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1. INTRODUCTION

The law of large numbers and central limit theorem as fundamental limit theorems in
probability theory play a fruitful role in the development of probability theory and its
applications. However, these kinds of limit theorems have always considered additive
probabilities and additive expectations. In fact, the additivity of probabilities and
expectations has been abandoned in some areas because many uncertain phenomena
cannot be well modeled by using additive probabilities and additive expectations.
Since the paper (Artzner et al. [1]) on coherent risk measures, people are more
and more interested in sublinear expectations (or more generally, convex expectations,

see [4, 6, 7, 8]). By Peng [16], we know that a sublinear expectation E can be
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represented as the upper expectation of a subset of linear expectations {Ep : 6 € O},

i.e., E[] = sup Ey[]. In most cases, this subset is often treated as an uncertain model
USC)

of probabilities { Py : § € ©} and the notion of sublinear expectation provides a robust
way to measure a risk loss X . In fact, the nonlinear expectation theory provides many
rich, flexible and elegant tools.

Since the notion of independent identically distributed (IID) random variables
under sublinear expectations initiated by Peng, many limit results such as strong
(weak) law of large numbers, central limit theorem and law of iterated logarithm
under sublinear expectations have been studied. For more details, we can see [2, 3, 9,
10, 11, 12, 13, 14, 15, 18, 19].

In this paper, we study some limit theorems for random variables under sub-
linear expectations. First, a law of large numbers is proved for independent and
non-identical distributed random variables with only finite first order moments. Sec-
ond, a central limit theorem is proved for independent and non-identical distributed
random variables with only finite second order moments. These results generalize the
known results in [10, 12, 13, 14, 15, 19].

2. PRELIMINARIES

In this section, we present some preliminaries in the theory of sublinear expectations.
For more detail, we can see [5, 16, 17, 18, 19].

Let (2, F) be a given measurable space and let H be a linear space of real functions
defined on (92, F). We suppose that H satisfies ¢ € H for each constant ¢ and | X| € H
if X € H. The space H can be considered as the space of random variables.

Definition 2.1. (see [16, 17, 18, 19]). A sublinear expectation E on H is a functional
E: H — R satisfying the following properties: for all X,Y € H, we have
(a) Monotonicity: If X > Y, then E[X] > E[Y];
(b) Constant preserving: E[c] = ¢, Ve € R;

(c) Sub-additivity: E[X +Y] < E[X]+ E[Y] whenever E[X]+ E[Y] is not of the
form +o00 — 00 or —oo + o0;

(d) Positive homogeneity: E[AX] = AE[X], VA > 0.

Here R = [—00, +-00]. The triple (Q, H, E) is called a sublinear expectation space.

Give a sublinear expectation E , let us denote the conjugate expectation & of E by
E[X]:=—-E[-X], VX €eH.

It is obvious that £[X]| < E[X], for all X € H.
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In this paper, we consider the following sublinear expectation space (Q,H, E) if
X1, -, X, € H, then (X, , X,,) € H for each ¢ € C} 1;,(R"), where Cj. 1, (R™)
denotes the linear space of functions ¢ satisfying

lp(z) —@(y) <CA+|2[™ + |y[™)|z -yl Va,y € RY,

for some C' > 0, m € N depending on ¢. Let Cj 1;,(R™) denote the linear space of

bounded functions ¢ satisfying
[p(z) — oY) < Clz —y[ Yo,y R,
for some C' > 0 depending on .

Definition 2.2. (1See [16, 17, 18, 19]). Identical distribution: Let X and X3 be two
n-dimensional random vectors defined in sublinear expectation spaces (1, H1, El)
and (QQ,HQ,EQ), respectively. They are called identically distributed, denoted by
X1 2 X, if

Ei[p(X1)] = Ealp(X2)], Vi € Crryp(R™),

whenever the sublinear expectations are finite.

Independence: In a sublinear expectation space (£, H, E), a random vector Y =
(Yr1,--+,Y,), Y; € H is called independent to another random vector X := (Xq,---,
Xm), X; € H under E, if for each test function ¢ € Cj 1;,(R™ x R™), we have

Elp(X,Y)] = E[E[p(2,Y)]a=x],

whenever 3(z) := E|p(z,Y)|] < oo for all # and E[@(X)] < co.

Sequence of IID random variables: A sequence of IID random sequence {X;}2°, is
called IID random variables, if X; 4 X7 and X4, isindependent to Y := (Xq,- -+, X;)
for each 7 > 1.

