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ABSTRACT: We introduce nonstandard interpolated finite elements providing
better accuracy for a fourth-order elliptic boundary value problems, as well as to
the biharmonic eigenvalue problems. The term ”ultraconvergence” indicates that the
convergence rate is at least two orders higher than the optimal global rate. This
method is a variant of a postprocessing procedure when the known finite element
solution is used. Moreover, a posteriori error estimates of global ultraconvergent type
are derived.

The presented approach is applicable for the general rectangular finite element

meshes. Some numerical results illustrate the efficiency of the proposed algorithm.

AMS Subject Classification: 65N30, 66N25, 65N12, 65N15, 65D10
Key Words: finite element method, ultraconvergence, superconvergence, fourth-
order elliptic problems

Received:  December 1, 2017 ; Accepted: April 20, 2018;
Published: May 21, 2018 doi:  10.12732/dsa.v27i2.13

Dynamic Publishers, Inc., Acad. Publishers, Ltd. https://acadsol.eu/dsa

1. INTRODUCTION

In recent years, superconvergence and ultraconvergence for finite element (FE) solu-
tions have been an active area in numerical analysis and its applications. The main
objective of this field of studies is to improve the existing approximation accuracy by

applying certain postprocessing techniques which are relatively easy to implement.
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Zienkiewicz and J. Zhu [16, 17] developed an effective error estimation technique
of finite element approximations. Their method falls into the category of recovery-
based methods. This a posteriori error estimation technique approximates the error
in energy or an energy norm on a particular partition. There are many ideas which
are closely related to the recovery technique (see [7, 13]). Mathematical proofs for
the derivative patch recovery can be found in Li and Zhang [6]. For instance, there
are proofs for some finite element methods under special assumptions of the partition
and, in Q. Zhu and Zhao [15], for one-dimensional correction to the finite element
solution. Relative references on a posteriori error estimation and adaptivity could be
found in Ainsworth and Oden [1], and in Verfiirth [11].

Our aim of this paper is to establish an ultraconvergence result for planar FE
approximations of the elliptic fourth-order problem by using an interpolated FEM
approach. Similar considerations are presented by Q. Lin et al. [7] for second order
elliptic problems (see also [14]).

Supercloseness of a nonstandard nodal interpolant is exploited in this paper. This
is done in order to develop postprocessing schemes to improve the approximation
order of Auy, from O(h3) to O(h%), especially when polynomials of degree four in each
variable are applied in FEM. An ultraconvergence result for fourth-order eigenvalue
problems is obtained by means of a theorem proving the supercloseness between the
Ritz projection and the corresponding approximate eigenfunction.

By applying the method ultraconvergent results are obtained without using higher
elements. This procedure is based on a higher interpolation of the FE solution on the
original finite elements.

Here follows the general layout of the paper: In Section 2, we present a review of
a model for a fourth-order problem and its finite element procedure. In Section 3,
we construct an auxiliary interpolation operator i, which verifies certain ”vertices-
edges” conditions. The main body of the paper contains the proofs of superclosed
properties, generated by the operator i,. This is presented in Section 4. Section
5 is devoted to the construction of high interpolation Iz, and the proof of a global
ultraconvergence error estimate. In Section 6, we show that the method yields an
ultraconvergent scheme for a fourth-order eigenvalue problem. The paper closes by

some numeric examples illustrating the theory and concluding remarks.

2. SETTING OF THE PROBLEM AND FEM

Let us consider the fourth-order elliptic model problem:

Au(z,y) = f(z,y), (2,9)€Q, (1)
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with boundary conditions

O ) =0, (wy) e, 2)

u(z,y) = oy

where Q C R? is a simply connected polyrectangular domain with boundary I' and v
is the outher normal vector.

Let H™(2) be the real Sobolev space for a nonnegative integer m and their as-
sociated norms || - ||;m,0 and seminorms | - |, 0. The weak solution of the problem
(1)-(2) is a function u(z,y), belonging to V = HZ (),

HZ(Q) = {v € H*(Q): vlr = %h = o}
and satisfying
a(u,v) = (f,v) VveV, (3)

where
a(u,v) = / AuAv dz dy
Q

and the notation (-,-) is adopted for the Lo(€2)—inner product.

Obviously the a—form is symmetric and coercive on V| i.e.
a(u,v) = a(v,u), p|\v||§ﬂ <a(v,v), Yu,v eV,
where p is a positive constant. Moreover, it is continuous:
la(u,v)| < Cllull2,0llvllz,0, Yu,veV.

Henceforth, C' represents generic and positive constant.

Consider a family of regular partitions 7, of Q consisting of rectangular finite ele-
ments T, which fulfill standard assumptions [5] and suppose that this family satisfies
the inverse assumptions ([5], p. 140). Here h is a FE parameter. We denote by Q
the set of polynomials of degree k at most in each variable.

