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ABSTRACT: In this research article, a two prey-one predator system with intra
specific competition and self-interaction is investigated and its dynamics are math-
ematically analyzed. The positivity of the solution and boundedness of the system
is studied. The occurrence of possible equilibrium points and stability of the system
at those points is examined. The necessary and sufficient condition for the exis-
tence of positive interior equilibrium point Eg(x*, y*, 2*) is obtained. Also the point
Eg(x*,y*, z*) is investigated for the local and global stability of the system. Stability
of the delayed model is investigated and it is observed that stability of the system is
dependent on time delay. Time delay drives the system from stable to unstable state.
The system and its value is described by environmental stochasticity in the form of
Gaussian white noise. Numerical simulation is performed to justify the analytical
findings.
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1. INTRODUCTION

Mathematical modelling plays a vital role in many fields like ecological science, Ap-
plied Mathematics, Economics and Engineering Sciences. It plays a significant role in
the novelty of various research works carried out by many scientists. It can simulate
and simplify any sort of complex problems in to known tools and methodologies. In
particular, by considering and studying dynamical system, modelling shows a suitable
path for analysing and concluding some remarkable results effectively. In environmen-
tal ecology many authors simulated more structures with the help of modelling tools
and studied in various dimensions among species. Mathematical modelling of inter-
acting populations can provide valuable insights into variations of populations over
time. Interaction of species may be in the form of competition, predation, parasitism,
mutualism and prey-predator relationship. The interaction among species exists uni-
versally and so it is a very specific area of interest for mathematicians and biologists.
These problems appear simple in the initial stage but are very challenging and compli-
cated. Dynamical modelling of an ecological system is an evolving process. Ordinary
differential equation has received significant attention from researchers after the in-
novative work of Lotka [4] and Volterra [42]. A systematic approach of the persuasive
models and exposed discrepancies lead to necessary modification [5]. The basic Lotka-
Volterra model was a milestone exploration in the study of predator-prey interaction.
Functional response is known to be the key component and the heart of ecological
modelling. Holling[7]-[8] classified the functional response into three kinds. In ecolog-
ical models, the most commonly used functional responses are linear, hyperbolic and

sigmoidal.

In author’s knowledge, Parrish and Saila [18] were the first to propose a simple
mathematical model for a two-prey and one-predator system, motivating the exper-
imental results of Paine [32]. Fuji [22] showed the existence of globally stable limit
cycle in the three species even when the equilibrium point is locally unstable.Klebanoff
[1] showed the existence of chaotic behaviour in a three component food chain model
consisting of one predator and two preys. Kumar [39] have investigated the harvest-
ing of predator species predating over two preys. The constant harvesting rate is
treated as control parameter and the system changes its stability to limit cycle, then
harvesting exceeds a certain limit. Gakkar and Naji[35] have obtained the existence
of chaotic dynamics in the food web comprising of two preys and predator without
harvesting.Gakkar and Singh[37] studied the dynamics of food web consisting of two
preys and a harvesting predator. They showed that density dependent harvesting
on predator controls the chaos in the system Numerous systems with two-preys and
one predator have been discussed by researchers (see [9], [15]-[16], [20], [34]-[36], and
references cited therein)
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Complex dynamical behaviour arises as a consequence of time delay in biological
system may exhibit limit cycle oscillations and chaos [24]. The system becomes unsta-
ble due to the fluctuations caused in the individual population density by the larger
value of gestational time delay. Feng [26] studied the dynamics of a delayed ratio-
dependent model with Quadratic harvesting. In general, delay differential equation
exhibit much more complicated dynamics than ordinary differential equation since a
time delay can cause stable equilibrium to become unstable and then population fluc-
tuate. The significance and application of time-delay in realistic models is elaborated
in literature of Gopalsamy [23] and Kuang [43], [44].

The rest of the paper is structured as follows. In Section 2, we formulate a math-
ematical model with assumption. In Section 3, positivity and boundedness of deter-
ministic model is discussed. Section 4 deals with the existence of equilibrium points
with feasible condition. In Section 5, local stability analysis of equilibrium points is
discussed. Section 6 deals with global stability analysis of interior equilibrium point
Eg (z*,y*, z*). In Section 7, we introduce the gestational delay in predator response
function. In Section 8, we computed the population intensity of fluctuation due to
incorporation of noise which leads to chaos in reality. Numerical simulation of the
proposed model is presented in Section 9. The conclusion and discussion is presented
in the last section.