Definition 2.3. (Mazimal distribution) (see [16, 17]). A random variable n in a
sublinear expectation space (9, H, E) is called maximal distributed if

Elp(n)] = sup ¢(y), Ve € CrLrpR),
p<y<p

where 77 := E[n] and = E[n].

Remark 2.4. Let 7 be maximal distributed with 7 := E[r), p = E[n], the dis-
tribution of 7 is characterized by the following parabolic partial differential equation
(PDE):

Ou — g(Opu) =0, u(0,2) = p(x),

where u(t, z) := E[p(x +tn)], (t,z) € [0,00) x R, g(x) := @zt — pz~.
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Definition 2.5. (G-normal distribution) (see [16, 17]). A random variable X in
a sublinear expectation space (Q,H, E) with 52 := E[X?], o® := £[X?] is called
G-normal distributed, denoted by X ~ N(0;[a?,7%), if for each Y € H which is
independent to X such that Y = X it holds that a X + bY = \/mX Ya,b > 0.

Remark 2.6. Let X ~ N(0;[02,5?%]) under E. For each ¢ € O} 1;»(R), we define a
function

o(t,x) = Elp(a + VIX)l, (t,2) € [0,00) x R.

Then v is the unique viscosity solution of the following parabolic PDE:
8,51} - G(aixv) = Oa ’U(wa) = @(x)7
where G(a) :=

ElaX? = (7%t — o%a™).

Lemma 2.7. (see [3, 5]). Suppose X ~ N(0;[a?,3%]) under E. Let P be a prob-
ability measure and ¢ be a bounded continuous function on R. If {Bi}i>0 is a 1-

dimensional Brownian motion under P, then

Blo)] = sup e o | 1 0.d8.)] . o0l = jut Br [ | 1 p.am,) .

where

© = {{b:}+>0 : 0, is Fi-adapted process such that g < 6, <G},
Fi:=0{Bs:0<s<t}VN, N isthe collection of P-null subsets.

Lemma 2.8. (Hélder’s inequality) (see [17]). Let X,Y be two random variables in
a sublinear expectation space (2, H, E), then for 1 < p,q < oo, % + % =1, we have

BIXY]) < (E[|X[P)7 - (E[lY|9)7.

Lemma 2.9. (Rosenthal’s inequality) (see [18]). Let (Xi,---,X,) be a sequence
of random variables in (Q, H, E) Suppose that X1 is independent to (X1, -, Xg)
for each k =1,--- ., n—1. Denote Sy, := > Xi.

k=1
(a) Then
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(b) Furthermore, we assume that E[Xk] <0, k=1,---,n. Then

E[|Xk|p]7 forlgpgza

M=

22-p
E[(S5y] < -
Cpn%*

I
-

A (2.2)
EIXulP),  forp>2.

H
™
10

Definition 2.10. A set function V' : F — [0, 1] is called a capacity if it satisfies the
following;:

(1) V(0)=0,V(Q) =1,

(2) V(A) < V(B), whenever A C Band A,B € F.
It is called a sub-additive capacity if it further satisfies V(AU B) < V(A) + V(B) for
all A,B € F with A|JB € F.

Let (2, H, E) be a sublinear expectation space, and € be the conjugate expectation
of E. We denote a pair (V,v) of capacities by

V(A) :=inf{E[€] : [n <& E €M}, v(Ad):=1—-V(A4°), VAe F,

where A€ is the complement set of A. Then

V(A) := E[la], v(A):=¢€[l4], ifIs€eH,
E[f] <V(A) < Blg), e[/l <v(4)<élg), ff<Isi<g. fgeH.
Obviously, V is sub-additive. But v is not. However, we have v(AJ B) < v(A)+V(B).

(2.3)

3. MAIN RESULTS

Theorem 3.1. Let a sequence {X;}32,, which is in a sublinear expectation space
(Q,H,E), satisfy the following conditions:

(i) each X;t1 is independent to (Xq,---,X;), fori=1,2,---;

(i) E[X,) =T, &X,] = i, where—oo < p; < < 00;

(iii) there are two constants [t and p such that

1 T
ngﬁiyﬂ—gLJLngagzym—M—O,
1= 1=
(iv) lim sup E {(|Xz| - d)q =0;
d—00 j>1

(v) sup E[|X;]] < co. Then for any continuous function o satisfying |o(z)| <
i>1

C(1+|z|), we have

i £ [ (%) | = Blota, (3.1)

n—oo
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n ~ ~
where Sp, = > X, n is mazimal distributed under E with i := E[n], p := €[n].
i=1 -
Furthermore, if p > 1 and supE[|Xi|p] < 00, then (3.1) holds for any continuous
i>1
function ¢ satisfying |p(x)] < C(1 + |z?).