Let V, € V be finite element spaces associated with the partition 75,. Assume
that the polynomial space in the construction of V} contains @,, n > 3. Our aim
for constructing an ultraconvergent interpolant requires n > 4. In order to avoid
technical difficulties we confine the considerations to the case n = 4.

Then

Vi={veC @QnNV: vyreQul), VT €}.

Let P, : V — Vj be the elliptic projection operator defined by

a(u — Pou,v) =0 YueV, Yo e V.
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It is well-known (see [11]) that if the solution u(x,y) of (3) belongs to H>(Q)NV,
then
lu— Prull20 < Ch*|luls.0. (4)

We shall construct a nonstandard interpolation operator which improve the opti-
mal estimate (4). Two principal steps are performed for this purpose. The first one
is to prove a local supercloseness in energy norm by means of special interpolation
operator i;, and the second one is to prove a global ultraconvergence to Ioj, Ppu, where
the operator Ioj verifies certain ultraconvergence properties.

3. CONSTRUCTION OF THE OPERATOR Iy

Consider the partition 7, = | JT', where for any finite element T its center is denoted
by (z7,yr) and its element dimensions in z and y-direction are denoted by h1 7, ho 7,
respectively. The following denotations are also adopted:
hT = max(hl_T; hQ_T), h = max hT.
’ ’ TeT),

Also, the vertices and edges of any element 71" are noted by s; and I, j =1,...,4,
respectively.

Taking in consideration the case n = 4 we introduce the interpolation operator
in : CHT) — Viu(T) using the so-called "vertices - edges” conditions: Vv € C1(T)
and j=1,...,4

) dipv ov

inv(s;) = v(s;), a—;(si) = 5, 54),
Oipv ov &%ipv 0%
o (s5) = =(s;), — 7 (55) = ———(s),

/i (a )dl-—/v(m )dl; inv )dz-—/@(x )dl; ®)
L h » Y J — L Y VRl L v Y J — L ov Y E

/ihv(m,y)dxdyz/v(a:,y)dxdy.
T T

It is evident that ipv = v for any v € V},. Let us remark that

linv = vllz.0 < CR*|vl5.0-

In one-dimensional case (see [3]) the basis determining the operator i, is {¢; (t)}7_;,
t € [-1,1], where:

o1(t) -15 4 30 —-12 -7 t4
a(t) ) -5 4 6 -4 -1 t3
ws(t) =76 5 0 -30 0 15 t2
pa(t) -15 -4 30 12 -7 t
o5(t) 5 4 -6 -4 1 1
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Then, for the two-dimensional case the basis is obtained by the products ¢;(x).
@s(y), i,s=1,...,5, ie is {¢;(x,y)}32,. Moreover,

25
. A r—2r Y—Yyr
inv(,y)lr =Y 9 ( ,—) ,
j=1

hir = hor

where
Vai—3 = v(s;), V49 = hl,T%(si)7
Vgi—1 = hz,Tg—Z(Si), V43 = hi,mho 88332;?; (si), i=1,...,4
V2i+15 = # /l v(x,y) dz, 024416 = Z?—; g g—:(m,y) dr, i=1;3;
Doit15 = é /l v(z,y)dy,  Dait16 = Z;—i g %(m,y) dy, ©i=2;4;
U5 = ﬁ /Tv(x,y) dz dy.

Remark 1. From (5) it is easy to see that i, satisfies the C'—condition. That is
continuity of the function ;v and continuity of its first derivatives across the interele-

ment boundaries.

4. SUPERCLOSE PROPERTIES OF Iy

This section presents important error estimates which are related to the interpolated
finite element method. The difficulties for fourth-order elliptic problems arise from

the availability of the mixed derivatives in the variational bilinear a—form. However,

B 0%u 0% %u 9*v  0%u v

_ [ [Pud 222 dxdy.
alu,v) /(2{83?28332—’_ dxdy dxdy ~ oyF o2 Y

This presentation is not unique in terms of subject-matter (see for example [10]).