2. MATHEMATICAL MODEL AND STEADY STATE ANALYSIS

In this section, a mathematical model consists of two prey and one predator species.
The predator exhibits a Holling type II response to one prey and a Holling type-I
functional response to the other. It is also assumed that there is interaction between
the two preys. One prey species grow logistically and second prey grows exponentially.

Self interactionis considered in the second prey population. The model becomes:

dx T Axz

o (1-2) - A 1
dt rx( K) a“ry b+any +z’ (1)
dy

o =Py —azy = dyz — (7, (2)
dz Nox 2

_— = —dz.
dt  b+any+zx Yz - dz 3)

Assuming r, K, 3, ¢, b, 7,0, a, a,n are positive constants. Here x,y denote population
densities of prey species and z denote population density of the predator. We assume
that the growth rate of first prey is logistic and second prey is exponential. Also
assume that there is interaction between the prey species. In model (1-3) r and K de-
notes intrinsic growth rate, environmental carrying capacity of first prey respectively.

a denotes interspecific competition on prey species, 5 denotes intrinsic growth rate
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of second prey respectively. d is the death of predator, ¢ is self-limitation on second
prey species, A\1 and § denotes searching efficiency of predator on first prey and second
prey respectively, Ao and v are the conversion factors denoting the number of newly

born predators for each captured of first and second prey respectively.

2(0) =0, y(0) >0, =2(0)=0. (4)

3. POSITIVE INVARIANCE AND BOUNDEDNESS

Feasibility or biologically positivity studies aim to objectively and rationally uncover
the strength of the proposed model in the given environment. Biologically positive
insures the population never become negative and population always survive. The

following theorems ensure that the positivity and boundedness of the system (1)-(3).

Theorem 1.  All solution (x(t),y(t),z(t)) of the system (1)-(3) with the initial
condition (4) are positive for all t > 0.

Proof. From (1) it is observed that

dz T A1z
e [ (1-%) - W] dt = d1(w,9,2)dt (say),
where A
T z
S (R . T

Integrating in the region [0,¢] we get z(t) = x(0)exp ([ ¢1(x,y, 2)dt) > 0 for all ¢.
From (2) it is observed that

d_yy = [B—az — 6z — Cy] dt = do(x,y, 2)dt (say),

where ¢2(z) = 8 —ax — §z — Cy.
Integrating in the region [0, t] we get y(t) = y(0) exp (f o2 (z,y, z)dt) > 0 for all ¢.
From (3) it is observed that

% )\2.13

= iy s TV ] = ds(w )t (),

/\21)
where r,Yy) = —"""8 -¥H—+vyy—d.
¢3(x,y) ra——_
Integrating in the region [0, t] we get z(t) = z(0) exp (f o3 (x, y)dt) > 0 for all t.
Hence, all solutions starting from interior of the first octant (In Ri) remain posi-

tive in it for future time.
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Theorem 2.  All the non-negative solutions of the model system ((1)-(3)) that
wnitiate in §Ri are uniformly bounded.

Proof. Let x(t),y(t),z(t) be any solution of the system (1)-(3). Since, from (1)

d_i <rz(l- %), we have tlim supz (t) < K. Let L = x + y + z. Differentiate with
—00

respect to t we receive
dL  dx dy dz
e, W, 5
a A (5)
Substituting the equation ((1)-(3)) in equation (5), we obtain

%—i—f)sz((r—i—é))—%)+(9+B)y+z(9—d)
§x((r+9)—%),
dL

o + 0L <p, since (K(r+0)/r = u(say)).

Applying Lemma on differential inequalities Birkoff [11], we obtain
0< L(z,y,2) < (1/8) (1 =€) + (L (x(0),y(0),2(0)) /™),

and for ¢ — oo we have 0 < L(x,y,z) < (u/6). Thus all solutions of system (1-3)
enter into the region

I'={(z,9,2) €R} :0<z < K,0<L<(u/f)+e, Ve>0}. (6)

This completes the proof.

4. EXISTENCE AND STEADY STATE POINTS
WITH FEASIBILITY CONDITIONS

The system 1-3 has seven feasible non negative steady states namely,
(i) Eo(0,0,0) is a trivial steady state.

(ii) F41(K,0,0) is a axial steady state point on z— axis.

8

¢

(iv) E3(Z,y,0) is the boundary steady state in zy—plane. The equilibrium level
describes T and y are the positive solutions of the following equations

r(l—%)—ayzo,

8 —ax — Cy =0.

