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ABSTRACT: In this paper, we study the portfolio optimization problem under an
extended Heston stochastic volatility model. By using asymptotic analysis technique,
we are able to derive approximations of the optimal value function and the optimal
strategy. We give an explicit asymptotic approximation of the optimal strategy for the
case of hyperbolic absolute risk aversion utility functions and prove that the leading
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the optimal value function.
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1. INTRODUCTION

The portfolio optimization problem was originally introduced and studied in continuous-
time setting in the seminal papers by Merton, [6] and [7], where an investor has to
choose how to invest between stocks and a money market account so that the ex-
pected utility of investment wealth is maximized. The problem is known to have
explicit solutions when the stocks are assumed to follow the Black-Scholes model

with constant returns and constant volatilities and the utility function modeling the
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investors preference is of certain types, for example, Constant Relative Risk Aversion
(CRRA). Based on these pioneering papers, several authors have introduced more
realistic and complicated market models. Typical examples are stochastic volatility
models. In these models, the assumption of constant returns and constant volatilities
of the Black-Scholes model has been relaxed by allowing the returns and the volatili-
ties of underlying assets to evolve stochastically over time. [8] considered a one-factor
stochastic volatility model where the drift and volatility terms of the asset price is
driven by a diffusion process correlated with the geometric Brownian motion. Using a
viscosity solution technique, she was able to derive explicit expressions for the optimal
value function and for the optimal investment strategy under an appropriate assump-
tion of the model parameters. [5] studied the case of the Heston stochastic volatility
model and derived a closed-form solution for the CRRA utility function under the
assumption that the market price of risk is a linear function of the volatility. [2] pro-
vided an explicit solution within a particular one-factor stochastic volatility model.
A recent paper [4] considered the portfolio optimization problem under an extended
Black-Scholes model where the coefficients of the risky asset are driven by two factors,
one of which is fast mean-reverting and the other is slow varying. There, approximate
solutions to the optimal value function and the optimal strategy for general utility
functions were derived by using asymptotic analysis techniques. Specifically, with a
combination of singular and regular perturbations with respect to the small parame-
ters characterizing the two factors, they showed that the optimal value function and
the optimal strategy could be approximated by the Merton formula plus the correc-
tion terms given in terms of derivatives of the Merton formula itself. In this study,
we extend the results of [5] by adding a fast mean reverting factor to the Heston
model and construct approximate solutions by using asymptotic analysis developed
in [4]. We suppose that an investor manages his or her initial wealth by investing in
a financial market consisting of a risky asset and a risk-free asset. The price B; of

the risk-free asset at time ¢ follows the ordinary differential equation (ODE):

dBt = TBtdt, (1)

where r > 0 is a constant interest rate. The price S; at time ¢ of the risky asset is

described by the following stochastic differential equations (SDEs):

dS; = (Y, Zy)Sidt + f(Yi)\/ Z:SidWy, (2)
Ao = Dt Loy, (3)

dZt = /@(9 - Zt)dt + o/ thWtz, (4)
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where W*, WY and W* are correlated Brownian motions in a filtered probability space

(Q, Fo Fi, P) with correlation structure given by

d<W5, Wy>t = psydt,
d<Wsa Wz>t = pszdta
d(WY, W=, = p,.d.

The correlation coefficients psy, ps. and p,. are constants in (—1, 1) satisfying pzy +
P2+ piz — 2psyPszPy> < 1, so that the covariance matrix of the Brownian motions is
guaranteed to be positive definite. Here, f(Y;)y/Z; is the volatility of the underlying
asset driven by two diffusion processes Y; and Z;. The process Z; is a Cox-Ingersoll-
Ross (CIR) process, where 6 is the long run mean, x is the rate of mean reversion, and
o is the the volatility of volatility. The parameters k,0 and o are positive constants
and required to satisfy the Feller condition 2x6 > o2 to ensure that the process Z; is
always positive starting with Zy > 0. We will specify assumptions on the coefficients

w(y, z), f(y),a(y) and B(y) of our model later.
We assume the process Y; given in (3) satisfies

d (1
v, £y,
where the notation < means equality in distribution and Yt(l) is an ergodic diffusion
process with unique invariant distribution denoted by ®. Then, by its construction
in (3), Y; also has unique invariant distribution ® and is a fast mean-reverting pro-
cess when the parameter € is small. We denote the average with respect to @ for a

measurable function g by
) = [ awe) 5)

We observe that in the case that f(y) = 1 and p(y, z) = p(z) is independent of y,
our model reduces the Heston stochastic volatility model considered by [5]. Note also
that when B(y) = m —y and a(y) = v/2v, with m and v constant, the model becomes
the generalized Heston model considered in [3] for an option pricing problem. So,
we may call the stochastic dynamic system (2)-(4) the extended Heston stochastic
volatility model.