Let us introduce the following error functions for any 7' € 7:

1 1
E(z) = ) [(x - fET)2 - hiT] ) F(y) = ) [(y - yT)2 - h%T} .
We use the identities:
1 5
T - =55 (%)),
6
1 h3 p (©)

(B @) + =

(x — x7)? >

~1260
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Further, we use another pair of identities:

1 h? 5
(@ — o7)® =— [B4(2)]” + 2L [B3(2)]©,
120 210 )
1 © hir © M
)t =— [EP LT g ety
(z ~2r)' = e [B°@)] 7 + 355 [E @] + 5

The following Lemma gives some integral presentations by means of error function
E(x):

Lemma 1. Let v(x,y) be a sufficiently smooth function defined on T,T € 15,. Then

Q) If / o(a,y) dy = / O ) dy = 0, i =234, then
l; l;

1 v
| e = et oty —g5 [ B0 55 @) dady
3 1 4, O
T(x—J?T) v(z,y) dz dy ==7120 TE (37)%(3?79) dx dy (8)
h} v
—% s 3(@%(%?/)61%613/;

(ii) If/ v(x,y) dy:/ @(x,y) dy:/v(a:,y) drdy =0, i = 2;4, then
l; l; ax T

1 9%
[ e =ertote dedy e [ B0 T deds
/( oy drdy ——— [ 55020 (@ y) ded ()
. X xTr) vlT,y Y 4795 - 81‘6 Y Y
h%T 861)
ot E4(r)=— )
+ 1500 /., () 55 (2, y) du dy

Proof. The four equalities (8) and (9) are proved by using identities (6) and (7) for

the terms (v — x7)?, i =1,...,4. The Green’s formula and the above conditions are

applied. [l

Next, other identities related to the two error functions E(z) and F(y) are needed:

5_ 1 roa, @, My
(@ or) =52 [F@)® + S @ — o), .
4 1 4 (4) 6hiT 2 3hil,T (10)
(x —ar) =105 [EY (@) + T(x—a:T) ~ 35
and correspondingly
2
-y = [P )+ 22y,
4 1 4 (4) 6h§,T 2 3h§1,T 1D
(y —yr) =105 [F4(y)] +T(?J—yT) BT



FINITE ELEMENT METHOD FOR ELLIPTIC PROBLEMS 429

Lemma 2. Suppose that for sufficiently smooth function v(x,y)
al‘i’jv

Dziay )

/vdl: @dl /vdxdy:(), k=1,...,4,
1 zkaV T

o*v
0x20y?

=0, 4,7=0,1

then the following siz relations for the function (x — x7) (y — yr )’ when i,j €

{0,...,4} are valid:
(Rl) For Za.] = 0) 17 27
. P
[ @) -y g dedy =0,

(Rg) For j =0,1,2 and, by analogy for i =0,1,2

[ et — iy g vty =~ [ Bty — vy 55 dedy
T Ox2 0y 15 Ox® Oy ’
A . O 1 0"v
7 3 o 3
[ o=y - 5o ety = 5 [ P — )i dady
(R3) For j=0,1,2 and i = 0, 1,2, respectively

[ o) = vy g dedy = 11 [ @) ) 5 dea
@ —an)'y—yrY gagmdedy = 57 | B'@) - vr) 5555 dedy,

/(x—x Yi(y — )4ﬂdxd L F4( )@ — z7)i—2— dz dy;
T TS YT Ox20y? Y= 105 T 9220y0 ¥

(Ry4) Fori,j=3

0*v 1 0™
— 3y — 3_ Y 7 - 3 o 3 ov
/T (x —x7)°(y — yr) 9220,7 dx dy T E ()(y — yr) 9259,7 dx dy

(Rs) For (i,7) = (3,4) and (i,75) = (4, 3), respectively

[ @t s vy = 1 [ B — e ded
T ToIT) YT 0x20y>? Y= 105 your 0x5Oy? v

2hi ¢ 2 9" hi ; 0T
S - F3 de dy + —= F‘3 dz d
35 /T(x 2] ) 5oz, + 155 W) gazays 40

3 s 0N 1 4 ;5 O™
T(x—J?T) (y —yr) dedy_l—% F(y)(z — or) dedy
2h§7T
35

A"v h4 . 9"
3 3 )
/ (v~ yr)*E*(x) Ox®Oy? dedy + 175 E (z) Ox®Oy? de dy;
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(Rg) Fori,j=4

[ et =) g dedy = 11 [ @)~ ) g dedy
T 81‘28y2 105 T 8 58 2
Qh%T 2 v h%T oBv
) _ F4 _ B F4
T /T(x vr) F ) ragys 4 Ay 1225/T W) gzgy 40 -

Proof. Direct calculations proves the first relation. The next one follows by presen-

tations of (x — z7)® and (y — yr)® from (10), (11). Then integrating by parts and
using (R;) we obtain (Rg).

By way of analogy with the previous case the relation (R3) is connected with the
presentation of (x — z7)* and (y — yr)* from (10), (11).

In order to prove the cases (R4) and (Rs5) we transform (v — x7)3 and (z — z7)*
by means of (10). Then, after integrating by parts we use the relation (Rz).

