Dynamic Systems and Applications 26 (2017) 563-574

LOCAL RISK MINIMIZING OPTION IN A REGIME-SWITCHING
DOUBLE HESTON MODEL

ELHAM DASTRANJ AND SHIVA NAMAZI

Department of Mathematical Science, Shahrood University of Technology,
Shahrood, Iran

ABSTRACT. We address risk minimizing option pricing in a regime switching double Heston
model with three jumps when the underlying asset price follows a general state-dependent regime-
switching jump-diffusion process. Using minimal martingale measure, an optimal hedging strategy

is obtained by the local risk minimization.
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1. Introduction

The Markov regime switching markets contain dramatic change in macroeconomic
by incorporating a continuous-time Markov chain. In fact the rare events information
reflect on stock price in those frame work. As known the regime switching markets are
incomplete. So the pricing of regime switching risk gets an important issue. Option
pricing is one of the most important concept in modern finance. Black and Scholes
developed the methodology of option valuation. A major challenge in the Black-
Scholes model is that interest rate and the volatility rate are assumed to be constants

which are not consistent with reality [3].

To get more realistic models, many extensions to the Black-Scholes model have
been presented. Among those the regime-switching models provide more realistic
description for asset price dynamics. In these models the parameters are functions of
a finite-state Markov chain [5, 6, 9, 13].

Because of several previous studies and the display of the dates, we added two
stochastic volatility with three jumps. An excellent contribution of the proposed
model is developing the model of stochastic volatility. In fact, in this study, we model
the stock price process by the Markov-modulated jump diffusion model with double
stochastic volatility with three jumps. So our model better corresponds with reality

than the another one.

A unique equivalent martingale measure by minimizing the quadratic utility of

the losses is identified by Follmer and Sondermann. Then the minimal martingale
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measure and risk-minimizing hedging were further developed by several researchers
1,4, 8,10, 11, 12, 15, 16, 17].

As it’s well known, equivalent martingale measure is not unique in the incomplete

market [14]. In this paper, Firstly, we investigate the minimal martingale measure.

Then we address risk minimizing option pricing under our proposed model.

The rest of the paper is organized as follows. In Section 2, we present the notation,
assumptions, and model for the underlying market. In Section 3, we investigate an
explicit representation of the density process of the minimal martingale measure. In
Section 4, a PDE of the option pricing is driven. The locally risk-minimizing strategy

is studied in Section 5.

2. Preliminaries

Let (2, F,{F:}, P) be the complete probability space. Suppose the states of an
economy are modeled by a finite state continuous-time Markov chain {X; : t > 0}.
Without loss of generality, we can identify the state space of {X; : ¢t > 0} with a
finite set of unit vectors x := {e1,es,...,en}, where ¢; = (0,...,1,...,0) € RY,

whose transition probabilities satisfy
P(Xiyse = j | Xi = i) = q;j6t +0(dt), i # j;
P(Xppse =i | Xy = 1) = 1+ 56t + o(dt),

when 0 — 0, where ¢;; > 0, @ # j; ¢ = —Z;.Vzl ¢i;- Let @ = [g;;] denote the
generating Q-matrix of the Markov chain. The financial market itself is consisting
of a riskless asset (By)ico,r) and a risky asset (S;)icpo,r) which S; is square integrable

and Sy > 0 is a constant, dynamics of (By)ico,r) and (S¢)eo,r) are as follows:
dB, = r,B,dt, By = 1.
48, = S, dt +\/ VIS, aw}! + Wst,dwf
+ /_010 Si_y(N(dy,dt) — v(dy)dt),
AV = ky (6, — V)dt + oo,/ VVAW? + Z1dN,,

AV;? = ky(0 — V)t + 00\ VP AW, + ZodN,,

where W}, W2, W2, and W}! are standard Brownian motions, that
AW} - dW? = pydt,
AW? - AW = pydt.