At time ¢ € [0,T], the investor allocates the fraction 7; of the wealth in the risky
asset and the rest is invested in the risk-free asset. Then, the wealth process X;
associated with 7(-) satisfies the following SDE:

dX; = X, (r + (,u(Yt, Zy) — r))dt + 1 f (YO Ze X dWY (6)

with initial wealth Xy = x > 0. We assume that all coefficients of the above SDEs are
Fi—progressively measurable and that the SDEs (2)-(4) and (6) have unique strong
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solutions. As demonstrated in [5], existence and uniqueness of the CIR process Z; in

(4) is ensured by the so-called Yamada and Watanabe conditions. Also, the conditions

T T
| nvizojde+ | [ 17200 21t <,
0 0

and

T T
/ \m(1(Yy, Zy) —r)|dt + E / |72 f2(Y;) Ze|dt | < oo
0 0

guarantee existence and uniqueness of strong solutions for (2) and (6), respectively.
The control function 7(+) is said to be admissible if it is F;—progressively measurable,

satisfies

E

T
/ ﬂffz(}ﬁ)Ztthdt] < o0,
0

and is such that the above assumption for all processes is satisfied. We denote the set
of all admissible strategies by A.
As in [5], we assume an unbounded market price of risk in our model. More

specifically, assuming that (Y%, Zt) — r = po(Y:)Z:, the market price of risk ¢; is of

_ p(Ye, Zy) = po(Ya) _
¢ =vE f(Yt)JZ.—A(Yt)JZT, (7)

where \(y) is a function that is bounded and bounded away from zero. The particular

the form

form of f(y) does not play an important role in our asymptotic results derived later.
So, we just assume that it is bounded away from zero, that is, there exists a constant
[ such that |f(y)| > 1> 0.

The main contribution of the present work is that we can treat the portfolio
optimization within the above extended Heston model for the hyperbolic absolute risk
aversion (HARA) utility functions that include the CRRA and the constant absolute
risk aversion (CARA) types. As our market model can be viewed as a fast mean-
reverting correction to the Heston model, the optimization problem will be solved
by using a singular perturbation method. The resulting asymptotic approximations
to the optimal value function and the optimal strategy are obtained in closed-form,
which is our main result extending the study of [5].

The remaining structure of this paper is as follows. In Section 2, we formulate
our portfolio optimization problem and derive the associated HJB equation. In Sec-
tion 3, we employ asymptotic analysis method to obtain an explicit approximation
to the optimal value function for the HARA utility functions. In Section 4, we use
the asymptotic approximation for the optimal value function derived in Section 3 to
compute the first order correction to the optimal investment strategy, which consists
of the leading order and the first order correction terms. And we show that the lead-

ing order term of the optimal strategy can recover the optimal value function up to
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the first order correction. Section 5 concludes and suggests future research plans.
In Appendix, we review some background results on the Heston model and give the

proofs to all theorems.

2. MODEL FORMULATION

In our market model, the investor is assumed to have a utility function U(x) of the
HARA type, which includes power, exponential and logarithm utility functions. For
a fixed parameter ¢, we denote by X;'", ¢ € [0, T)] the solution of (6) corresponding to
the strategy =(:).

The objective of the investor is to maximize the expected utility from terminal
wealth

sup E [U(X7)],
TeA

where U(z) is the HARA utility function defined by

U = =2 ({2 +0) (®)

pg \1-p

with ¢ > 0,p < 1,p# 1 and % +n > 0. To this end, we employ stochastic dynamic
programming approach (cf.[1]). We begin by defining the value function corresponding

to the strategy m(-) by
Ver(t,z,y,z) = E[UXP)|X] =2,Y, =y, Z, = 2] ()

for all (t,r,y, z) € [0, T]xR3. Here, E[X|A] is the conditional expectation of a random
variable X given an event A. Then, we define the optimal value function V¢(¢, z, vy, z)
by
Vs(t,:c,y,z) = SUEE [U(X%”XZT = ‘T7Y; =Y, Zy = Z} .
TE

Therefore, the associated Hamilton-Jacobi-Bellman (HJB) equation for V€ is given
by