The last case (Rg) follows from the presentation of (z —x7)* in (10) and from the

corresponding equality of (Rs). O

Finally, the last two lemmas make it possible to formulate a superclose property
concerning the interpolation operator ij,. This important result will be proved in the

following theorem:

Theorem 1. Let the solution u(xz,y) of problem (3) belongs to the space H' ().
Then, for any v € V3(Q)

alinu —u,0) < Ch|ullr.allo]l20. (12)
Proof. Let us denote U = ipu —u. The three ingredients of the a—form a(U, v) have

to be estimated. It should be noted that both terms

0?U 9%v 0%U 0%v
dx d d ——d dy
/Q 9r2 9z U Al q 0y? 0y?

can be treated in a similar way.

02U 92v
Step 1. Consider Ty 37 07 dx dy, Yv € V},. So, for (z,y) € T, the second factor
is expanded as follows
82 ! (x —2r)® 05 20
Z s! axsay (xTay)7

s=0
taking into account that v(z,y)|r € Q4(T), consequently

8€+2

02U 9%v x —xr)®
/Qf?—zﬂa 7 4y ZZ/ 5! 8y2 920y Slery)dedy. (13)

Ter, s=0
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The first term (s = 0) in the right-hand side of (13) is cancelled. This fact follows

by definition of U(x,y) and using Green’s formula, i.e.
02U v
— dx dy = 0. 14
- ayg ayg (mTvy) €T ay ( )
In order to transform the other components of (13), it has to be verified that the

functions

02U 0°+2y
Oy? OasOy? (wr,
fulfill the conditions of Lemma 1. Hence, the relations (8) and (9) will be satisfied for
s = 1;3 and s = 2;4 respectively.
Let i =2;4 and s = 1,...,4. Integrating by parts reveals that:

y)’ S:]""'74’

02U 95+ oU 95 +2y yrthar
- dy =— +h —
|, 0y Dws0y? 7,Y) dy oy (zr 175 Y) D202 (@7,y) S
oU 8S+3’U 8S+3’U yr+ha T
_—— s d :—U + h 5 a8 <0 3 ’
I 3y 856532/3 (xT y) 4 (xT b y) axsay3 (xT y) yr—ha,1
o5t
U———— dy = 0. 15
+ } axsay4 ($T7y) Yy ( )

By analogy, it is easy to get the equality:

/2 QU 0¥ (27.1) - PU 952w (@
1, 0x | 0y? dxs0y? Y| 4= 1, 0xdy? 0xs0y? N

having in mind the definition of U.
For s = 2;4 and using the Green’s formula we get:

2 S 2 s+2
?)yg8i:8 5 (@, y)drdy = (/13 /ll> %—Z;L_S;a;($T,y)dx
L e
+/TU8T8;’4(:CT,y) da dy =0. (17)
Then, in view of (15) and (16), applying (8) of Lemma 1 for the function

U o
Oy? Oz dy>?

(xr,y) with s = 1 and s = 3 respectively, we obtain:

02U 93w
/T(x_xT)a—y?E)x—c?yQ(xT’y)dxdy
Ou 9w

1
- — | B2 Y drdy; (1
90/T (x)8$58y2 83?8:(]2 (xTvy) €T ay; ( 8)
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(z —27)3 0*°U v 1 / 4 v O
dedy = —— | E _dv_ da d
/T 3! Oy? 0x30y? (wr,y) de dy 420.3! /1 (z) 0x50y? 0x30y? (w7, y) dvdy

M Ou v
’ B3 p)——— o
* 210.3!/T () x5 0y2 D3 y2 (xr,y)dzdy. (19)

Similarly, we get:

(xr,y) dzdy

/ (z —or)? °U 9

T 2! dy? 0x20y>
= 1 4 Bu I .
7_1260.2!/TE (x)WW(w,y)dmdy,

(x —27)* 0*U 0% _ 1 / s Bu v
/T T oy awior WV W= g [ W gy aaigye (Y Ay

s oPu 0%
~ Taooi J E s (x,y) ded
1890.4! /T () 0x89y? dxtdy? (2,y) dz dy,

having in mind (15)-(17) and applying (9) of Lemma 1 for the same function with
s =2 and s = 4, respectively.
It is possible to reduce the requirement for high smoothness without loss of accu-

racy. Indeed, using the identity
(B (@) = kB (@).( — 2), k=45,

the last two equalities may be written in the form

_ 282U 84
/ L U (wr,y) dzdy
T

2! Oy? 0x20y>?
1 3 Ou 0t
-~ 315.2! /TE (@) - xT)8x58y2 0x20y2

(z7,y) dxdy;  (20)

(v —xr)* 0*°U 0%
/T 1 0y 00107 (z,y) dv dy

1 4 O'u 0%
©945.4! /TE (z)(z —2r) 0x50y2 Oxt0y?