Proof. Let Y; = (—i) V(X; A1), T, = Z Y;. In order to prove Theorem 3.1, we need
i=1

the following facts:
(A1) Suppose that the condition (iv) is satisfied, then

1 n
—Z [X; =Yi]] 20 as n— oc.
n

(A2) Suppose that the conditions (iv) and (v) are satisfied, then

3

Py E[[Yi]*+]

e —0 as n—oo, VO<a<l.
n

(A3) Suppose that the conditions (i) and (v) are satisfied, then
E [|Tn|2p] < Cgpn2p, Vp>1.
For (A1), by Stolz theorem, it is sufficient to show that
E[X,-Y,] =0 as n— .
Note that
E)|X, - Y,|] = E[(|X.]| —n)*] < sg?E[(|Xi| —n)t] =0 as n— oo
So (A1) holds.
For (A2), by Stolz theorem, it is sufficient to show that

E[[Ya[**]

S R S E2 —0 as n — oo.

Note that R R
BllYa**™]  _ EllYa*"]
netl — (p—1)atl = (p—1)> '

E[Ya|**] < B[ XallYal®] < El(1Xn] — d + d)|Ya]*]
< E[(|Xn| — d)F] + dE[| Y]]

< n® BI(X,| — d)*] +d (B(X,)

< n® - sup B[(|X:| - d)*] + d (iggénxin) |

i>1
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So
E[|Yn|a+1] . §1>1113E[(|X il — ) ] . d (slgll)EHXzH) N
(n—1) ~ (n—1)" CENE

as n — oo and d — oo.

Thus, (A.2) holds.
For (A3), by the Rosenthal’s inequality (2.1), we have

n P
BITLP7) < Cay 3" BVif7] + Cap (z i )

=

+ 0y (Z[ + (Bl Y])ﬂ)

n p
Cop ) BIIXa||Yi ] 1+Czp<z |X||Y|>

2p

i=1 i=1
" 2p
+Cyyp <Z 2E[| X5 )
i=1

p
< Copn® - sup B[| X;|] + Cap <n - m - sup E[|Xz|]>

i>1 i>1
A 2p
+ Oy (- sup B
i>1

< CQpn2p

We first prove that

.op T ~
i £ o ()| = Blo) Ve e Chupl®), (32)
n—roo n
Now, for a small but fixed i > 0, let V' be the unique viscosity solution of the following
equation:
5‘tV + g(axV) = 0, (t,l‘) S [0, 1+ h] X R, V|t:1+h = (p(l’), (33)

where g(z) := mr™ — pzr~. According to the definition of maximal distribution, we

V(t,2) = Elp(x+ (1 +h=t)n)], V(h,0)=Elpn)], V(+hz)=p). (34)
Since (3.3) is a uniformly parabolic PDE, by the interior regularity of V', we have

||V|‘Cl+%,1+a([071]xR) < o0, for some o € (0,1).
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Let 6 = %, Ty = 0, then

|
—

n

V(L,6T,) = V(0,0) = > {V((i+1)d,6Tit1) — V(id,0T3)}

s
I
o

i
L

-
Il
— o

+ [V (i6,6T;41) — V(i6,0T;)]}

i
L

=) {I+J3},

-
Il
=]

with, by Taylor’s expansion,
Ji = 0,V (i0,6T;)5 + 9,V (36, 6T;) Vi1 0
= (0, V(10,6T3)6 4 0,V (i6,0T;) Xi16) + (92 V (16, 6T3) (Yitr — Xiy1)0)
= Jg,l + Jg,Za
. 1
I :/ [V ((i + 8)0,0T;41) — OV (16, 0T;41)] dBS + [0:V (0, 0T;41) — 0,V (i6,0T;)] &
0

1
+ / [0,V (18, 6T + B6Yis1) — D,V (i, 6T;)] dBYiy 1.
0

Therefore,
n—1 ‘ n—1 R ) R ‘
B\ Jia| = (BJiall + 11
=0 =0
n—1 . n—1 R ) R )
< BVL0T)] - V(0,00 < B |3 Jis | + D (Bl + EIRI) . (35)
=0 =0