0, and 6, are the long-run average of Vt(l) and 1/;(2), respertively, k1 and ky are the

. . 1 2 .
rates of mean reversion, o,, and o, are the variance of V;( ) and Vt( ), respectively, Z;
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and Z5 two exponential stochastic processes with parameters j,, and p,,, p; € (—1,1)
for i = 1,2 are given constants, and process N(dy,dt) is a Poisson random measure
with P-compensator v(dy)dt = Af(y)dydt. Let N(dy,dt) = N(dy,dt) — v(dy)dt be
the compensated Poisson random measure. Moreover, we assume that fj y2u(dy) <
0o. In this setting, the locally risk-free floating interest rate r; and the appreciation
rate p; of the stock price evolve over time depending on the state of the market X,
therefore 7, = r(X;) and p; = p(X;) be two functions of X;; that is, ry = r(i) = r;
and py = p(i) = p; when the state of X, is i, € x.

Following the description of [2], for i,5 € x, ¢ # j, let A;; be consecutive left
closed right open intervals of the real line, each having length ¢;;. By embedding x
in RY by identifying 7 with e; € RY define a function h : Y x R — R¥ by
Wi 2) = j—i z€A;

0 0.W.
Then
t
X =X, —I—/ /h(Xu,z)P(dz,du)
0o Jr
where the integration is over the interval (0, 7] and P(dz, dt) is a Poisson random mea-
sure with intensity m(dz)dt; where m(dz) is the Lebesgue measure on R. P(dz,dt),
N(dy,dt), and X; are mutually independent, and independent of W}, W2 W3, and
WE.
The semimartingale S, =e" Jo rsds G, has the following decomposition

§t:§0+Mt+At

with M, a square-integrable martingale for which My = 0, and with A, is a predictable

process of finite variation, where

t t t [e%e)
(2.1) M, = / Sy VAW + / Su \/ VPaWw? + / / Su_yN(dy, du),
0 0 0 —1

and

(2'2) At = /0 §u7 (,uu - Tu)du

3. The Minimal Martingale Measure

Noting that our proposed market is incomplete. More than, one martingale
measure exists. In this section, we investigate the minimal martingale measure for

presented market.

Definition 3.1. A martingale measure P ~ P will be called minimal if

pP=pr on Fy.
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and if any square-integrable P-martingale which is orthogonal to M under P remains

a martingale under P.

From [7], for some predictable process a = (at)g<,<p We have

t
0

Theorem 3.2. P ezists if and only if

t 1 t
G, = exp (—/ ozdes—§/ ozs2d<M)u) 0<t<T
0 0

1s a square-integrable martingale under P; in that case, P is given by % = Gr.

Let {fs}te[o,gp], {fv(l)}te[oﬂ, {fv(z)}te[oﬂ and {j:X}te[o,T} denote the P-augmen-
tation of the natural ﬁltrations generated by S, V) V(2 and X, respectively. For
each t € [0,7T], set G; = (ftv(l) V ftv<2)) and .At = F5V Gr. Given Gr , to
avoid the possibility that the minimal martingale measure becomes a signed measure,
we need the following condition.

(Mt - Tt)?/
(3.1) -
Vi v 4 [ y20(dy)

<1, as. for t€[0,7] and y > —1.

From theorem (3.2) we have

t —(,us i 7’5) Vs(l) X
o Vil + Vo7 + [7] yPu(dy)

[,
0

VD VP 4 [ gze(dy)

1 / t (s — V.7 ds
2 Jo (VY + VP 4 [%y20(dy))?

1 /t (s — T8)2‘/:9(2) d
- = S
2 (V(l) + V(Z) + fixf y2v(dy))2

/ /—1 v +%M81?23y2v(dy)N(dy’dS)
s +})yyv s

L ,us - TS)ZyZ s
// Oy 7 yro(dy))? v(dy)d }
Hence

( Ns_rs 2 2
(3.2) E exp / (2 d —I—// PRI xe —————ds ; < 00,
o ViV + V4 (Vs + V& )
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for all t € [0,7]. Now we will show that Z; is a square-integrable martingale under P
and the measure P defined by i—]; |4, = Z; satisfies the definition of minimal martingale

measure(see Definition 3.1).