s : u 0%
Lo | BM@) (@ - ar) 5 m s mms () dudy. (21
1890.3! /T @)z = 21) 555, friggr & ¥) dr dy- - (21)

(z,y) dxdy

The right-hand side of (18), (19) and (20) can be transformed for v € V}, and

T € 73, by the identity
052y ! (xp — 2)=% 920
Dy ) = TG by

1=S

(x,y), §= 172a3; (x,y) eT.
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From (14), (18)—(21), using the inverse inequality [5], we obtain

02U 9*v

O O dx dy < Ch®||ullz.rv2.r,

consequently,
0?U 0%*v 5
o 0y2 0y? dxdy < Ch”|Jullz.elv]l2.0, (22)

and by analogy
0%U 0*v
q 022 022

Step 2. Here we con81der the mixed term of the a—form. Let’s consider that the

dz dy < CR?[|ullz.o/v]|2.0- (23)

following equalities hold:

Z / 0’U 0*v / / 0*U 81}
8x8y 8x8y e s L 8x5‘y 8x
Th

- Z / 0?52522; == (/ /) a(g; (24)

TeTy

55 /T_amy?“dxdy = 5 [ srmprisis
TeTy TeT),

2U ov 03U
— and ———
Oxdy Oy Ox0y>?

the z and y—axes, respectively. For the line integrals we integrate over the common

because the functions v are continuous on the edges, parallel to

side of each pair of two adjacent elements with the same integrands, but in opposite
direction. For integrals over any parts of I" the function v vanishes.

Consider the following presentation for any v € Vj,:
4

1 9ty
v(r,y) = ZOZ'_j'( xr) (y —yr) aTay](xTayT) V(z,y) e T.
i,j=

Combining this equality with (24) we get:

r—ar)(y—yr) 0 09T
/ 0120y2 dedy_zg:o/ i x20y? Oz Oy ](xTayT) dzdy. (25)

We shall estimate each term in (25) using the relations of Lemma 2.

First, from (Ry) for 4,5 =0, 1,2 it follows that

/ (z—ap)'(y—yr) 0'U 8tu
T 15! 0x20y? 0zt Oy’

(x7,yr)dxdy = 0. (26)

Next, the relation (Rs) for i;j = 0, 1, 2 respectively gives

/ (x —27)3(y —yr)! O*U O*Hv
T 35! 0x20y? 0x30yI

(xr,yr) dx dy
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1 : w9y
——— | B3 _
15.3!j!/T @)y —yr)’ 92502 0250y 577 @, yr) dr dy;

B i B 3 4 i+3
/ (z—zr)'(y —yr)” O°U 9w (zr,yr) dz dy
T

1 ) w93y
[ — _ 7,F3 A .
15.413! /T (= 2r)"F(y) 0x20y5 00y (zr,yr) dv dy

By analogy with (27), using (R3) fori;j = 0, 1,2, we obtain the next two equalities:

B 4 j 4 4+
/ (z—z0)(y —yr)’ U 9"v (zr,yr) dv dy
T

alj! 0220y> 00y’
1 Bu 9y
=— Bt _
105.4!j!/T (@) —yr) 925042 Digys " YT) dr dy

__1 3 j 0Tu 9y .
~105.3!5! /TE (@)@ —27)(y —yr) 0x50y? A1y (zr, yr) dz dy;

/ (x—ar)' (y—yr)* U 9"
T

4! 0220, D20y (zr,yr) dz dy

1 . 881,1, 87,+4U
e — _ 1F4 A
105.714! /T (o = o) W) 526 gugys (V1o vr) A dy

_ 1 i 3 0w 0w
~ 105.i13! /T (@ —20)'(y = yr) () 5555 aigys (W vr) AT dy.

From (R4) it follows that

/ (x —ar)®(y—yr)® U 0%
T

(zr,yr) dv dy

313! 0x20y? 0x30y3
1 s 0w 0%
15.31.3! /T (@) = vr)" 555,72 aasgys (W yr) dr dy
i u %

+

: —27)F3(y) s—ms = (o7, dz dy.
25.313! /T (= 2r)F(y) 0x20yd 03 0y> (r,yr) de dy
Introducing the equalities for sufficiently smooth function U
5
/ E(x —dxdy = —4/ (x — xp)E3(x )Z—U dz dy,
T
U U
| PG dedy=—4 [ -G ded,
T
from the relation (Ry) we get

/ (. —2r)'(y —yr)®* 9'U 9w
T 413! 0x20y2 0xt0y3

(xr,yr) dx dy

(29)
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1 Ou 0w

= Tosaa [ B @ 1) s s dz dy. 30

105.31.3! /T (@)@ = er)ly =yr) 5557 grigys T yr) de dy (30)