1
Ve + EEOVE + Vi + 50— 2)VE+ 5072V

1 1
+7ePro W)V + sup 5™ W)=V,

w0 (Jaln)VE + peaa OV + a0V ) | =0 (10)

fort € 0,T7), z € RT, y € R and z € RT, with the terminal condition

VAT, z,y,z)=U(z). (11)
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Here, L is the infinitesimal operator of the process Y (1) defined by

1 02 0
Lo=-a*(y)= + —. 12
0= 50%W) 5z + B 5 (12
As 7 appears in (10) as a quadratic expression, the maximizer, known as the optimal

strategy, is given in the following feedback form:

)‘(y)vwe + pszo-Vzez + ﬁpsya(y)vmey

T (t,x,y,2) = — 13
( ) )V, ()
Substituting this optimal strategy into (10) yields
1 1
Vi + EEOVE +raVi+ k(0 —2)VS+ 50221/; + %pyzaa(y)z‘/;z
2
2 (MWVE + o0V, + L)V, )
- Vel Yy, (14)

2Ve,

Assumption 1. We assume that the optimal value function V(¢ z,y, z) is strictly
increasing, strictly concave in z for each ¢ € [0,T),y € R and z € RT, and is suffi-
ciently smooth on the domain [0,7] x Rt x R x RT. We also assume that it is the

unique solution for the HJB equation (10) with terminal condition (11).

We note that for small e the fully nonlinear PDE (14) is a singular perturba-
tion around the portfolio optimization problem under the Heston model with an
unbounded market price of risk considered in [5]. Hence, it is difficult to obtain the
optimal value function either analytically or numerically in general setting. Instead,
we will employ an asymptotic analysis as developed in [4] to construct an approximate

solution as shown in the following section.

3. ASYMPTOTIC ANALYSIS

We now perform asymptotic analysis as developed in [4] to obtain an approximation
to the value function satisfying (14) with terminal condition (11). We begin by

expanding the optimal value function in powers of /e:
Ve=VO 4 /ev D 4 ev® .. (15)

Substituting the expansion (15) into (14) and grouping terms in successive powers of
€, at the terms in e~ we have

2
. (Vi)
2Ly V(O — ipiyoﬂ(y)zT =0. (16)
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Since all terms of the operator Ly in (12) take derivatives in y, we choose V(O to be
independent of y so that the equation (16) is satisfied. It follows from this choice that
Vy(o) = 0, and then the expansion of (14) up to the order /€ is given by

1
VO 4 e ® 42z, (ﬁv(l) LV 4 ﬁv<3>)
1z (VO + VeV D) + 50 — 2) (VO + VeV

1
+§O’22’ (VZ(S) + \/a/z(zl)) + Pyzga(y)z(vy(zl) + \@Vy(?))

2 (A(y) (V0 + VeV + poeo (VIO + VeV D)

2
(1)
1
(1) (2) e -
Hence, we see from (17) that the only one term in e~ 2 leads to

LoV =o. (18)

By the definition of £, V") must be independent of 3 (otherwise, V1) would grow
as much as e¥’/2 as y — 00). Using the fact that V(© and V(1) are independent of ,

the constant terms in (17) lead to
1
Vt(o) + 2LV 472V 4 k(0 — 2)V O + 50221/;2)

2
z(A(y) 0 4 pszUVr(S))
- 5 =0. (19)
2Vew

Viewing (19) as a Poisson equation for V() in y, the centering condition on the source

term is given by

1
<Vt(0) + 72V + k(0 — 2)VO 4 5022'1/;2)

2
AWV + praVi?) > O

(20)
2V,9)
where < . > is the averaging operator defined in (5). Then it follows that
(%)’
1 1~ z
V;(O) + 72V 4+ k(6 — 2)VO + §U2ZVZ(£) - §A2ZW
Trr
2
vy (vi?)
—Per TN FE 2 g2 L — (), (21)

o
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where we used the fact that V(?) is independent of y and the notation A = (\) and
A= (A?). From (15), the terminal condition for (21) is given as

VT, 2, 2) = Ulx). (22)

Observe that when A(y) = A, a constant, the nonlinear PDE (21) is the HIB
equation corresponding to the Heston model studied by [5], where its solution is
reviewed in Appendix A. There, explicit solutions for the HARA utility functions
(including the power and the exponential utility functions) are derived. We recall
that [5] derived explicit solutions for only the power utility function.

The following theorem contains the explicit formula of V(©) that satisfies the PDE
(21) with terminal condition (22) for the HARA utility function, where its proof is
given in a similar way as in Appendix A.