(iil) F» (o,

,0) is the axial point on y—axis.
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The positive solution is obtained as

_ BKa? — (raK _ (raK —1rj
x(a(Koﬁ—rC))’ y<Ka2—rC

Ka? > r¢ and af > rC.

) with raK > rf,

E, (£,0,2) is the boundary steady state in xz— plane. Here & and 2 are the

positive solutions of the following equations

Pi- By 2

K b+
)\gx
—d =0.
b+z
This gives
bd
j?ZAQ_dWith)\2>d,
z=r (1— %) (% +b) with K > .

Es5 (0,9, %) is the boundary equilibrium point in the yz— plane. Here § and 2

are the positive solutions of the following equations.

vy —d =0.
d —(d
The solution yields that § = —, 2 = ,B’y’y(sc , with 8y > (d.

Eg (z*,y*, z*) is the interior steady state of the system (1-3) and is obtained by

solving the following equations

(1-5) e
7/‘ —_— — —_— pr—
K 4 b+any+ax

B —ax —dz — Cy =0,

/\2.13
—————— +yy—d =0.
b+any+ux R
Eliminating z from (7) and (8) we get
f(z,y) =0,

where

f(z,y) = réz? + Kaandy? + = (Kayd — Ka\; + réb — Krd)

(10)
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+y (Kabd — K¢\ + rdanx — Kréan) + (KA — Krdéb). (11)

From (9) we obtain

g(z,y) = 0. (12)
Here
9(x,y) = anmyy® +y (zy — dan + by) + 2 (A — d) — db (13)
From (11) as ¢ — 0,y — Ya:
Kaomdy? +y (Kabd — K¢\ — Kréan) + (KB\ — Kréb). (14)

It may be noted that the above equation (14) has unique positive solution y* = y,

if following inequalities satisfied.
Kabd < K(\ + Kroamn; (15)
KpBA > Krob (16)

Also from equation (11) we have

dy _ I~
dr Q1

where Py = 2rox + (Kady — Ka\y + rob — Krd) + roany and

Q1 = 2Kaandy + Kadx + (Kabd — KX\ ¢ — Kréan + réanz) .

d
It is clear that & >01if P, <0and @ > 0.
T
In (13), let  — 0,y — yp, then

andy® 4 (by — dan)y — db = 0.

Solving, we receive

— (b3 — dam) % 1/ (b3 — dam)® + 4anddb
2amé

)

Yp =

provided with b§ < dan.

ﬂ:

We also have P ( 3 . Let us also note that
%)

. Og dg
— = = hold. 1
dx<01f8x<0and8y<0 old (17)
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From the above analysis, we note two isoclines (11) and (13) intersect at a unique
(x*,y*) if in addition to condition (15), (16) along with

Ya < Yp- (18)

Knowing values of z*, y*, the value of z* have to be calculated by

L Bart =Gy
el

It may be noted that for z* be positive if
B> az* + Cy*. (19)

This completes the existence of Fg (z*,y*, 2*).

5. LOCAL STABILITY ANALYSIS

In this section, we analysed the local stability of the system (1)-(3) is examined by

constructing the jacobian matrix relating to every equilibrium point.

(i) The variational matrix for the equilibrium point at Fy(0,0,0)

r 0 0
J(Eo)=10 B 0
0 0 —d

The eigenvalues of J(Ep) are Ay =1, A2 = 8, A3 = —d.

Clearly two of the eigenvalue is positive and one will be negative. Hence the

equilibrium point Fj is unstable in z — y direction and stable in z-direction.

(ii) The variational matrix for the equilibrium point at F; (K, 0,0)

-0
JEN)=| 0 B—-aK 0
00 fr-d

The eigenvalues of J(Fy) are \y = —r, Aoy = — aK, A3 = I;\jf[g —d.

Clearly, if § < aK and MoK < d(b+ K) all the eigenvalues are negative. Hence

the equilibrium point F; is locally asymptotically stable in © — y — z-direction.

(iii) The variational matrix for the equilibrium point at E5(0, g, 0)
r—% 0 0
JEy=| - g s

[

a8
0 0 c d
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Clearly If ¢ < af and v8 < d( all the eigenvalues are negative. In this case the

equilibrium point F5 is locally asymptotically stable in z — y — z-direction.

(iv) The variational matrix for the equilibrium point at Es (z,y,0)

J(E3) = —ay B —aT — 2(y —(7
Ao —
0 0 branys T Y —d

All the eigenvalues of J (E3) are negative if it satisfies the condition

r{ <fBa, (20)
B <Ka. (21)

In this case, the equilibrium point E5 (z,7,0) is locally asymptotically stable.