2h%T 2 3 O"u 9"v
354131 /T(x_x” F (y>7axzay5 P (v, yr) dz dy

M : w9
~175. FY) 55551573 dz dy.
175.4!3!/71 () 0x20y® dz1dy3 (vr,yr) dr dy

Similarly,
(x—ar)*(y—yr)* 0'U 0™
/T 314! x20y? d3 9yt (zr,yr) dzdy
1 . 0" v
=~ 105.31.3! /T (« —27)*(y — yr)F°(y) 02201 W(CUT, yr) dz dy. (31)

Qh% T 8711, 87’[]
: E? g2t
3530 /T (@)(y —yr) 925012 053 0y" (zr,yr) dz dy

hi ) 7 7
= / EJ(m) 0 o (z7,yr) dz dy.
T

- 175.314! 9250y° 015 0y"
By analogy
/ (@—en)'—yr)t O'U_ O
T 414! 0x20y? dxtdy*

1 é 87u 881)
e — E3 _ _ 4 Ou  Jv . )
105.4!.3!/T (z)(x —27)(y — yr) 1502 0120y dx dy (32)

2h 7 2 3 O'u 0%

g i P P 0 s s e

ht , O v
LT — y7)F3(y) ———s ——— dz dy.
1225.4141 /T W=y W) 52,5 Frigys W
In the right-hand sides of (27)-(31) we apply the equality

4

9itiy (z — )0 =i(y — yp)io—i giotioy
Ozt Oy (xr,yr) = ‘ zj: ) Gio = 1o — J)! i Do (x,y),
i0=1,j0=,
for corresponding values of ¢ and j.
Thus, from (26)-(32) and using the inverse inequality, we obtain
0*U 0*v
dzdy < Ch;
7 0x0y 0xdy rTay = Tlullz,rllvl2,r,
and consequently,
0*U 0%
drdy < Ch® . 33
o 0zdy 0xdy TaY = [ullz,ellvll2,0 (33)

Accordingly, the three terms of a—form are estimated. Hence (22), (23) and (33)

prove the theorem. O
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As a consequence of this theorem the following ultraconvergence result holds:
Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then
linu — Pyull2,0 < CR°|lul7,0. (34)
Proof. It follows that (o = const):
allipu — PhuH%@ < a(ipu — Phu,ipu — Ppu) (V-ellipticity)
= a(ipu — u, ipu — Ppu) (elliptic projector)
< Cllipu — ul|2,0llinwe — Phull2,o  (continuity)

< ChP|ull7.alliny — Prull2.0 (from Theorem 1).

5. HIGH INTERPOLATION OPERATOR I;i — CONSTRUCTION
AND ESTIMATIONS

First, let us consider the one-dimensional case. We keep the same notation for one-
dimensional FE partition, namely 7, = {[pi—1,pi], i =1,...,n}. Without loss of
generality one can suppose that n is an even natural number. Then the elements of

71, are combined by pairs of adjacent elements. A new FE partition is defined by

n

Top, = {[P2k72;p2k71] Upak—1,p2k)s E=1,..., 5} .

The interpolation operator Is, is characterized by the following conditions for

every finite element belonging to 7o, and every smooth function v:
Ith(pj):v(pj)a ]:2k_272k_1a2k7
[Lan0] () = v'(ps),  J =2k — 2,2k — 1,2k;
Pj+1 Pj+1
/ Lpv(z) de = / v(x)de, j=2k-—2,2k—1.

pj pj

For instance, it is possible to obtain the following basic functions defined on a
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reference element, i.e. for ¢t € [-1,0] U [0, 1]:

1

Prg(t) = 1—6t2(1 —1)3(£72t% + 95t% F 14t — 33),
Lo 3 2
Uaalt) = o1 -8 £ 97 - 2% 33),
1
V36(t) = 1—6t2(1 —1)2(1 4+ )*(35 F 64t),
at) = (1-1)(1+8)*(1 -7,
¥s(t) = t(1—t)2(1+¢)%(1 —2t)(1 + 2t).
By affine transformation
r— L — P2k-1
h )
where
h— D2k — P2k—1, T € [par—1, P2kl
P2k—1 — P2k—2, T € [Par—2,P2k—-1],
it is not difficult to obtain the basic functions v;(x), j = 1,...,8 for any element

[D2k—2, P2k—1] U [P2k—1,D2k] € Ton.

The set of degrees of freedom is v(p;), hv'(p;), j = 2k — 2,2k — 1,2k and
(@) de, § =2k - 2,2k - 1.