Theorem 2. For the HARA utility function U(zx) given in (8), the PDE (21) with

the terminal condition (22) has an explicit solution

VO (¢ 2,2) = I_J(Lxer(:r—t) i 77>peA(t)+B(t)z7 (23)
pg N —p

where the functions A(t) and B(t) are given as in the following cases:
e Case 1: A > 0.
K0

At) = W <(KJ —Tps.oX+ \/Z) (T —1)

1— ge(T—t)\/Z
—2In|[ ———— , 24

B(t) — Kk —Tpsol+ VA [ 1—eVAT-1) (25)
2 (141p2,) \1-geV2r0 )
e Case 2: A=0and TK +1 > 0.
K0

—21n(1+K(T—t))), (26)

2K? T—1t
B(t) = ( ) . (27)

) 0.2(1+Fpgz) 1+K(T—t)

Here, we define A, g, K and T" by

A = K2 —TD(26psz0\+ 0202) +T2p2 o2 (5\2 - 5\2),
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K — Fpszaj\ + VA

7= R—Fpszajx- VA’
K = S(s—Tpeod),
r = %. (28)
Remark 3. [(1)]
1. We can easily see from (23) that V() satisfies
VO (t,z,2) = BV O(t,z,2) (29)

for all (t,z,z) € [0,7] x RT™ x R*. This relation leads to the possibility to
explicitly derive the first order correction term V) in terms of V(©) which is

the main result of this paper.

(0)
2. From (23), we observe that the ratio % does not depend on z, and so we
denote -
V" (t,2,2)

R(t,z) = — =127
Véﬁi) (t,z,2)

(30)
Before continuing our asymptotic analysis, we define the differential operators D
by
j i )
and the linear operator L, (A1, A2) by
82

0 9 o 1
Ltz2(A1,A2) = 5 Tt K0 — Z)E + 5022@

+ ()\% + pszO')\gB(t)) ZD1

1
+5 (A? + 2p5.00B(t) + p2,0°B%(t)) 2Dy
13}
+ps.0 (A2 + ps20B(t)) 2Dy 5 (32)
Then, by using of (29) direct computation shows that the equation (21) can be written

as
Loz (AMNVO = 0. (33)

Similarly, we can rewrite (19) as
LoV + Lea: (M), M)V =0. (34)

Then it follows from (33) and (34) that

ﬂoV(Q) = _% (Act,Lz ()‘(y>7 )‘(y)) - ‘Ct@’z (5\’ 5\)) V(O)' <35>
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Hence, up to a constant in y, we choose
@_ _Lpa _ ) ) ©
VE = L5 (Lo (AW AD) = Lra (A X))V, (36)

where L 'is the inverse operator of L.
Now, we proceed asymptotic analysis to derive the first order term V(). By using
(29), the terms in /e of the expanded PDE (17) lead to

1
2LV + VY 42V © 4 k(6 — 2) VD + 5022‘/2(2)

+pyzoa(y)2VyD +

2 )
) vy

2 ()
S | O+ puso B0 (V]

“2(\W) + pz0 BO) VO (AL + poo VD

+ouay)VR) | =o0. (37)

Then using (30) and (31), we can write (37) as
LoV + Lya (M) AWV + 2Ly V) =0, (38)

where the operator £, , . is defined by

82

Layz= pyzm(y)ry 9, T Psya(y) (A(y) + pszJB(t)) R

82
0x0y’

(39)

Viewing (38) as a Poisson equation for V(®) in y, the centering condition requires that
(L1 @AMV +2L0,:V ) =0,
Since V(1) does not depend on v, the equation above can written as
Lin-(AANVO = fz<£r,yyzv<2>>. (40)
Substituting V), given by (36) , into this equation yields
Liw-AWNVE = AV O, (41)

where A := 2 <cx’y,zgﬁgl (ﬁm,z(A(y), AY)) = Lo (N, X)) >
Now, we explicitly compute the source term of (41). To do this, we introduce two

functions ¢ and 1 that satisfy the following Poisson equations

Looty) = 5 (V) -3, (42)
Lovly) = Aw) -~ X (13)



HESTON’S STOCHASTIC VOLATILITY MODEL 341

By observing from (23) that D,V () =TV where I is defined in (28), we have

%E(?l (;(/\2@) —\?)