(v) The variational matrix for the equilibrium point at Ey (7,0, 2)

2ri A1 Zb ~ A\ E3 A
TK T TG T
J(Ey) = 0 8 —ax — 6z 0
A2Zb YE—MiZZan 0
(b+2)? (b+2)2

All the eigenvalues of J(E,) are negative if it satisfies the condition
K (M —d) < 2bd (22)

B <ai+dz (23)
In this case, the equilibrium point E, (7,0, 2) is locally asymptotically stable.

(vi) The variational matrix for the equilibrium point at Es (0,9, 2)

_ad | M1v(¢d—BY)
U + d(by+and) 4
d —
J (E5) = - TC
—A2y(¢d—B7) By—¢d
o(by+and) B

—od
5
0

All the eigenvalues of J(Es5) are negative if
(0 — add) (by + and) < iy (By — (d) (24)
In this case, the equilibrium point Fs is locally asymptotically stable.

Theorem 3. The positive interior equilibrium point Eg (x*,y*, 2*) is asymptotically
locally stable if it satisfies the condition \ Kx*z* < ra* (b+ any* + x*)Q,
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Proof. Let the Jacobian matrix of the system (1-3) evaluated at the equilibrium
point Eg be J (Eg (x*,y*, 2*)) = (aij)4, 3, Where

—ra* Ax*z* anx*z*
a1l = K + ! 2 a12 = —ax™ + d 2 (25)
(b+ any* +a*) (b+ any* + x*)
—\z" * * *
a3 = ! ag1 = —ay”, a2 = —CY", a3 = —0y (26)

(b+ any* +2*)*’
A (b+any”) 2
(b+ any* +2%)*’

Aoanzx* z*
(b+ any* +a*)*’

a3 = ’)/Z* + asz = 0. (27)

Thus the characteristic equation of the Jacobian matrix at Fg is obtained as
A3 +A1/\2 + Ao\ + A3 =0,

where
A = — (a1 + a22),

Az = arrazs — a12a21 — 13G31 — 423032,
Az = a11a23a32 + 13022031 — 12023031 — A13021032.
Using Routh-Hurwitz criteria, the condition for local stability of equilibrium point
Eg (z*,y*, 2*) is
A >0, Ay>0, AjA;— A3 >0. (28)

Note that if A; > 0 requires
MKz 2 < ra (b+any* +2*)2. (29)

Also Ay > 0 and A3 As — As > 0 for the condition (29). Thus the interior equilibrium
point Eg (z*,y*, z*) is locally asymptotically stable.

6. GLOBAL STABILITY ANALYSIS

In this section, we investigated the Global stability behaviour of the system (1)-(3)
at the interior equilibrium Eg (z*,y*, 2*) by using Lyapunov stability theorem.
x¥z

*

Theorem 4. If
ically stable.

<z <z* and y* >y, then Eg (x*,y*, 2*) is globally asymptot-

Proof. Let us define

V—L(m—x*—x*ln(%))+M(y—y*—y*ln(%)>

+N(z—z* —2z%In (i)), (30)
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where L, M, N are positive constants to be determined. Since the derivative of V'

along the trajectories of the system (1-3) can be written as

v (x—x"dx y—y*dy z—2z%dz
dt L< T dt)+M< Y dt)+N( P dt>
)\12 %
<r( ) b—i—omy—l—a:_ay)(x_x)
M(B—afc—éz—éy)(y ')

+ 7y — d) (z—2%)

b—|—omy+x

r z z*
_L o . * _)\ _ . *
< K(x ") <b+any+x b+any+x) a(y y))

(x—2")+ M(—a(ly—y")—Cly—y")—d(z—27) (y—y")

T z*
N (A — — —2%).
+ (2<b+any+x b+any+x*)+v(y y))(z z¥)

After simple computation we choose L = Ay, M = % and N = Ay, then simplifying

we get
awv._ o w2 Ao (@2 —azt) (an (y —y*) + (x — 2¥))
— == (zr—a%)" —
dt K (a + any + x) (a + any + x*)

— (Aeba+ahy) (y—y) (@ —a") = Cly—y")*. (31)

av etz
Now E <0 if P

Then — is negative definite and consequently,V is a Lyapunov function with

respect to all solutions in the interior of the positive octant.

