = ¢ 20/
0<s<oco
Recall that if {B(t),t > 0} is a standard Brownian motion, then {—B(t),t > 0}
is also a standard Brownian motion. Hence according to Lemma 3.3, we have the
following result

(3.4) P ( sup {—8s — oB(s)} > 93) = 20/

0<s<c0

0<s<o0

35) P (i (55— 0B} <~ ) = 7
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Proof of Theorem 3.1. The proof of (3.3) is based on (3.2) and similar to that of (1.4),

so we only prove (3.2). It suffices to prove

2 T; i t
(3.6) DRI g o

and

. 2 wz"l‘/»‘z)\t
(3.7) Guit) 2 [ i /
=1

Forany d > 0andi = 1,2, weset a;s = A1 (¢; =) —EX; and bis = A1 (¢;+0) — EX;1.
Since limgs_.g a;s = p; > 0, there exists some dy > 0 such that a;s > 0 for all 0 < § < .
For simplicity, we write L] (8,t) = L;(t) + 6t, L7 (6,t) = L;(t) — ot, B (6,t) =
Bi(t) + 6t, By (6,t) = —0;B;(t) — 6t, t > 0, i =1,2.
By (3.4) and (3.5), for any € > 0 and 0 < § < dy, there exists some I3 > 0 and
0 < 72 < 26(07?% A oy?) such that

+ _ _
(3.8) P (0<1£1<me (0,5) > lg) >1—¢
and
(3.9) FEexp {72 sup B; (0, s)} 1 ( sup B; (d,s) > l3) <e 1=1,2.
0<s<oco 0<s<oco

We first prove (3.6). By Theorem 1.4, there exists some z% > I3 and ¢} > 0 such
that for all x; Azy > 2l and t > ),

(3.10) P (é{ sup LF(5,5) > x}) < (1+6)1ja;51 / T )y

0<s<t ’
and
2 Ti+big At
3.11) P sup L; (6,s) > x; (1—¢) bis / Fi(y)dy.
) (ﬂ{p 6. }) H ()dy

We may assume that . is sufficiently large such that for all = > aZ,
(3.12) (1-e)Fi(x) < F(z£13) <(1+e)F(z), i=1,2.

Hereafter, denote Ey = supgc,«, Li(s) > a;, i = 1,2. For some fixed 0 < ¢ < 271,

Choose some xy > o'z}, when z; A x5 > xy, we decompose 1), (Z, t) as follows.

Va(Z,t) < P ((2] Eu, ﬁ { sup B; (9, 5)< zg}>

i=1 j=1 \0ss<t

oz

- i=1 0<s<t

0<s<t 0<s<t

+ P (ﬂ Ei, sup By (6,s) <l3 < sup By (4,s) < o(xy /\@))
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2
+ P (ﬂ Ey, sup By (6,s) <l3 < sup By (4,s) < o(xy A x2))
i=1

0<s<t 0<s<t

+P (g {Os;zt B (6,8) > o(x1 A 1’2)})

(3.13) = 25: Ji(Z,1).

Recall that 2% > I3, so if 1 A xg > x§, then x; — I3 > %, i = 1,2. Thus by (3.10) and
(3.12), when z1 Az > z§ and t > ¢,

ﬁ{ sup L (d,8) > x; — l3}>

i=1 0<s<t

Ji(Z,t) <P (

x;—l3+a;s\t o

< (l+e) Ha;;l / Fi(y)dy

i—l3

Tita;s\t

2
= (1+€)Ha{51/ Fi(y — l3)dy
i=1 z

7

Tita;s\t

(3.14) <+ P / Fiy)dy.