For 2— dlmensmnal case the basic functions are defined as a product of two one-
dimensional basic functions, ie. 5 (x,y) = ¥i(x)Y;(y), i,j = 1,...,8. Conse-

quently, the degrees of freedom are: (i) the values of v, g;{, gZ and a‘igy on the

vertices of the four subrectangles Ty € 7,, s = 1,...,4 such that US 1 Ts € Top; (14)
the integral values of v and % on the edges [; of TS € Th, s = 1,...,4; (iii) the
integral values of v on the four subrectangles Ts, s = 1,...,4 multiplied or divided

by the corresponding sizes characterizing the mesh of 7.

In this way the operator Iy, is defined on the mesh 7o, of size 2h, obtained as a
result of arranging in groups of adjacent elements Tx € 7,, s =1,...,4. Let Von CV
be finite element spaces associated with 75,. Then %h consists of polynomials of
degree 7 at most in each variable.

By constructing Iy, the following properties are valid:
Iy 0ty = Iop, (35)

Z2nv]r0 < Clvllra Yv eV, r=0,1,2, (36)

because the interpolation operator Isp @ Vi, — %h is bounded.
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Finally, having in mind that the interpolation polynomial Is,v is of degree seven,
it follows

[Ihv — v[|2,0 < ChO|Jv|

7.0 (37)

The next theorem contains the main estimation:

Theorem 3. Letu € H'(). The following estimate holds:
[Z24 © Phu — ul|2,0 < Ch® ||ull7,0. (38)
Proof. Applying (35), brings to
Iop 0 Pou —u = Inp o (Pyu — ipu) + (Iopu — u) .
From (36) we have
(2 © Pyu — ull2.0 < ||Phu — inul2,0 + [[T2nu — ull2,0-

Using (34) and (37), we complete the proof. O

6. ULTRACONVERGENCE FOR BIHARMONIC EIGENVALUE
PROBLEM

Here we present a direct application of the result obtained in the previous section.
Consider the following fourth-order elliptic eigenvalue problem: find A € R, u(z,y) €
V,u # 0, such that

a(u,v) = AMu,v), YveV. (39)

Introduce an approximate eigenvalue problem, which corresponds to (39): find
An €R, up(x,y) € Vi, up # 0, such that

a(up,v) = Ap(up,v), Yo € V. (40)

The assumption here is that the FE space V}, uses polynomials of degree four. A
more general case is discussed in [2]. That being the case, it is well known (see [4, 8])
that the rate of convergence of FE approximation to the eigenvalues and eigenfunc-
tions is given by the following estimates:

A=Al < COORlull3 g (41)
= unllae < OVl o (42)
The solutions of (39) and (40) are related to the Rayleigh quotient

)\ — a(u7u) and )\h — a’(uh;uh)

(u,u) (un,un)
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First, let us estimate the difference uj, — P,u in H?—norm of higher order of
accuracy as compared to the estimates (4) and (42). This special feature of both
functions is called to satisfy a superclose property (cf. [12]).

An important result related to the ultraconvergence patch-recovery for approxi-
mate eigenpairs is presented by the following lemma:

Lemma 3. Let the eigenfunction u(x,y) € H>(Q)NV and let uy, be the corresponding
FE approzimation obtained by (40). Then

[un = Prullo,0 < Ch®|lulls 0. (43)
Proof. What is obtained from the ellipticity on the FE space is (p1 = const):
1 lun — Phquﬂ < a(up — Pru, up, — Ppu).

Let us denote up — Pyu = zp, € Vj,. Using the orthogonal property of Py, it follows
that

pillznl3a < An(un, 2n) — a(Phu, 2n)
= (An — M) (un, zn) + A(un, zn) — alu, zp)
= (An — AN (un, zn) + Mup — uy zp) + Mu, zn) — alu, zp,)
= (A — A)(un, zn) + Mun — u, z5)

<A = Anlllunlo,ell2n]

2.0 + Alun — ul-1,0ll2n/1,0-

Note that in the last step we use the duality in negative norms. The estimate (43)
follows from (41) and the inequality [9]

lun = ull-1,0 < ChC|lul5,0.
O

In order to prove our main result concerning the ultraconvergence patch-recovery
to the approximate eigenpairs we need the following lemmas:

Lemma 4. Let (A u) be any eigenpair obtained by (39). Then for every w € V and
w # 0, the following inequality holds:

a(w,w) lw —ull3 g

(44)

(w, w) (w, w)

—)\‘<C
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Proof. Denote w—u = ¢ € V = HZ(Q), consequently w = u+¢. Hence the estimate

(44) is equivalent to
la(u+ @, u+¢) = Au+o,u+ )| <Clollzq YweV.
We transform the left-hand side of this inequality:
la(u, w) + 2a(u, p) + a(p; ) = Au, w) = 2A(u, @) = A, 9|

= la(u,u) + a(p, ©) — Au, u) — A, )|

Giving an account of a(u,u) = A(u,u), it follows from the continuity that

la(u+p,u+@) — Au+p,u+e) =lale, @) — A, )|
< Cillel3a + Melld o

< Cliell3 0

which proves the lemma.

