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1. INTRODUCTION AND PRELIMINARIES

The theory of fractional calculus and its role in the development of dynamical sys-

tems of arbitrary order has been under investigation for a long time. Such fractional
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dynamical systems have been used effectively in the modelling of many real world
problems in various fields of science and engineering, where they succeeded to reflect
the description of the properties of non-local complex systems [1, 2, 3, 4, 5]. On
the other hand, the discrete fractional calculus has shown much interest among re-
searchers in the last two decades [6, 7, 8, 9, 10, 11, 12, 13] and has been developing
rapidly, where the integration by parts problem has been formulated via left and right
fractional differences and sums.

The calculus of variation which deals mainly with the optimization problems on
infinite dimensional function spaces is an extremely important field in mathematics
and physics where many geometrical and physical problems can be analyzed by means
of variational problems [14]. The issue of obtaining integration by parts formulas
in fractional calculus or discrete fractional calculus is the key to obtain fractional
Euler-Lagrange equations . In the last decade many researchers studied fractional
and discrete fractional problems by applying suitable integration by parts formulas
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].

The ordinary SLFEs were investigated long ago where many applications in various
areas of science, engineering, and mathematics have been reported [32, 33]. However,
the fractional variational SLEs have only recently been investigated for local and
nonlocal fractional operators [34, 35, 36].

In this article we use a nabla fractional difference integration by parts formula
presented in [15] to formulate a nabla discrete fractional SLE through left and right
Caputo and Riemann fractional differences. Then, we continue to study the new for-
mulated SLP by making use of a discrete fractional isoperimetric variational problem.
Below, we present some basic tools to be used and then in the following section we
proceed to our main results.

For a,b € R, the sets N, )N, N, 5, where b — a is a positive integer, are defined by

N, ={a,a+1,a+2,...}, WN={.,b—2,b—1,b},

and
Nop={a,a+1,a+2,..,b}.

The following integration by parts formula will be essential for proving the main
results. It will be used to develop a discrete fractional isoperimetric variational prob-

lem to study nabla discrete fractional SLE's.

Theorem 1. [15] Let 0 < a <1 and f,g:Nyp = R, a,b € R. Then

b—1 o, b1
> (SN0 = FOLY 90|+ Y f - 06T -1, (1)
t=a+1 t=a+1

where clearly (,V~1=%g)(b—1) = g(b—1).
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In Theorem 1 above, ¢V and Vi represent the left Caputo fractional difference

starting from a and the right Riemann-Liouville fractional difference ending at b.

2. MAIN RESULTS

Our main results consist of two parts. First, we formulate a nabla fractional differ-
ence SLP by making use of Theorem 1. Then, we construct a discrete fractional
isoperimetric variational problem to study the eigenvalue and eigenfunctions of the
formulated SLP.

2.1. THE DISCRETE FRACTIONAL SLP

In what follows, « e Rand 0 < o < 1 and b = a+ N + 1 for some N > 2 a fixed
integer. Moreover, we set

o 1, ifi=0
a; = = (_Uia(a—l)...(a—i—l—l)

: . ifi=1,2,...
1!
Denoting the Sturm-Liouville operator as

La(t) = (,V*(p £ V*2)) (t) + a(t)z(t),
consider the fractional SLE

Lz(t) = Ar(t)z(t), t€ Ngy1p—2, (2)

where 0 < a <1, p:Ngyp_1 = R, r: Nyyqip—2 — R such that p(t) > 0, () > 0 and
q : Ngj1,5—2 = R with the boundary conditions

z(a) =0, z(b—1)=0. (3)

Theorem 2. The SLP (2)-(3) has N — 1 real eigenvalues, which will be denoted by

The corresponding eigenfunctions,
L1,X2y. -y TN—1 * Na+1,b72 — Ra

are mutually orthogonal with respect to the weight function r on Nqy1p—2; that is,

b—2

<mimy>e= Y r(t)zi(t)a;(t) =0, i#j,

t=a+1
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and they span RN~Y: that is, any function 1 : Ngt1,5—2 = R has the unique repre-

sentation
N-1
w(t) = Z Cil‘i(t), te Na+1,b—2a
i=1

where the coefficient ¢;’s are given by

<, x> .
= SUETE N
< Ty, T >

Proof. Note that equations (2) and (3) can be considered as a system of N — 1 linear
equations in N — 1 real unknowns z(a + 1), z(a + 2),...,2(b — 2). It can be shown

that the corresponding matrix form is
Az" = \Rz", (4)

where the entries A;;’s of A are given by

N—1
glati)+ > (o) pla+i+k), i=j
k=0

(o) _
Ai? =9 n~N-i ki
Z a,ia)p(a+i+k)2a£,?) andk —m+i =7, i #j,
k=0 m=0

and R = diag(r(a+1),r(a+2),...,7(b—2)). Because of the equivalence of the SLP
(2)-(3) with the problem (4), it follows from the matrix theory that the SLP (2)-
(3) has N — 1 pairwise orthogonal real linearly independent eigenfunctions with all
eigenvalues real. Now, we will find the constants ¢;’s. We have
N-1 N-1
<Y, x5 >p=< Z CiTi, T >p= Z ¢ < Xy, xj >p=cj < Tj, T >,