7. DELAY ANALYSIS

Time-delay occurs in any manmade or natural phenomenon. More realistic and im-
portance models of population ecology should be taken into account with the time
delay and the stability of an ecological systems with time delays has been studied by
many authors [3, 6, 10, 33, 38].In this section we analyze the model system (1-3) with
delay 7(discrete time delay in predator response function). Then the model system
(1-3) takes the following form

dx T AN T2
B 1— =) — - 2
dt mj( K) @y b+any+x (32)
d
Y — By — azy — yz — ¢y (33)

dt
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dz Xox(t —7)z
— = t— —d 4
dt  b+anyt—7)+z{t—71) Tylt—7)z—dz (34)
With the initial densities
x(0) > 0,y(0) > 0,2(0) > 0,0 € (—7,0),7 #0 (35)

The main purpose of this section to study the stability behavior of Eg(z*,y*, 2*)
in the presence of discrete delay (7# 0). Now to prove the stability behavior of
Eg(x*,y*, z*) for the system (32-34), first we linearise the system (32-34) by using
following transformation,

x(t) = a* + x1(t)

y(t) =y* +uyi(t)

2(t) = z* 4+ z1(¢)

The linear system is given by
21(t) = anz1(t) + ar2y1(t) + arsz1(t)

y1(t) = ag1x1(t) + az2y1 (t) + assz1(t)
21(t) = cs1x1(t — 7) + c32y1(t — 7) + assz1 ()

ajp = =& + (b+;\;]§:i;*)2, apz = Miggép —az’®,
W13 = GraEa a1 = —ay*azn = —Cy*,
azz = —0y”, 31 = %a

C32 = Mixé)g + 2%, agz = —d

We  look  for  solution of the model (32-34) of the form
A(T) = pe~*7.p # 0 this leads to the characteristic equation

ANT) = (N + p1 A% + poX+p3)

(36)
+ (p4)\ + p5) e =0
where
p1 = —ai1 — a2 — a3z, P2 = a11G22 — G21G12 + 110433 + 433022,
P3 = @12021033 — 411022033, P4 = —A13C31 — A23C32,

P5 = (13022C31 + A23G11C32 — G12023C31 — A11021C32

The eigenvalues are the roots of the characteristic equation (36) of the system (32-34)
that has infinitely many solutions. We wish to find periodic solution of the system
(32-34), for the periodic solution eigenvalues will be purely imaginary. Substituting
A = iw in equation (36) we get

[—iw® — prw? + ipaw + p3] + [ipaw + psle T =0
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Comparing real and imaginary parts, we get
p1w? — p3 = (pscoswT + wpgsinwT)
pow — w? = —wpycoswt + (pssinwT)
Squaring and adding we get
6 4 2 _
w” + S1w® + Sow® + 53 =0 (37)
where
S1 = pi — 2p2, S2 = p3 — 2psps — p3, 53 = p3 — P
putting w? = § in equation (37) we get
f(8) =63+ 8162+ 826 +S3=0 (38)
Now equation (38) will be positive if
S1>0,53<0 (39)

By Descartes rule of sign, the cubic equation (39), has at least one positive root.
Consequently the stability criteria of the system for 7=0, will not necessarily ensure
the stability of system for 72£0.

The critical value of delay that is given as

(w*(pa) — psp3) + w?(p1ps — papa)
(p? + piw?)

So corresponding to A = iwg there exists 7% such that

COSWT =

1 4 — 2 _
Tom = — |:cos_1 |:(w (p4) p5p23) +°2U gp1p5 p2p4)”
(P2 + pjw?)

P
L = 0,1,2,3..
wo

8. HOPF BIFURCATION

We observe that the condition’s for Hopf bifurcation (Hale [19]) are satisfied yielding

the required periodic solution, that is

L

This signifies that there exists at least one eigenvalue with positive real part for

7 > 7*.Now, we show the existence of Hopf bifurcation near Eg(x*,y*, 2*) by taking

7 as bifurcating parameter.
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Differentiating equation (36) with respect to 7

<d>\>_1 32 420N+ o P4

-
dr APaX+p5)e ™ " X(pih+ps) A
2X% 4 p1A2 — py — (pa) - A
_ 24 p A —ps — (pad tps)e P4 T
A2(paX + ps)e>T A2 (paX+ps) A
@ pN —py) 1 paA T
A2(pad+ps)e ™ A2 A2 (paA+ps) A