L [n=1 |
We first consider F [E J§,1} . From (3.3) and the condition (i), it follows that
i=0

E [0,V (i6,8T})8 + 0,V (i6,0T;) X;110]
B{OV (8,670 + 8 [(0.V(i6,0T)) iyt — (0.V(i0,6T)) pisa | }

E[J3 ]

IA

E{atvua, 6Ti)6 + 6 [(8.V (16, 0T;)) "1t — (02 V (6, 6T3)) ™ pu] }
+ 0B [0,V (8,0T))* (757 — ) — 0V (16, 6T) (s — 1)
SE [(axV(w, O0T:))" (vt — 1) — (0:V(i6,0T3)) ™ (pigs — ﬁ)}

< 6B [0,V (8, 6T)) (|77t - 7l + iz — i)
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Since 0,V is uniformly $-holder continuous in ¢ and a-hélder continuous in x on

[0,1] x R, we have
B8,V (i6,6T;)|] < E[|8,V (i8,6T;) — 8,V (0,0)]] + |8,V (0, 0)]
< C(1 4+ |id) + E[|6T3]]).

Since

E[|6T;|°] < E[|0T3|] +1 < sup E[| X;[] + 1
i>1

we claim that there is a constant C'; > 0, such that
E[|8,V (i6,6T;)|] < Ch.

Then we obtain

n—1

1,=0

In a similar manner as above, we also have

n—1 n—1

. . 1 )

E|Y Jg,l] = -0 > (|M+1 — ]+ [pig1 — gl) :
=0 =0

Thus, from the condition (iii), we can obtain

n—1
ZJM]O

=0

lim E

n—oo

n—1 —
) 1 _
E|> Jé;] Z [J51] < Ci— Z (|Hi+1 — Bl + |pis —ﬁ|) :
1=0 =0

(3.6)

(3.7)

Next, we consider E E [|J52|} . According to the condition (i) and (3.6), we have

E [|3,]) = E[|0:V (6, 6T;) (Yig1 — Xis1)d]]
< 0E[|0.V (6, 6T;) | E[| Xi1 — Yis ]
< 0C1E[|Xi1 — Yiqll.

Then, we obtain

n—1 1 n—1
2 ElJ50l] < Ci— ¥E[|Xi+1 = Yiql]-
i= i=

y (A1), it follows that
n—1
lim > E[|J3,|] =0
0

n—00 4

(3.8)

n—1 _ ) )
Finally, we consider Y  FE [|I(§H . For I§, since both 9,V and 0,V are uniformly 5-
i=0

holder continuous in ¢ and a-hélder continuous in x on [0, 1] x R, then we have

(1)) < C6FF! + 0ot (Y] + B[ Yira|*7])
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It follows that

e (3 o) (o)

= (2

Il
=]

n—1
For E[|Yi+1|"]/n“+1, we have
=0

5Bl S BXial? (supEHXin)
=0 i=0 < i>1

ot <2 ot < —a — 0 as n — oo.

By (A2), we can obtain

|
—

n

E[|Yi+1|a+1]/na+1 —0 as n— 0.

-
Il
=]

Therefore,
n—1

Jim ZO E(|1}] = 0. (3.9)
From (3.5),(3.7),(3.8) and (3.9), we have

lim E[V(1,0T,)] = V(0,0). (3.10)

n— o0

Additionally, it is obvious that if ¢ € Cp 1ip(R), Le., |p(x) — o(y)| < C|z — y|, then
for each t,s € [0,1 + h] and = € R,

V(t.2) = V(s,2)] < CE[lnl]|t = s < Clt — s|. (3.11)

In particular,
[V(0,0) — V(h,0)] < Ch. (3.12)

Combining (3.4), (3.11), with (3.12), we have

Elp(0T,)] = Elp(m)| = | BV (1 + h,0T,)) = V(1,0)

< ‘E[vu +h,0T,)] — B[V (1,0T,)]

+ | BIV(1,0T,)] = V(0,0)| + V(0,0) = V(1,0)]

< 2Ch + ‘E[V(l, 5T,)] — V(0,0)].