Recall that kx; < 2o < k~'a; for some positive constant 0 < x < 1, so when
1Az >zgand Iy < y; < o(x; Axg), i = 1,2, we have (x1 —y1) A (z2 — y2) > 2% and
(1—0)k < (x1—y1) Haa—1y2) < (1—0)"tk~1. Thus by Theorem 1.4 and Lemma 2.1,
there exists some xy > g and tf > t) such that when x; A zo > xf and t > tf, it
holds uniformly for all I3 < y; < o(x1 A z3), i = 1,2 that

2 2 TitaisAt
P<ﬂ{sup Lj(5a8)>xi_yi}> §(1+€)Hai_($l/ Fi(u — y;)du
i=1 z

i1 Lo<s<t ;

2 Tita;s At

(3.15) <(1+¢) H az;'er2witl) / F;(u)du.

i=1 Ti
Hereafter, denote by Gy (y;) the distribution of supg<,; B; (6, 5), 7 = 1,2 and G,(y1,92) =
G1:(y1)G2t(y2). Then combining (3.15) with (3.9), we get

Jo(Z,t) < // P <ﬁ{ sup L (6,s) > x; — yl}) dGi(y1, y2)

iy Lo<s<t
I3<y1,y2<0(z1Ax2)

2 mi+ai5)\t_
<o [[at [ Fwde  [[ 0 c0micy
i=1 r

i

l3<y1,y2<0(z1Az2)

Tita;sAt

2
(3.16) <(1 +5)62V252Ha;51/ F;(y)dy.
i=1 z

1
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Furthermore, by replacing y» with I3 in (3.15) and using Lemma 2.1 and (3.12), we
know that when zy Azy > xj and t > ¢, it holds uniformly for all I3 < y; < o(z1 Az2)
that

P ( sup LT (d,8) > a1 —y1, sup L3 (8,s) > x5 — lg)

0<s<t 0<s<t

z1taisAt ®otags At
< (1+ 5)a1_51a2_51 / Fi(u — yl)du/ Fy(u —l3)du
x1 )

Tita;s\t

2
< (1420 [ oz / Fi(u)du.

i=1 Zi

Thus when 21 A 29 > x4 and ¢t > t, we have

J3(Z,t) < P (Eu, sup Ly (0,8) > w9 — 3,13 < sup By (d,s) < o(zy A .CL’Q))

0<s<t 0<s<t

(:Cl/\xz)
< / P ( sup L (8,s) >z —y1, sup L3 (4,8) > z9 — lg) dG1:(y1)
I3

0<s<t 0<s<t
2 zita;sAt . U(:El /\wg)
< (14 ¢)%em H ai_él / E(u)du/ e dG1y(yr)
i=1 i s
2 mi+ai5)\t_
(3.17)  <e(l+e)%e” H a; / Fi(y)dy,
i=1 i
where (3.9) are used in the last step. Similarly, when z; A 5 > x4 and t > t, we
have
2 TitasAt
(3.18) Ju(Z, 1) < (14 ¢)%er H a / Fi(y)dy.
i=1 zi

Recall that z; Az > 27 k(xy + x9) since kry < x5 < k™1, so by (3.4), for all 7
such that x; > 0, ¢ = 1,2, we have

J5(T,t) < gp ( sup B7(6,5) > oa A xz))

0<s<t

2
< Zexp {20020 (x1 N xa)}

i=1
(3.19) < 2exp{—0(0;* Noy?)or(z + x2)} .

Suppose that ti and z{ are sufficiently large, then by (3.19) and similar argument to
(2.23)—(2.24), we know that when z; A zy > xj and t > ¢},

Tita;s\t

2
i=1 z

Combining (3.13), (3.14), (3.16)—(3.18) and (3.20), we pove (3.6) by the arbitrariness
of € and §.
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Next, we prove (3.7). By (3.11) and (3.12), when z; A x5 > % and ¢t > t},

2 2 Ti+lz+bisAt
ﬂ{ sup L; (0, s) >{£i+l3} > (1—E)Hb,~_51/ Fi(y)dy
i=1 i=1 z

0<s<t i+l3

2

Ti+bis At
(1-¢) Hb1/ Fily + I3)dy

2

Ti+bis At .
(3.21) > (1—e) [ b5 / Fi(y)dy.
i=1 Ti

Combining (3.8) and (3.21), we have

=1 \0ssst i=1

i+ At
1—55Hb / Fi(y)dy,

which implies (3.7) by the arbitrariness of € and 0. O

Uo(Z,t) > P ﬁl{ sup L (6, s) >x,~+zg},ﬂ{ inf B (6,s) > —13}
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