_ (2X% 4 p1A? — ps3) —Ps T
“NN+piAN2+pA+p3) A2 (paA+ps) A

Taking \ = iwg in above equation, we get

<@) o 2(iewo)* + p1 (iwo)® — ps
A7) scin —(iton)? ((ito0)® + p1 (iw0)? + pa (i) + o)
n —Pps o
(iwo)? (pa (iwo) +ps5)  wo
_ —[(pwd) + 2iwd +ps]  (ps — prwg) — i (pawo — wi)
wil(ps — p1w§) + i (p2wo — wi)  (ps — p1wg) — i (p2wo — W)
+[ o .(p5_l_p4wo]+7—z
wi ((ps + ipawo) (ps — ipawo wo
o () [ ) e~
dr A=iwq [w% (p3 - p1w8)2 + (p2wo — wé)ﬂ
(ps)?

p)
wp[(ps)” + piwd]
. -1 . s
Thus, we obtain Re (%) Amivg 0. Therefore transversity condition holds and
hence Hopf bifurcation occurs at 7 = 7*. This signifies that there exits at least or

equal value with positive real part for 7 > 7*

Theorem 5. If Eg exists with the condition (29) and § = w3 be positive root of
(37),then there exists a T = 7* such that

(i) Eg is locally asymptotically stable for 0 <1 < 1*
(ii) Eg is unstable for 7 > 7*

(iii) The system (32-34) undergoes a Hopf —bifurcation around Eg at 7 = 7%,7% =
minh(wo)
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where

h(wo) = 7 = JO [COSI [(w“(m) — psps) + w?(p1ps —p2p4)”

(P2 + piw?)
2
LT =0,1,2,3...,
wo

and the minimum taken over all positive wosuch that § = wi is a solution of (37).

9. STOCHASTIC ANALYSIS

External noise may arise from random fluctuations of finite number of parameters
around some known mean values of the population densities. Since the aquatic ecosys-
tem which always has unsystematic fluctuations of the environment, it is difficult to
define the usual phenomenon as a deterministic ideal. The stochastic investigation
benefits us to get an extra intuition about the continuous changing aspects of any
ecological unit. Numerous examples of analysis of stochastic model by the researches
2, 5, 12, 13,17,21,27-31].

This section is meant for the extension of the deterministic model of [14], which
is formed by adding noisy term. There are several ways in which environmental noise
may be incorporated in an ecological system. The deterministic model given by [14] is
extended with the effect of random noise of the environmental results in a stochastic

system given below.

AN X2

Fn T
y'(t) = By — awy — dyz — Cy* + ana(t) (41)
Fran Aoz B
Z'(t) = PP po—— +yyz — dz + asé&s(t) (42)

where a1, as, ag are the real constants and &;(t) = [£1(t), &2(t), £3(¢)] is a three dimen-
sional Gaussian white noise process satisfying
E(fl(t)) = 0; 1= 1,2,3; E[&(t)fj(t)]: (5ij(5(t - t/); 1 = j = 1,2,3 where éij is the
Kronecker delta function; § is the Dirac delta function. Where §;; is the Kronecker
symbol; ¢ is the §-dirac function. All other parameters have their usual meanings (see
Section 1)

Let x(t) = ui(t) + S™;y(t) = ua(t) + P*52(t) = ug(t) + T™. (43)

Then
a'(t) = uy (1); y' (1) = ug(t); 2'(t) = us(t) (44)
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Using (43) and (44), the linear parts of (40-42) are

uy(t) = —%ul(t)S* — aus (1) S* — Mus(t)S* + ar&1(¢)

uy(t) = —auy (t) P* — Cug (t) P* — dus (1) P* + azéa(t)
ug(t) = Aoy ()T + yua (1) T* + i3 (t)

Taking the Fourier transform on both sides of (45-47) we get,

<z’w + ri’*) i1 (w) + aS* g (w) + A\ S* g (w) = a1 &1 (W)

aP iy (w) + (iw + CP*) lig(w) 4 0P liz(w) = o (w)
—)\QT*ﬂl(w) — ’yT*ﬂg((JJ) + iwﬂg(w) = 04353(0.))