From (3.10), we obtain

lim sup | E[@(8T5,)] — E[(p(??)]’ < 2Ch.

n— o0

So (3.2) is proved.
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By the Lipschitz continuity of ¢ and (A1), we have

E[ap(%)] —E[¢<%>H<c%im|xi—m]—>o as n — oo,

Thus

n—oo n

lim E |:ga (iﬂ = E[p()], Vo€ Chrip(R).

If ¢ is a bounded and uniformly continuous function, we can find a sequence
{01721 € Ch.rip(R) such that ¢ — ¢ uniformly on R. By

2o (%)) -2 < [#[o (5] - 2o ()]
E |:80k (%)] — E[px(n)]
we can easily check that (3.1) holds.

Finally, suppose that p > 1, sup E[|X¢|p] < 00, the conditions (i)-(iv) are satisfied,
i>1

+ |Elp)] - Eler(n)]| +

)

and ¢ is a continuous function satisfying |p(z)| < C(1+ |z[P). Give a number N > 1.
Define ¢1(z) = ¢((—=N) V (x AN)) and ¢a(x) = ¢(z) — ¢1(z). Then ¢ is a bounded
and uniformly continuous function and

|p2(2)] < AC|2[PI {415 ny < 8C(|2]P — N/2)*.

Define M := N/2, then |pa(z)| < 8C(|z|F — M)™. So

£e (2] —Emm]\ <|£ o1 (2)] - Bl

n n
14 +
()
n
E[|n[*]

%ﬁ@?#@ﬂg%—ﬁ—AOasM%w,

(

Let V; = X; — Y;, S, = Y. (V; — E[Yi]), then

i=1

+8CE[(In] — M)T] +8CE

Since

then it is sufficient to show that

Sn

n

lim limsup F¥
M—o00 nooo

i M) w =0. (3.13)

Sy <TF+ S5 +> B[V,
=1
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4P + 4P + p n A
(S—" —M) < (3"—1 I M> +3p7 |22 3t <Z EW”)
n n im1 n

By (A1), we have

3

zn:EY lz E|X; -Yi]] =0 as n— oo.

i=1

And by (A3), we have

2
T, |7

n

R +
E L < M13%P72C5, — 0
n

(3;0—1 T_ !

For E[|S;F /n|P], applying the Rosenthal’s inequality (2.2), we can obtain the following
result: When p =1,

+
- M) ] < M132r2f

as M — oo.

S 1~ ~on 4 1& R
E||=]| <4=Y E[Y; - (1X3) —i)T] < 4— E[(| X — )],
| B SL IR SR CHEEREPE) ove(CAEEY
SO
1S+
E||l—2|]| =0 as n—
n
When 1 <p <2,
n n

<4 BXi|P) < 4n - sgI;E[IXilp],
i=1 =

SO
N P
E |22 ]—)O as mn — o0.
When p > 2
BISHP) < b all <cnf*12(2pE i)
— i=1
n
nEl Z 1X,]7] < 2°C, (supE[lX |p]) £,
SO
e+
E S_"
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Thus, it follows that

M—00 n—osoco

StIP "
hm hmsupE < —M> = 0.

Similarly,
e e
hm limsup £ < — —M) =0.
M—00 n—soo n
So (3.13) is proved and the proof is completed. O

Theorem 3.2. Under the conditions of Theorem 3.1, then for any e > 0,

lim v (% € (E—E,ﬁ—l—e)) =1, (3.14)

n— o0

The proof is similar to the proof of Theorem 3.3 in [10] and so it is omitted.

Theorem 3.3. Let {X;}°, be a sequence of random variables in a sublinear expec-
tation space (0, H, E), satisfy the following conditions:

(i) each X;41 is independent to (Xl, X)), fori=1,2,-

(i) E[X;)=£[X;] =0, E[X}] =57, é[X? =0

(iii) there are two positive constants o and T such that

z,whe1ﬂ60<a <al<oo

lim —Z|a —d% =0, lim —Z|a — 7% = 0;
n—oo M n—00 M,

i=1 i=1

(iv) lim sup E[(X? — ¢)*] = 0;

c— 00 i>1
(v) supE[Xf] < oo. Then for any continuous function ¢ satisfying |o(x)| <
i>1

C(1 + z?%), we have

Jm £l (52)] = Bl (3.15)

where S, = Y. X;, € ~ N(0;[0?,5?%]) under E. Furthermore, if p > 2 and sup E[|Xi|p]
i=1 i>1
< 00, then (3.15) holds for any continuous function ¢ satisfying |p(x)| < C(1+ |z|P).