.o BOK) - ) )20V )

= T (Lo bV ) + oz BT (L 0 () V)
= Z<pSyF2F3 +ol (pyzFl + psypst(Fl + Fy)) B(t)

+Pszo2r(pyz + psypst)F2B2(t)>V(0)v (44)

AVO = z<£m7y,z

where the constants F; are defined by

= {(ag'), (45)

F = ('), (46)

F3 = {(a)g), (47)

Fy = (aX). (48)
From the expansion (15), the PDE (41) has the terminal condition

VT, 2, 2) = 0. (49)

Up to now, we have shown that the first order term V() satisfies the linear
PDE (41) with the terminal condition (49). In the following theorem, we derive
an explicit expression for V) in terms of V(©) for the first time, which is the main
result of this study.

Theorem 4. The linear PDE (41) with terminal condition (49) has a solution of
the form
VO (t,x,2) = (KBg1(t) + ga(t)2) VO (t, 2, 2), (50)

where V) is given in Theorem 2, and g,(t) and ga(t) are defined in the following
cases:

o Case 1: A > 0.

a(t) = —(codolt) + c1Ji(t) + caJa2(t)), (51)
g2 (t) = - (Colo(t) + 61[1 (t) + Cz[g (t)), (52)
-1+ (1 - 2g\/Z(T —t) — g2)e\/Z(T7t) + 9262\/Z(T7t)

I(t) = , (53)

VA(1 - gevsr-n)’

-1+ (1 — 14+ gVAT —1t)— g)e‘/Z(Tft) + ge2VAT—1)
L(t) = S . (54)
\/A(l — ge\/Z(T*t))
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IL(t) =

Jo(2)

Ji(t)

Jao(t)

Cco =

C1

C2

e Case 2

= PszU2F(pyz + psypst)F2 <

J.-H. YOON AND S. VENG

—1 — 2V/A(T — t)eVAT=1) 4 2VA(T-1)
2
\/Z(l - ge\/Z(T—t))

L4 g+ VAT 1) = (14 g = VAg(T —1))eVAT—D

A(l— ge*/Z(T*t))

2+ VAT —t) — (2 — VA(T — 1))eV2T-D
- A(1— geVAT-0) ’

1+ g+VAYT — 1) = (149 — (2= g)VAg(T —1))eVATD

Ag(1 - ge‘/Z(T—t))
(L—g?  (L-geV2
Ag? 1—g
psyF2F37

+

K — Fpszo;\ + VA
o? (1 + Fpiz) 7
_ 2
Kk —Tpso0\ + VA
02(1 + FPEZ)

ol <pyzF1 + psypst(Fl + F4)> <

cA=0and TK +1>0.

T 31+ KT 1)

(T —t)?(3+ K(T —1))

6(1+ K(T —1t))
(T —t)°

T 61+ K(T—1)

—6(T —t) —3K(T —t)?+ K*(T —-t)> 1

6K3(1+ K(T —1t)) K

= psyFQFSa

+ —In(1+K(T 1)),



HESTON’S STOCHASTIC VOLATILITY MODEL 343

(/i — FpSZUS\)2
202 (1 + Fpgz)

(m——praA)2>2 )
202 (1 + szz) .

&1 = 0T (pyFi + poypouT(Fy + Fi)) : (71)

Ccy = pszUQF(pyz + psypst) F2 (
Here, F1, Fy, F3 and Fy are given by (45),(46),(47) and (48), respectively. A, g, K
and I' are defined as in Theorem 2.

Proof. See Appendix B. O

4. OPTIMAL STRATEGY

Since we have derived the first two terms V() and V(! for the optimal value function
in the previous section, we can proceed to derive an asymptotic approximation to the
optimal strategy 7* given by (13). Like the case of the optimal value function, we

look for the optimal strategy 7* of the form
=m0 4 er*®W per@ 4. (73)

and only the expressions for 7*(9) and 7*(1) will be derived.

Substituting the expansion (15) for V¢ into (13) gives
mo= - lMy) (Vi + VeV + poser (VIO + VeV D)

(1)

1 :

— |1 - \/EVQ(JS) + -
zV, Viz

HVepsya(y) Vi

= (My) + psz0B(1))

Ve
F)avi”
+pSZO'D1VZ(1) - psya(y) (¢/(y)

(A(y) + ps20B(t)) DaVE + \(y) D, VY

Here, we have used the fact that VZ(O) = B(t)V(O). Using the explicit expressions
of V(© and V() given respectively in Theorem 2 and Theorem 4 and the fact that
DoV (© = —D, V() we have the following asymptotic result for the optimal strategy.