Assume that there exists a minimal martingale measure, and let us denote it by

P*. Define Z; by

dpP*

dP At} ‘
Under P*, the Doob-Meyer decomposition of M is given by

Zt:]E|:

Mt - gt - §0 —|— (—At)

But the theory of the Girsanov transformation shows that the predictable process of

bounded variation can also be computed in terms of P*

t
1
—A; = M, 7). .
t /OZSd< Y >5

By Kunita-Watanabe decomposition, we have

t
Zt = 1+/ 6des+Lt7
0

where L is a square-integrable martingale under P orthogonal to M, and ([ =

(Br)o<t<r is a predictable process with

E[/OTﬁ§d<M>

Since P* is a minimal martingale measure, we can easily obtain that L is P* martin-

< 00.

gale and that LZ is a P martingale. Then we have
(L,L) =(L,Z) =0,

hence L=0, Z, =1+ fgﬁdes, and dA; = _Zﬁ: d (M, M), so

K dA;
Zy=1— | Z; ———dM;.
t /0 87d<M>d S

Let dY, = —d‘zj‘é[des. From (2.1) and (2.2), we get

S

~ (e —11) ( VAW + 1/ VPAw? + [7yN (dy, dt))

Y, =

)

VY 1V 4 [ y20(dy)

t
(3.3) Zi=1 +/ 7, dv..
0

Noting that there is a unique solution of (3.3), the minimal martingale measure is

unique if it exists. We can get

Z, = VYO TT (1 + AYL),

u<t
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from the formula of the Doleans-Dade exponential. Under conditions (3.1) and (3.2),
Z is a square-integrable P martingale.

First, we can see that P is an equivalent martingale measure to P. Next, let L/
be a P martingale and let it be orthogonal to M; that is, (L', M) = 0.

dA,

(L', Z), = /Ot Zs d(L)Y), = — /Ot Zs,wd (L', M), = 0.

By the Girsanov-Meyer theorem, L' is a P—martingale. Hence, P is the unique minimal
martingale measure of S.
From the Girsanov theorem we have

- t - 8(1)
W / (s —75)/
0

A A T )

(:Us - 7“5) V s(l) ds

t
W2 = W2 + p1/
t t 0 Vs(l) + ‘/;(2) + fi’? y2v(dy)

. t - 1/ 3(2)
WE:WEJF/ G )
0

VY V) 4 [ g20(dy)

(:Us - 7“5) V 3(2) ds

+ V& 4 [ y20(dy)

ds,

ds,

t
W4 = W4 + p2 /
t t 0 Vs(l)
are standard P-Brownian motions.

Remark 3.3. Given Gr , under P, the compensator of N(dy,dt) is

~ (:Uu — Tu)y
o(dy)du = [ 1 — - v(dy)du.
( Vi + Vi + [ y20(dy)

4. Option pricing

In this section, we derive the options pricing by Local risk minimization method.
The price at time ¢ of the European call option with strike price K and time to

expiration 7" is given by
V(t,T) = EP[e ' mds(S0 — K)T | A,
We set Vt(l) = oy and Vt(z) = «;, and let
C(t, Siycu, a, X;) = e b BV (¢,5,, 4,00, X,).

In the sequel, we apply [t6’s formula for C(t, Sy, oy, o}, X;) and find its dynamics.

dC’(t’ Sy, oy, ag, Xt) = —re fot TstV(t, Si oy, OéL,Xt,)dt +e fot T’sds%_‘t/dt



LOCAL RISK MINIMIZING 569

t+eho Tsdsg—gdSc e Tsdsg—vdozc +eho “ds%daw
N ;e Jrads gSV (5, ) + e o= Jo reds ?}ogd (a, o)
+ ; — Jy rsds g:;d (/) + e~ Jo Tsds;;—a‘;d (5¢,af)
+e—fgr5ds%d<sc’a/c> +e—f5r5ds%d (a®, /)
+e NV (u, Suy vy, Xo) = VI, Su_ ooy, X))
u<t
= —re oSV (S, ol X, )dt+e b “dS%—‘Zdt

e_ f(;5 Tsdsa_v

5 utst,dt+\/a75t,dm1+\/ozst,dW;’— / Styv(dy)dt]
-1

oV T .
4 farsas @V o ke —at)dtmm@dvvf}

ov r 5
a2 k(02 — )t + 0, /ol li
1 0%V 1 t oV
+ 3¢ ~Js Tsdstz (cp + ) dt + 3¢ Jo "Sds@aglatdt
1 e, 0PV _,5021/
+ 56 Jorsd 8042 v2atdt_|_ Jorsd 8Saoztplavlat5tdt
t 02‘/ t ov ( - T )Oé
— [irsds 'S dt — —fOrsds_S 122 t) dt
te 55D 2o At T € 057" ay + af + [ yPu(dy)
e fg rsdsa_VSt (Mt - Tt)aé dt
S+ ap + [ y?u(dy)
¢ \% —
—e b Tsdsg— 104, (/;Lt 7;)02 d dt
o at+at+f_1y v(dy)
~(tras OV (e — 1)y
i f() reds 2V t 1) dt
e Oy 9
Do, P20, o+ o+ [7] y?o(dy)