Proof. Let Y; = (—Vi) V (X; AVA), T, = E Y;. In order to prove Theorem 3.3, we
i=1
need the following facts:

(B1) Suppose that the condition (iv) is satisfied, then

n

3 BlIX: - Vi
SR

—0 as n — oo.



250 M. GAO, F. HU, AND Z. ZONG

(B2) Suppose that the conditions (iv) and (v) are satisfied, then

> E[Yi[*+?)
i=1

=7 —0 as n—oo, VO<a<l.
n2

(B3) Suppose that the conditions (i), (ii), (iv) and (v) are satisfied, then
E[|T,[P] < Cyn?, Vp>2.
For (B1), note that

VB[ X, = Yall < E[(X] —n)* ]<SHPE[(X —n)".

So (B1) holds.
For (B2), note that
E|Y,]*"] < E[X2|Yal*] < E[(X7 — ¢+ 0)|Yal?]
<nBE((X] = )] + cB[|Ya|]
<n3E[(X2 - )]+ (E[XZ]>§

(=3

“ ~ 2
<n? -supE[(X? — o)t +¢ (sup E[Xf])
i>1 i>1
for any ¢ > 1. By Stolz theorem, (B2) is true.
For (B3), by the Rosenthal’s inequality (2.1) and (B1), we have

BT, ) < Gy 3 BVl + G, (Z E[Yf}) +Gy (Z (B + (H—YA)*D

i=1

|/\
N:’d
i M s
><
M
_|_
2 i
- — —-
i M s
N——
i)
e

n

IA
9

, . »
5=lonsup B[X2] +C, <n - sup E[Xf]) +Cp <Z 2F[| X, — Y;|]>

IN

Cpn?.

So (B3) is true.

First, we show that

im ¢ (22)| = Blo@). e € Chup®), (3.16)

n—oo
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Now, for a small but fixed i > 0, let V be the unique viscosity solution of the following

equation:

KV + G2, V)=0, (t,x)€[0,14+h] xR, Vl]m14n = @(z), (3.17)
where G(«) := $(c%a™—g%a). According to the definition of G-normal distribution,
we have

Vt,2) =E [p (s + VI+h—tg)],
V(h,0) =E[p()], (3.18)

V(14 h,z) =p(x).
Since (3.17) is a uniformly parabolic PDE, by the interior regularity of V', we have
||V||Cl+%,2+a([0’1]XR) < 00, for some a € (0,1).

Let 6 = %, Ty = 0, then

|
—

n

V(1,V/0T,) — V(0,0) = {V((z’ +1)8,VoT41) — V(id, \/ETZ.)}

~
Il
o

3
—

{ [V((i +1)6,V6Tir) — V (i, \/STM)}

0

+ [V 6. VoTis0) - Vo, Vo) }
S (e
=0

<.
I

with, by Taylor’s expansion,
V(i5, V/3T,)5 + %aﬁxvua, VOT,)Y2 16 + 0,V (i6,\/3T,)Yis1 /3
= (&V(ié, VoT)s + %aﬁxm(s, VOT) X2 10 + 0,V (i5,VoT)) z+1\/5)
+ <%a§zvu5, VOT) (Y2, — X21)8 + 8,V (i6,VoT;) (Vi1 — Xm)\/S)

_qi i
=Js1+ Js9,

Ii = / 1 [aV((z’ + B)3,V6Ti11) — 8,V (i, x/STm)} dps

0

+ [0V (@6, VTi10) — 0,V (05, V5T 6
/ / V(i8, V3T, + 7Y VB) — 02,V (i5, VET) | 1B Y215
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Therefore,
n—1 n—1
Bl Jé@] =" (Eliall + NN < EIV(1,VOT,)] - V(0,0)
=0 i=0
<B|Y s+ Y (B07520+ EOTD) (3.19)
=0 =0

For I}, since both 8;V and 02,V are uniformly $-holder continuous in ¢ and a-hélder

continuous in z on [0, 1] x R, then we have
151 < OO 5 (1 [Yiga|™ + [Yiga ).

From (B2), we have

— 1+§ n—1 .
Z [172]] <C<n> (1+E|m+1| ]+E[m+1|2+a]) —0 as n— oo.
i= =0
Thus
n—1
. - 7 o
lim Z; E(|1;] = 0. (3.20)

For J; |, from the conditions (i) and (i) we have
E [amvua, VOT) X 5} -y [—amV(w, VoT) X V3| = 0.