344 J.-H. YOON AND S. VENG

Theorem 5. The first order correction of the optimal strategy 7 (t,x,y, z) is

% :W*(O) _’_\/g,ﬂ*(l)7

where
24(0) :L o g ner(t_T)
qf(y) ()\(y) + Psz B(t)) (1 —p + x ) ’ (75)
w1 ) , ¢ nerD
7 =5 (psz00a(t) = Tpayaly) (6 (9) + Pz o BOW' () (1 > @ ) '

Now, we claim that the leading order term of the optimal strategy can recover the

optimal value function up to the first order correction as given in following theorem.

Theorem 6. The suboptimal strategy 7 given by (75) recovers the approzimation
up to the first order,
VO 4 ﬁv(ﬂ)

of the optimal value function V() (t,x,y,2) given in Section 3. More specifically, if
we denote Vo™ the value function corresponding to the strategy 7™ and assume

that it has expansion

*(0) *(0)

ver —yT ,(0) + \/EVTF*(O)7(1) + 6‘/7"*(0)7(2) + o

then it follows that
Vﬂ_*(o)’(o) _ V(O), and V’T*(O)’(l) _ V(l),
where VO and V) are defined in Theorem 2 and Theorem 4, respectively.

Proof. See Appendix C. O

5. CONCLUSION

In this paper, we studied the optimization problem under an extended Heston model
in which a fast mean-reverting volatility factor is added on top of the CIR process that
drives the volatility in the pure Heston stochastic volatility model. Using asymptotic
analysis, we were able to derive explicit approximations for the optimal value function
and the optimal investment strategy up to the first order correction term for the
HARA utility functions. This study extends the results of [5] in the sense that the
Heston model is brought into a multi-scale model. Tt also extends the results of [4]
as the Black-Scholes model is replaced by the Heston model in the case of the HARA
utility functions.



HESTON’S STOCHASTIC VOLATILITY MODEL 345

The accuracy of our asymptotic approximation will be treated in a future work,
which is in preparation. Another research plan is to consider the same problem under
a more general model in which one additional slow varying factor of volatility is

incorporated to the current market model.

A. A PORTFOLIO PROBLEM UNDER HESTON MODEL

In order to continue our asymptotic analysis in Section 3, we recall some basic results
of the portfolio problem under the Heston stochastic volatility model, which is the
case that f(y) = 1 and pu(y,z) = p(z) is independent of y in our model (2)-(4),
and was studied by [5] for the case of power utility functions. Here, we consider the
HARA utility functions U(z) defined in (8), which also cover the case of power and
exponential utility functions.

In this case, the optimal strategy, denoted by 73 (¢, z, 2), is given by

AVIH + pszJVr}zI

itz z) = VH ,
rx

(76)
where VH (¢, 2) is the corresponding optimal value function satisfying the following
PDE

2
H H g1l o om Z(/\V’”H + pSZUV£>
Vit +raVy + k(0 - 2)V7 + 29 2V — Sy =0, (77)

VH(T, z,2) = U(x). (78)

We suppose that the solution V# to the nonlinear PDE problem (77)-(78) is of the

form

1;1’( g
pg \l—p
with terminal conditions a(7) = 1 and h(T, z) = 1. Substituting this solution into
(77) yields

Vi (ta,z) = za(t) + 1) h(t, ),

1-— P 1 2(Ah + psroh,)?
ﬁ(l Ep:ﬂa(t) + 77) (ht + k(0 — 2)h, + 5022hzz + 1 fp ( Qph ) )

+<1 sza(t) + n)p_l (ar + ra(t))xh = 0. (79)

We can split this equation into two equations

a; +ra(t) =0, (80)
L5 p Z()\h+Psz0hz)2
_ - =0. 1
ht + k(0 Z)hz—l—QO' zhy, + - o 0 (81)
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Taking into account the terminal condition a(7T") = 1, the solution of (80) is given by
a(t) = e (T,

We assume that the PDE (81) with terminal condition h(7,z) = 1 has a solution of
the form

h(t,z) = eAO+T2BO) (82)

where A(T) = 0 and B(T') = 0. Plugging (82) into (81) leads to

p (A +peoB(1)’

Ar+ Bz + k(0 — 2)B(t) + 102232(15) +

P 1—p 2 =0
This equation is separable, and we can split it into the following ODEs

A+ KkOB(t) =0, (83)

A(T) =0, (84)

o? p P 2%
By + —(14+ ——p% ) B%(t —SZA—)Bt — =

v G (L T ) BP0 + ([T pmoh = 8) BO+ 57— =0, ()
B(T) =0. (86)

Note that %2(1 + ﬁpiz) > 0 since p < 1. Then, the equations (85)-(86) can be
solved explicitly as follows. Let

Ay = KQ—IL(Z/{pSZJ/\+02/\2),
-p
/{—&psza)\—l—\/AH
g = /ﬁ—ﬁpsza)\—\/AH’
1 P
KH = 5(/{ - ﬂpgza’)\)

Then, we have

e Case 1: Ay >0 (or,/\<§(—psz+,/pzz+1pp)>.