+ /T el (V2. S, (1+y), ol Xp )
V(S X ))i(dy)de

+ /T e o (V(t, S, (14y), ap, 0y X;)

— V{(t, Stf,atf,oééf,th))N(dyﬁ dt)
+/Re—f5rsd8(v(t, Si_ o)y Xo_ +h(X,_,2))

—V(t, S, o, ) , X, ))P(dz,dt)
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+ / e~ Joreds Z V(t, St ,ou ,of ,j)ax, ;dt,
R -
j
where P(dz,dt) = P(dy, dt) — m(dz)dt is the compensated Poisson random measure
and N(dy,dt) = N(dy,dt) — 6(dy)dt. Since C(t, S, ay, &}, X;) is a P martingale, the
drift term must be identical to zero. Hence, we have

v oV

—TtV(t, Stfaatfaa;f,ath) _l_ 8t % t_

ry— (,ut - rt)at _ (/"Lt - Tt)a;f _ /OO yU(d’y)
o+ o) + ffj v2u(dy) oy +a,+ ffj y?u(dy) 1

10*V ov (e — )
_—52 ! h— ]{Z 9 - - 9 v
T ogge St al)+ 50 ( e = J7 vy
10?V ov (e — i)y
—_ e ]f 9 - ! - e L v
3 92 T * oal, ( 2(02 — ) o+ + [ y2v(dy)p20 ’
2 80&22 v2 't asaatpl v Lt 8580&;p2 v It

+ / ('U(ta Stf (1 + y)> Ol O‘:w th) - 'U(ta Stf y Qg O‘;,>Xt7))ﬁ(dy)

-1
N

+ Z V(t, St, , Ol Oé;tv.j)qxt,J = 0’

i=1

with the terminal condition V(7' Sy, or, o/, X7) = (S — K)™.

5. Locally risk-minimizing strategies

In this section we obtain an optimal hedging strategy in terms of local risk min-
imization.

Let H be the contingent claim with H € L?(Q2, A, P) at time T and ¢ = (6, a)
be a portfolio, where § = (6;)o<i<r is the amount of risky asset and o = (ay)o<i<r

the amount of risk less asset. The discounted portfolio valuation at time ¢t is
‘/t = 9t§t + ;.

Suppose a; adapted process with E(a?) < oo, 6 is predictable process and

t t 2
E / egd<M>u+< / |eudAu|)
0 0

Our market is incomplete, so we find an admissible portfolio ¢ which minimizes,

(5.1) < 0.

at each time t, the residual risk, given by

Ri(p) =E [(Cr(p) — C(@)*| A, t<T
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over all admissible portfolio. Cy(y) = Vi (6) — f(f 0,dS, is the discounted cost accumu-
lated up to time ¢.

We have the following definitions from [16].

Definition 5.1 (Small Perturbation). A trading strategy A = (4, ¢) is called a small

perturbation if it satisfies the following conditions:

1. 0 is bounded,
2. fOT |6,dA,| is bounded,
3. 0T =T =0.

Definition 5.2 (Locally Risk Minimizing). For a trading strategy ¢, a small pertur-
bation A, and a partition 7 of [0, 7], the risk quotient 77 [p, A] is defined as

. Ry (p+A
e A= Y =
titiq1€T E [<M>

(ti,ti+1)) - Rti (90)
— (1), | 7]

(tsstit1]-

tit1
A trading strategy ¢ is called locally risk minimizing if

liminfr7[p, A] > 0 P-a.e. on  x [0,7],

n—oo

for every small perturbation A and every increasing sequence (7,,) of the partition of
[0, T tending to the identity.