i=1 i=1

which follows from the orthogonality. Hence, ¢; = %,1 <i< N-—-1, as

claimed. O
2.2. THE DISCRETE FRACTIONAL ISOPERIMETRIC PROBLEM

Let J be a functional of the form
b—1

J(f)= > Lt 1), (VI (5)

t=a+1

where0 < o <1, f:Ngp-1 = R, L:Nypqp—1 xRxR — R such that L has continuous
first order partial derivatives with respect to f” and ©V¢ f. The isoperimetric problem

consists of finding the local extrema of J subject to the boundary conditions

fla)=A, [f(b-1) =B, (6)
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where A, B are constants and the isoperimetric constraint

I(f) =Y gt f), (V) =1, (7)
t=a+1
where [ is a constant and ¢ : Ny11,5-1 X R x R — R such that g has continuous first

order partial derivatives with respect to f” and V¢ f.

Definition 1. A function f : Ngp—1 — R which satisfies (6) and (7) is called
admissible.

Definition 2. An admissible function f is called an extremal for I in (7) if it satisfies
the Euler Lagrange equation

LY(t) + (6V*L2)(t) =0, t€Ngp1p2,

where L =

a_ff’ and L2 avggf

Theorem 3. Let f be a local minimum for J in (5), subject to the boundary condi-
tions (6) and the isoperimetric constraint (7). Assume that f is not an extremal for
1. Then there exists a constant \ such that f satisfies

LI(t) + (5V¥Lo)(t) =0, t € Noy1p o,

where ' =L — \g, L= and Ly =

B 8_f” acvaf'

Proof. (See also [18]). Let nx : Ny p—1 — R, mix(a) = ni(b— 1) = 0 be two functions
and €xs be two arbitrarily small real numbers for £ = 1,2. Consider the new function
of two parameters

f=Ff+eam+en. (8)
Let
I(er,e2) =I(f) -
b—1
= Y glt, () + enf (t) + exnb (t), (CVE L)) + e (TVam)(t)
t=a+1
+ e (Vi) () —1
We have
ol 3
deal00)
b—1

PREAG! ,,(t Fo@),(CVa ) + (CVan)(t) (t, £7(1), (Ve f)(?)
of

t=a+1

dg
aove f
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Now, by the integration by parts formula (1), we see that

862 (0,0 Z {8fp (t (1), (CVE ()

+ (bva S (170, 2N ) (¢ 1)

#nlt) 190 (G200, 92N W) @]

b—1

= X 00 |y O.CTN0)

t=a+1
(021 P 0.CVENW) ) (- 1)
oCevef “ '
Since f is not an extremal for I, there exists a function 7y such that

ol

dea l(0,0) ©)

From (9) and the fact that 1(0,0) = 0, by the Implicit Function Theorem, it follows
that there exists a C! function €2 = e3(e1) defined in a neighborhood of zero such
that I(e1,ea(e1)) = 0. Therefore, there exists a family of variations of type (8) that
satisfy the isoperimetric constraint (7).

Similarly, lets now define
J(e1, €2) = J(f).

Since J has an extremum at (0,0) subject to the constraint 1(0,0) = 0 and since
V_f(O, 0) # 0, by the Lagrange Multiplier Rule, there is a number A such that

V(J(0,0) — X (0,0)) =
It can easily be shown that

5 b-1
g_i‘(o,()) = > ) [gpr(t £, (CVaN)

t=a+1

+ (19 ey 0. CVEN®)) (- 1)

and
ol —
sl = 2 O G565 0.C9200)
’ t=a+1

# (497 g 070, 72D ) (¢ 1)
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Hence, we have

b—1
tzza;l Uf(t) {g—ﬁ(ﬁ fP(1), (Cvgf)(t)) + (bva 80853(]( (t, f°(t), (Cng)(t))) (t— 1)] .

Since 1 is arbitrary, we obtain

OF o o o
5ﬁ@f@%@WJWD+QV

wﬂwmﬁvwxm>@—n—m

te Na+2,b71~ O

F
oevef

Now, lets consider the particular case, where the functionals J and I are defined

by
b—1

J() = > [pOCVIHE)* +qlt — 1) f2(t - 1)], (10)
t=a+1
and ) b
I(f)=>_r)f ) =1, (11)

respectively. Now proceeding as in the proofs of Theorem 2.5 and Theorem 2.7 in

[17], we obtain the following results.