Alt) = ”9) ((n oA+ VAR )T - 1)

02(1 + 15502 b

1 _ gHe(T—t)\/AH
—21In ,
1—gn

K= %psza)\ + \/E 1— 6m(T_t)
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alm

e Case 2: Ag =0 <or,)\:

(—mﬁW)) and TKp +1> 0.

K0 P
At) = ((/{ — psz0N) (T — )
o2 (1 + ﬁpiz) L=p
1 P
—21n (1 + i(li — ﬂpszU)\)(T — t))),
B(t) = (k= t25pe00)” ( Tt )
92052 (1 + ﬁpgz) 14+ 4(k— %ppsza)\) (T —1t)

Therefore, the optimal value is given by

H l-p q " A(+=B
Vite,z) = — za(t)+n ) eAOTBO)
pg \l-p

where the functions A(t) and B(t) are defined as above cases. Then, from (76) the

optimal strategy 7j; is given by

(A + ps-0B(1)) (ﬁxeT(T*t) +n)
qrerT—0) :

T =

Observe that as p — —oo and n = 1, the HARA utility function U(z) in (8)
converges to an exponential (CARA) utility function

1 ..
Ue:cp(x) = _76_%7 q> 0.
q
In this case, we suppose the solution for (77) is of the form
H L _ za(t)
V3t z) = ——e ®4%h(t, 2).
q

Then, direct substitution leads to

at +ra =0,
1 Ah + pszoh.)?
by + K(0 = 2)hz + 50°2hss - % = 0. (87)

Observe that (87) is the limit of (81) as p — —oo. Therefore, all formulas above
for HARA utility functions are also valid for the exponential utility functions when

letting p — —o0.
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B. PROOF OF THEOREM 6

Now, we try to find the solution V(1) of the PDE (41) with the terminal condition (49)
of the form
VO (t,z,2) = (Ko@gl(t) + gg(t)z) VO(t, 2, 2) (88)

with ¢1(T) = 0 and ¢2(7") = 0. Substituting (88) into (41) and using (29) and (33)
yields

KOg) + 295 + k(0 — 2)ga(t) + 0% 2B(t)ga(t) + ps.oT (5\ + pszaB(t))zgg(t) =

z <psyF2F3 +ol (pyzFl + psyps-I'(F1 —I—F4)) B(t) +PSZU2F(Pyz —|—psypszr)F232(t)> ,

(89)
where B(t) is defined as in Theorem 2.
Therefore, (89) is separable in z and we can split it into two ODEs
9at) = —g(t), (90)
95(t) +alt)g2(t) = b(t), (91)
where
a(t) = o*(14p2.T)B(t) + (ps.0 AT — k), (92)
B(t) = poyT2Fs+ 0T (pyePi + poypo:T(Fy + Fi) ) B()
+pSZO'2F(pyZ + psypst)FgBZ(t). (93)

Note that the ODE (91) with terminal condition go(7") = 0 is a Riccati equation with
constant coefficients, which can be solved explicitly using the integral factor method.
Let w(t) be the integral factor defined by

T

U)(t) — e I a(s)ds’

which leads to

g(t) = - / T s, (94)
t
Therefore, we study in two cases as follows:
e Case 1: A >0.
By making use of (92), (83) and (24), direct computation gives

—aeVA(T —s)
/ L 1—ge
w(s) e A(s—t)+21n I,QEVZ(T—t)
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By writing b(t) in (93) as
) N 1 — VAT N 1 — eVA(T-1) 2
=cto|——m"r—— | —————
R geVA(T—1) 2\ geVAT=1) | 7
with ¢g, ¢; and cg given by (59), (60) and (61) respectively, it follows from (94) and
(90) that

g2(t) =

at) =

4(%%m+mﬂﬂw+@b@», (95)
(

—%%@+qh@+@b@» (96)

where the functions Ioy(t), I1(t), I2(t), Jo(t), J1(t) and Ja(t) are defined by

VAT
IL(t) = / eVA(s—1) 1 — geVAT=s) ds
1-— ge\ﬁ(T t) ’
Y (e geVAT=9) (1 — eVAT—9))
Li(t) = e 5 ds,
(1- geﬂ(ﬁt))
VA(T—s
L(t) = / R bt Y
1— ge\ﬁ(T t)