Definition 5.3 (Pseudo Locally Risk-Minimizing Hedging Strategy). A strategy is
called pseudo locally risk minimizing, or equivalently pseudo optimal risk minimizing,

if the associated cost process C'(¢) is a martingale under P and orthogonal to M;.

Definition 5.4 (Follmer-Schweizer Decomposition).
~ ~ T ~
H:m+/9%&+w,
0

is the Follmer-Schweizer Decomposition of the discounted contingent claim H =
elorsds f if 91 satisfies formula (5.1) and if L is a square-integrable P-martingale
orthogonal to M;, with LI = 0. The associated optimal strategy given by ¢; =
(05, Hy + f(f 01 dS, + LH — 01 S,) is locally risk minimizing,

We also need the following assumptions in [16]:

(1) For P-almost all w, the measure on [0,7] induced by (M) (w) has the whole
interval [0,77] as its support. This means that (M) should be P-almost surely
strictly increasing on the whole interval [0, 7).

(2) A is continuous.

(3) A is absolutely continuous with respect to (M) with density « satisfying
E [Jaln™ |a|] < co. A sufficient condition is that E [ [ adM)] < co.
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By [16], the pseudo locally risk-minimizing hedging strategy is the locally risk-minimizing
strategy if assumptions (1)—(3) are satisfied. So, for S;,we check conditions (1)-(3).

t~
(M), = < / S A/ ViAW + / Su A/ VP aw? 4+ / / dy,du)>

0
tN

:/SSV du+/ du+//52yvdy
0
t

:/ Sz <Vu(1)+Vu(2 / yv(dy)) du.
0 -1

527 ( AR 74 fixl’ yzv(dy)> du > 0, (M), is strictly increasing for every ¢ € [0, 7.
Assumption (1) is verified. Note that

At / S —Tu

is continuous, assumption (2) is satisfied. Also we have
dAs Hs — Ts
o 1 2 oo ’
d(M), SV + V& + % y20(dy))

and

- E K/ d?zj\{;>deu>] =E :/ 582(‘/5(1)+§/§Z)_:?;y%(dy))zd<M>“]
- / v+ ‘%) 1}% yzv(dy)du] '

Since

(Ns - 7"8>2 }
<E {expfi < 00,
vV 4+ v

2

£ / M </EL2> o)o du
Ve + V&7 + [T y?u(dy)

then (5.2) is finite. So, assumption (3) is satisfied.

Now we derive the locally risk-minimizing strategy for the associated discounted
portfolio. The Follmer-Schweizer decomposition of the associated discounted portfolio

(5.3) V(g) = Vo) + / o(s, u)d8, + L,

So, we have

t o~
L= Vi—V, —/ 6(s,u)d3,
0

t t
= / el OV 5 Svat + / etV 5 v
0 oS 0 oS

t “ N t u V T
e ] e
0 0
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t [e'e)
* / / e hord(Vw, S, (1+y), V", VP X, )
0 —1
—V(u,su_, VI, VP, X, ))N(dy, du)

t
T / / BV (u, 8, VO, VD, X, 4 h(X,,2))
—V(u_, Sy, VO, VA X, ))P(dz,du)

oo

Since L, is a P martingale, the integrands with respect to du on the right-hand side

should vanish. This gives us the following equation:

a_v al (:uu - Tu)vu(l) 8_V~ (Nu - Tu)‘/u@)
08 VO 1V 4 2 yre(dy) 08 VO VP 4 1% y20(dy)
oV (Nu - Tu)vu(l) —fg rsds
VI ()
oV (u — ru)V(z)

— fyrsds _ . 37
v (& S, U T u
8L’@ ) P20 V’ vﬂg +—f‘ o(dy) P(s, u)(pte — 1t)

+ /OO e~ o n(Viu, S, (1+y), VIV, VP X, )
-1
= V(u, S0, VD VP, X)) (v = 9)(dy)du = 0,
a.s. for u € [0,T]. We can derive
5 (Vi + Vi) 4 i e BV 1 oo, 00 o= ey
Su (Vi + Vi + [ y20(dy))

[ e o (V(w, S, (1+4), VIV Vi X, ) = Vi, s, Vi, VP, X, ))yo(dy)
Su(Vi) + V& 4 [%420(dy))

¢(s,u) =

Y

and a(s,u) = V(p) — ¢(s,u)S,.
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