We then combine the above equality with (3.17) as well as the condition (i), it follows
that

ElJi | =E {atm(s, VOT;) + %a‘ﬁ’ V(i8,VoT) X2y ]
= B{ov s, \/_T)6+5 [(02,V/(i6, VOT)*52,, — (92, V(i6,VOT) 0%, | }
< E{atV(ié, VT + g [(agmvua, VOT)) Y2 — (92, V(i6, \/STi))—gﬂ }
gE (2, (18, VBT))* (32,1 = ) = (92, V(i6.VOT)) (22, — )]

l\DlO«;l\.‘)lO«) +

2|02,V (i0, VAT * (32, = 7%) — (92,V (16, VOT) ™ (e%y — 2?)]

|02, v (o,

Since 92,V is uniformly a-hélder continuous in z and < 5-holder continuous in ¢ on
[0,1] x R, it follows that

E [ 82V (ié, \/STZ.)

)] (|72~ 7] + la2hs — %))

| < lo2.v0,0)+ B |2,

(16 \/_T) v (0, O)H
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<o (1+1i]? + B [|Vor, :

C(LHM2+<[

by Holder’s inequality and (B3). So we have

1) ><c

B[] < €8 ([o7e1 = 7°| + et — ).

By the condition (iii), it follows that

n—1 _
; 1
E Z*&l] Z J51 < HZ |Uz+1_0 ‘+|Uz+1 D—)O as n — oo.
i=0 i=0

Similarly,

n —
K ZJ§,1] >—C %Z |012+1—52‘+|Q12+1—g2‘)—>0 as n — 00.
i= i=0

Thus _
n—1 )
lim E > Jia| =0 (3.21)
=0 i

For J§72, in a similar manner as above, we have
2|
By the conditions (i), (iv), (B1) and Stolz theorem,

LN ”zf{é £ e

= =0

(i6,VoT)|| < C.

[—

1| BIIXE, - Y25

V (i, V/6T;)

} E[|Xiy1 — Yiga]] \/3}

<C- ZE[ 2 —(i+1)) ]+C—Z [ Xit1 — Yigal]

<Cc- ZsupE[(Xk (i+1)"]+C Z X, - Vi) —

i—0 k=1

as n — oo.
Then combining (3.19), (3.20) and (3.21), it follows that

lim E{ (1 Vo, )} V(0,0). (3.22)

n— o0

Additionally, it is obvious that if ¢ € Cp 1;p(R), ie., |p(z) — ¢(y)| < Clz — y|, then
for each t,s € [0,1 + h] and = € R,

V(t,a) - V(s,2)| < CEI€[lV/E—s] < CV/]E— sl (3.23)
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In particular,

[V(0,0) = V(h,0)| < CVh. (3.24)
Combining (3.18), (3.23), with (3.24), we have
[ Jﬁj] w@nF{Eﬁ/@+hﬁﬁﬂQ}—vmmﬂ
<|E[v (1 +h, \/ng)} _E [v (1, \/ETn)] ‘
Elv (1,vor1,)] - (,MPﬂWQW—VwﬂM
<20Vh + }E {V (1, x/STn)} — V(0,0)‘ .

From (3.22), we obtain

lim sup ‘E [ (\/ng)} - E[gp(&)]‘ < 20Vh.

n—oo

So (3.16) is proved.
By the Lipschitz continuity of ¢ and (B1), we have

()b () Eorn oo e
o Jm B lo(S2)| < Bl e G ®.

The rest of the proof is very similar to that of Theorem 3.5 in [19] and so it is
omitted. O

Theorem 3.4. Under the conditions of Theorem 3.3, then if y is a point at which

v 18 continuous, we have

. Sh ~
Jim v ( T S y) u(y), (3.25)
and if y is a point at which V is continuous, we have
im V([ 2m <) = () (3.26)

where v(y) = Gifelg Ep [I{f(} OsdBSSy}}’ Viy) = Z’gg Ep [I{fol 05d35§y}}’

{Bt}t>0 is a 1 — dimensional Brownian motion under probability measure P,
© = {{0,}1>0 : 0, is Fi-adapted process such that ¢ < 0, <G},
Fi:=0{Bs:0<s<t}VN, N is the collection of P-null subsets.

The proof is similar to the proof of Theorem 3.1 in [12] and so it is omitted.
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