Theorem 4. Let Ay be the first eigenvalue of the SLP (2)-(3), and let x1 be the
corresponding eigenfunction normalized to satisfy the isoperimetric constraint (11).
Then 1 is the minimum of the functional J defined by equation (10) subject to the

boundary conditions (3) and the isoperimetric constraint (11). Furthermore, J(x1) =
AL

Proof. Assume that z is a local minimum of J. First note that the Euler Lagrange
equation for Iis
27“(t)$(t) =0, t€Ngyip-2,

which is satisfied only for the trivial solution z(¢) = 0 since r(¢t) > 0. Hence, no
extremals for I can satisfy the isoperimetric constraint (11). Then, by Theorem 3,

there exists a real constant A such that x satisfies the equation
GV (PVeD) () + q()z(t) — Ar(t)z(t) =0, € Nay1p2, (12)

together with z(a)

= (b —1) = 0 and the isoperimetric constraint (11). Let us
multiply (12) by z(¢) and sum from a + 1 to b — 2, then

b—2 b—2 b—2

Do a®GVIEIVI) M) + Y a2 () = A Y ()2 ().

t=a+1 t=a+1 t=a+1
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Using x(a) = (b — 1) = 0, by the integration by parts formula (1), we have

b—2 .
> 6V GOV = - 206 V) ()],
t=a-+1
b—1
£ Y a0V )
t=a+1
b—1
= > sV
t=a-+1

From (11) and the fact that z(a) = 0, we see that J(z) = A. Since z satisfies (11),
it follows that x is nontrivial. Hence, A is an eigenvalue. From Theorem 2, we
know that there exists the least element in the spectrum, the first eigenvalue A1, and
a corresponding eigenfunction z; normalized to satisfy the isoperimetric constraint

(11). Hence, the minimum value of .J is A, and J(z1) = A;. O

Definition 3. We will call the functional R defined by

J
R(z) = =2,
(x)
where J and I are the functionals defined by (10) and (11), respectively, as the
Rayleigh quotient for the SLP (2)-(3).

Theorem 5. Assume that x satisfies the boundary conditions x(a) = x(b—1) =0
and nontrivial.

(i) If x is a minimizer of the Rayleigh quotient R for the SLP (2)-(3), then the
minimum value of R is the smallest eigenvalue \1; that is, R(x) = A\1.

(i) If x is a mazimizer of the Rayleigh quotient R for the SLP (2)-(3), then the
mazimum value of R is the largest eigenvalue Ay_1; that is, R(x) = An—_1.

Proof. We will only prove (i). The proof of (ii) is similar. Assume that x satisfies
the boundary conditions z(a) = (b — 1) = 0, nontrivial, and is a minimizer of the
Rayleigh quotient R. We define the functions ¢, and ¢ as follows:

b—2
¢:(—e,) =R, ¢(h)=I(x+hn) =D rt)(z+hn)’1),
t=a

b—1
pi(—ee) >R, yh)=J(@+hp) = Y [p)(CVE(+hn)(t)?
t=a+1
+q(t = 1)(z + hn)*(t = 1)],
j(a:—i—hn)

C:(-e) > B () = Rl ) = Z =,
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where 1 : N, -1 — R, n(a) = n(b—1) = 0. Note that “V is a linear operator, hence,
we have
(“Va(x + ) (1) = (“Vaz)(t) + h(CVen)(D).
Since ¢ € C((—¢,€)) and
¢(0) < ¢(h), |hl <
it follows that

d
¢'(0) = =-Rla+hm)| _=0.

Moreover, we have

Y(0) =T+ )|
b—1
=2 3 [pOCVaR) V) + alt — Dalt = Dt - 1),
_j+ b—2
¢(0) =@+ )| _ =2 r(a(tn()
Hence,
9 b—1
C0) =75 | X POCTIDOCTIO +a(t = Datt = (e~ 1)
Z) Li=a+1
—@ b727" t)x(t)n(t ]
T 2Bttt
=0.

Using n(a) = n(b— 1) = 0, by the integration by parts formula (1), we get

b—1
Y pOEVEz))(CVan)(t)
t=a+1
b1 b1
=n(t)(pV (Pcvgx))(t)‘a + Y 0t =DEV Vi)t - 1)
t=a+1
b—1
= Y pt—1),V(p Vi)t —1).
t=a+1
Keeping in mind that @ = A and n(a) = n(b—1) = 0, we obtain

[«]
b—2
D 6V @OVEe)() + a(t)z(t) = Ar(t)a@)]n(t) = 0.

t=a+1
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Since 7 is arbitrary, we get
GV (PIVe))(t) +a)a(t) = Mr()z(t) =0, ¢ € Noyrp-2. (13)

Since x is nontrivial, it follows that A is an eigenvalue of (13). In addition, if A; is an

eigenvalue and z; is the corresponding eigenfunction, then
V(P Vez:))(6) + a()zi(t) = Air()zi(t),  t € Nag1p2.
As can be seen from the proof of Theorem 4, we have

S PO Vaw)(0)? + alt = D2t —1)]
1 2 r(0)a? (1) |

t=a i
that is, R[z;] = ‘IZ[[;”]] = ;. Since A is the minimum value of R, it follows that
A<\, 1<i<N-1.
Hence, A = \;. O
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