The main result of this section is contained in the next theorem:

Theorem 4. Let (A, u) be an exact eigenpair and (Ap,up) be its FE approximation.
Assume that the conditions of Theorem 8 and Lemma 8 are fulfilled such that the

ultraconvergence estimations (38) and (43) hold. Then
[ Tanun — ull2.0 < CR®|lul|7.0,

a(lopun, Iapup)

—\M< Chm " .
(Iapup, Tapup) = l|lull7.0

Proof. The estimate (45) can be proved by Theorem 3 and Lemma 3:
[ anun — ullo,0 < || Ienun — LonPrull2,0 + || Ion Pru — ull2,0
<[ Lanllllun — Prullz,o + [ L2n Pru — ul|2,0.

The interpolation operator Iop : Vj — ‘7% is compact. So

H2nvn] 2,0

2,0

[[L2n]| = sup

< const.
vR EVY ”Uh'

Therefore
[ Lonun — ull2.0 < C1h®||ulls.0 + Cah®||ull7.0-

(45)

(46)
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In order to prove the inequality (46) Lemma 4 and (45) should be used:

a(Ianun, Iopup) [ 1anun — UH%Q

-\ <C
(Ianun, Iopun) -

[ Lanunll§ o
<Ch"|ul? g O

7. NUMERICAL RESULTS

Consider a simple model problem of a thin bar of length [ which is simply supported at
its endpoints. The flexural rigidity and the density of the rod are units. Accordingly,
we solve the following differential system:

u'V' =, x€(0,1),

u(l) = /(1) = 0.

The exact eigenvalues \;, j =1,2,... satisfy the equation (k; = \‘L/Xj):

cosk;lcoshkjl =1,

and the exact eigenfunction are

uj(z) = C[(sinh k;I — sin k;1)(cosh kjx — cos kjx)
—(cosh k;l — cosk;l)(sinh k;x — sink;z)] .

When [ = 1, the first three exact eigenvalues are:
A1 = 500.563901740433, Ao = 3803.53708049787, A3 = 14617.6301311223.

Though one-dimensional case is under consideration here, it still presents a rele-
vant illustration of rectangular FE theory.

In Table 1 and Table 2 the efficiency of patch-recovery technique is illustrated. N,
denotes the number of elements in partition 7.

Let us introduce
a(Iapun,j, Ianun,;)

(Ionun,j, Iopun,j)

Ahj =

Table 3 and Table 4 confirm the estimation obtained in Theorem 4 for eigenvalues.
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Table 1: The error |luj; — up ;|
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2.0 Table 2: The error ||u; — Iapun,j|2,0
N| oj=1 ] j=2 | j=3 N|] j=1 | j=2 | j=3
8 0.88 0.16 1.1x1072 8 [6.8x1072|1.9%x107%|3.6x107°
16 0.19 19%x1072|1.3x1073 16[26x1072|71x107%|23x 1075

3212x1072|25%x 1073 1.7x107% 32]195x1072|29x10"%]9.1 x 10~

Table 3: The error |\; — Ap_j| Table 4: The error |A\; — Xh7j|
N| j=1 | =2 | j=3 N| j=1 | j=2 | j=3
8 0.78 25 x10-2(1.2x107* 4 2.7 1.8x1072| 24 x 1076

16(3.8x1072|39x107*|18%x107% 8 [42x102%|24x107%|3.1x107°?
32|4.1x107%]|64x1076 [29x107% 16| 7x107%* [41x107° |44 x 10710

8. CONCLUDING REMARKS

The ultraconvergence results for the approximation of some planar fourth-order ellip-

tic problems enable us to conclude that:

We present an ultraconvergent patch-recovery method applied to biharmonic
problems and using rectangular finite elements. This method requires some

sort of elaboration but in return gives an effective and simple algorithm;

The interpolated finite elements described in the paper are in higher preference
as compared to the standard rectangular elements. They gain two order higher

convergence and even four order when they are applied to eigenvalue problem;

In order to concentrate on the local recovery procedures, it is assumed that the
exact solutions of the problems considered here are sufficiently smooth. In other

words, the discussion of the singularity and boundary behaviour is omitted;

Application of the patch-recovery method to eigenvalue problems is related to
the supercloseness between the elliptic (Ritz) projection and the approximate
eigenfunction (see Lemma 3);

This paper employs a kind of analysis that can be applied to more general fourth-
order elliptic operator. It is also open to generalizations to higher dimension
tensor product spaces, especially for brick elements in three dimensions. These

will be addressed in a separate paper.
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