The matrix form of (48)-(50) is

Al (w) Bi(w) Ci(w) U1 (w
where M (w) = | As(w) Bs(w) Co(w s (w) = | ag(w) | ;
As (w) Bs(w) Cs(w U3 (w
: & ()
& (w) = 042{2 (w) |; where
asés (w)
rS*

Al (w) =iw+ —, B1 (w) = aS*,C; (w) = M5, A2 (w) = aP",

K
By (w) = iw+ (P, Ca (w) = 6P", A (w) = —AT", B3 (w) =
Cs (w) =iw

Equation (51) can also be written as

where
] Dy Dy Ds
M - - .
MO = o [ BB R
o Fy I3

and where D = —w? + i(wP* + y6P*T*, Dy = —iawS* — \yS*T*,
D3 = adS*P* —iAwS* — (A S*P*,
By = —iawP* — A\oT*P* By = —w? + “25° 4 \ X, S*T*,

rdS* P*

E3 = —jwoP* —

+ a\iS*P*, F1 = —ayP*T™" + iwAT* + (Ao P*T™,
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Fy = dwyT™* + —aXS*T™,
Fy = w? — iwCP* — Z“’;{S . rci:P 4 a2s P
Here |Di[* = X} + Y2 Do) = X3+ Y3 |Ds|” = X3 + Y
B * = X3+ Y, |Bo” = X2+YE;  |Bs|® = XG4+ Y,
[P * = X2+ Y2 Bl = X3 +YE B = X3+ Y
where X3 =  —w? + A6PT*; Y, = (wP%Xy, = —=\yS*TH
Yo = —awS* X3 = adS*P* — (MSTPYY; = —\wSH Xy = =\ 0T*P*
Y, = —awP*: X5 = —w? + MM\ S*T*:Ys = %S*;XG = NP L a\S P Y =

—WOP* X7 = —ayP*T* + (Ao P*T*; Y7 = whoT*; Xg = 5T — a)oS*T™; Yy =
wyT™;

Xo=w? = T 2gepryy —wepr - “”;f (54)
2 * * %Pk
IM@)]*> = [RW))? + [[(w)]> where R(w) = —(w?P* — 2 ;;S R

aX20S* P*T* — aXyS* P*T* + (M Ao S*P*T* and I (w) = w? +0wP*T* 4 7P 4
a2wS* P* 4+ M AqwS*T*.

If the function Y (¢) has a zero mean value, then the fluctuation intensity (variance)
of its components in the frequency interval [w,w + dw] is Sy (w)dw. where Sy (w) is
spectral density of Y and is defined as

V@
Sy (w) = lim ————. (55)
T—o00 T

‘ 2

If Y has a zero mean value, the inverse transform of Sy (w) is the auto covariance

function 1 oo
Cr(r) = 3= [ Sy (w)eaw (56)
The corresponding variance of fluctuations in Y'(¢) is given by
1 o0
02 = Cy(0) = %/ Sy (w)dw (57)
and the auto correlation function is the normalized auto covariance
Cy(7)
P = 58
V) = GO (5%)
For a Gaussian white noise process, it is
Sfifj (W)
E & (@) )]
= lim -
T—~+o00 T (59)

T T
1 [z Pl - -, , , ,
= lim = / E|&@®)E (t)] e ™@tt)drdt =6,
Jm L ElEs ()] ;
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From (53), we have

3
(W)=Y Kij (W) & w);i=1,2,3 (60)
j=1
From (56) we have
3
@)=Y 1Ky @ 5 =123 (61)

where Ki; (w) = [M (w)] "
Hence by (60) and (61), the intensities of fluctuations in the variable u;; i =1,2,3

are given by

3
1 ° 2 .
o %;/m n; | Kij(w)|” dw, i=1,2,3, (62)
and from (53), (54), (62) we obtain:
1 e 1
T = ﬁ{/_w T T T [ (8 + YD)+ (X3 +YF) +oa (33 “@2)]6“"}’
(63)
1 o 1
on, = %{/m I mEEm, |01 (X3 + Y2) + 0z (X2 +Y2) +as (XF + Yg)}dw},
(64)
1 e 1
O = g{/w B+ 2w [041 (X7 +Y7) + 02 (X +¥5) +as (X5 +Yf92)}dW},
(65)

where | M (w)| = R(w) + il (w).
If we are interested in the dynamics of system (40)-(42) with either oy = 0 or

ag = 0 or ag = 0, then the population variances are:

If o1 =0, ap = 0, then 012“ =& T RQif):?) dw; Uuz =3 70 Xﬁﬁg()w) dw,
Ty = 70 szif’ﬁ?(l) do.

If g =0, g3 = 0, then 012“ =t Lofo i))f;j()w) dw, 032 = 70 Rziz)f;;()w) dw,
ooy = }O RQ(XJ)E/;) dw.

If a3 =0, a; =0, then 02 = §2 ? fif)ﬁi) dw, 02, = 52 ? Ip(()j%;)dw,,
T R2€i18):);§()4u) dw.