Ji(t) = /Ii(s)ds, 1=0,1,2.
t

By direct computation, we can easily see that Io(t), I1(t), I2(t), Jo(t), J1(t) and Ja(t)
are explicitly given by (53), (54), (55), (56), (57) and (58) respectively. Therefore,
g2(t) and ¢ (¢t) are given by (52) and (51), respectively.

e Case 2: A=0and TK +1 > 0.

Similar to Case 1, a series of straightforward calculations leads to

143 (n—pszoAT) (T —5)

w(s) 2ln 1+%(m—p5203\F)(T7t)

=€

Then (94) is equivalent to

nlt) = | (%) bs)ds. (o7

where K = £ (k — Ips.0)). We can write b(t) in (93) as

2
b(t)*_+_L+_ L
TOTY Y RT -y T A\1v KT -0 )
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where the constants ¢y, ¢ and ¢ are defined by (70),(71) and (72), respectively. Then,
it follows from (97) and (90) that
gz (t) = — (E()]T(](t) + Eljl (t) + EQ.ZTQ (t)), (98)
a1(t) = —(Codo(t) +arJi(t) + E2a(t)), (99)

where the functions Iy, I1, I5(t), Jo(t), Ji(t) and Jo are defined by

Again, direct computation shows that Iy(t), I1(t), I(t), Jo(t), J1(t) and Jo(t) are ex-
plicitly given by (64),(65),(66),(67),(68) and (69), respectively. Therefore,it follows
that go(t) and ¢, (¢) are given by (63) and (62), respectively.

C. PROOF OF THEOREM 7?7
To simplify the symbol, we denote V =ve™ and write its expansion as

V=vVO 4V 4 V@ .. (100)
Then, V satisfies the following linear PDE

~ ~ - - 1 .~
Vi +raV, + f,COV + k(0 —2)V, + 5022‘/zz
€

1 ~ 1, on2 =
+—zpyz0a(y)2Vy: + 5 (70) F2 (y) 227 Vs

7

47022 (MO, + pra0 f0) Ve + 200 W)o0) V) =0 (101)

with the terminal condition

V(T,z,y,z) =U(x). (102)

Note that PDE (101) is (10) in which 7*() is chosen as the strategy. This holds since,
by definition, V is the value function associated with the strategy 7*(?). Using (75),



HESTON’S STOCHASTIC VOLATILITY MODEL 351

we can rewrite (101) as

p _
TeLowsV =0, (103)

where the operators L ; - ()\1, /\2) and L, , . are defined by (32) and (39), respectively.

fcov + Lo (AY), ANw)V +

Substituting the expansion (100) in (103) and collecting successive powers of /e, the
terms in ¢! lead to
LoVO = 0. (104)

Then we choose V(© to be independent of y. The terms in et give
LoV =0, (105)

due to the y—independence of 1288 Similarly, v s independent of y. At the

constant terms in €, we have
LoV® + Lya s (M) AV =0, (106)
This is a Poisson equation for V@ in y, whose centering condition requires that
(Lt (M) AWV 0.

Since V(@ does not depend on y, it follows that

Liw. ANV =0, (107)
Expanding the terminal condition (102), we obtain

VT, 2, 2) = U(x).

Then we have V(© = 7/ (©),
The terms in /€ give

2LV 4+ Ly (M), X)) VD + 2L, . VE =0. (108)
Viewing (108) as a Poisson equation for V® in 1y, the centering condition is given by
(Loaz N AD) VD + 2L, V) =0,
Since V() is independent of y, it follows that
Lin-(ANVD =2 <cx,y Z17<2>> . (109)

From (106) and (107), we have

LV = _é (’ct,x,z (A®).AW)) = L. (5\’ 5\>)‘7(0)
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= —% (»Ct,x,z ()\(y)a )\(y)) — ’Ct,x,z (5\7 5\)) V().

This is the Poisson equation (35), so we can choose f/(Z)(t7 z,y,2) =V (t,x,y,2) +

c(t, z, z), for some function ¢ independent of y. When applying £, ,, . on V@, ¢ does

not play a role and then the equation (109) is exactly the equation (40), which implies
that V(1) = V() This completes the proof.
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