The equatlons in (63)-(65) give three variations of inhabitants. The integrations

over the real line can be estimated which gives the variations of inhabitants.
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Figure 1: Represents the variations of Figure 2: Represents phase portrait di-

populations against time agram among species

Figure 3: Represents the variations of Figure 4: Represents phase portrait di-

populations against time agram among species

10. NUMERICAL SIMULATIONS

In this segment we validate our analytical findings through numerical simulations by

using MATLAB software considering the following parameters:

Example 1. For the parameters r = 3.5; K = 1.5;a = 0.41;b = 0.7; A\ = 0.9; A\ =
1.2, =0.1;8=0.7;7 = 0.36; 6 = 0.6;7 = 0.2;d = 0.2;( = 0.25; with a3 =1, ay =
2, ag = 3. See Figures 1 and 2.

Example 2. For the parameters r = 3.5; K = 1.5;a = 0.41;b = 0.7; Ao = 0.9;\; =
1.2;a=0.1;8=0.7;7 = 0.36;0 = 0.6;7n = 0.2;d = 0.2;( = 0.25;with oy = 8, as =
9, az = 10. See Figures 3 and 4.

Example 3. For the parameters r = 3.5; K = 1.5;a = 0.41;b = 0.7; Ao = 0.9; A\ =
1.2;a0=0.1;8=0.7,7=0.36;0 = 0.6;7 = 0.2;d = 0.2; = 0.25;with oy = 10, ag =
20, ag = 30. See Figures 5 and 6.

Example 4. For the parameters r = 1.5; K = 1.23;a = 0.41;b = 0.7; A2 = 0.9; \; =
1.2, = 0.1;8 = 0.7;v = 0.36;0 = 0.6;n7 = 0.2;d = 0.2;¢ = 0.3;and initial densi-
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Figure 5: Represents the variations of Figure 6: Represents phase portrait di-

populations against time agram arong species

Figure 7: Represents the variations of Figure 8: Represents phase portrait di-
populations against time agram among species

[eTee

Figure 9: Represents the variations of Figure 10: Represents phase portrait

populations against time diagram among species

ties[0.1 0.20 0.80]. See Figures 7 and 8.

Example 5. For the parametersr = 1.5; K = 1.23;a = 0.41;b = 0.7; A2 = 0.9; A\ =
1.2 =0.1;8 = 0.7;7 = 0.36;0 = 0.6;7 = 0.2;d = 0.2;¢ = 0.3. See Figures 9 and
10.

Example 6. For the parameters r = 1.5; K = 1.23;a = 0.41;b = 0.7; A2 = 0.9; A\ =



TWO PREYS AND ONE PREDATOR ECOLOGICAL SYSTEM 221

(BT

Figure 11: Represents the variations of Figure 12: Represents phase portrait

populations against time diagram among species

1.2, =0.1;8=0.7;7=0.36;0 = 0.6;7 = 0.2;d = 0.2; = 0.3.

11. CONCLUDING REMARKS

In this article, we checked the positivity, boundedness, existence of equilibrium points
with feasible condition of deterministic model is discussed. We also analysed local
& global stabilities about steady states from figures (8)-(12). It is verified that the
impact of the gestational delay in predator response function. The stability criteria in
the absence of delay (7 = 0) will not necessarily guarantee the stability of the system in
presence of delay (7 # 0). For the above choice of Example-5 there is a unique positive
root of the equation for which Hopf-bifurcation occurs 7 = 7* = 4.65 (see Fig.9 and
10).Therefore By theorem 5 Eg(z*, y*, 2*) loses its stability as 7 passes through critical
value of 7*. We verify that 7 = 4.5 < 7%, Eg is locally asymptotically stable (see Fig.7
and 8), Keeping other parameter fixed, if we take 7 = 4.83 > 7%, it is seen that
Es is unstable and there is bifurcating periodic solution near Fg(See Fig 12) Periodic
oscillations of z,y and z in finite time are shown in Fig (11).Thus using the time delay
as control, it is possible to break stable behaviour of system and drive it to an unstable
state. Also it is possible to keep population at a desired level. Also we computed
the population intensity of fluctuation due to incorporation of noise which leads to
chaos in reality. In this paper we have studied stochastic stability of two prey and
one predator (by inclusion of self-interaction prey species and competition between
prey species) of around interior steady state.We also conclude that the inclusion of
stochastic perturbation creates a significant change in the intensity of populations
due to change of responsive parameters causes chaotic dynamics with low, medium
and high variances of oscillations from figures (1), (2), (3), (4), (5), (7).
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