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ABSTRACT: In this paper, we study the following periodic boundary value prob-

lem of fourth-order ordinary differential equation

ul () + au” (1) — ptu(t) + Af(t,u(t)) =0, t € [0,27],
u(0) = D (2n), i =0,1,2,3,

where a and p are constants satisfying p # 0 and 4a + 16p* < 1, and A > 0 is a
parameter. By imposing some conditions on the nonlinear term f, we obtain the
existence and multiplicity of positive solutions to the above problem for suitable A.

The main tool used is Guo-Krasnoselskii fixed point theorem.
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1. INTRODUCTION

Boundary value problems (BVPs for short) of fourth-order ordinary differential equa-
tions have received much attention due to their striking applications to engineering,
physics, material mechanics and fluid mechanics (see [1], [2], [3], [4], [5], [6], [7], [8],
[9], [10], [11] and the references therein). However, in the existing literature, most
of the boundary conditions were separated or the second derivative term of unknown
function (i.e., bending term) was not included in the discussed equation. For example,
in 1995, by applying Guo-Krasnoselskii fixed point theorem, Ma and Wang (see [2])
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established some existence results of positive solutions for the BVP consisting of the

fourth-order equation without bending term

Y _ ) fly(e)) = 0

dxt

and the separated boundary conditions

y(0) =y (1) =y"(0) =y (1) = 0.

In 2003, Li (see [3]) studied the existence of positive solutions for the BVP formed
by the fourth-order equation with bending term

ul(t) + u”(t) — ault) = f(t,u(t))
and the separated boundary conditions
u(0) = u(1) = v (0) = u"(1) = 0.

The main tool used was the fixed point index theory.

It is worth mentioning that, in 2011, by using the theory of the fixed point index
in cones, Li (see [8]) obtained the existence of at least one positive solution for the
periodic BVP (PBVP for short) consisting of the fourth-order equation with bending

term
ul(t) = Bu'" () + au(t) = f(t,u(t),u"(t))
and the periodic boundary conditions

u(0) = (1), i =0,1,2,3,

where 0 < a < (§+27r2)2,ﬂ>—27r2 and %+%+1>0.
In 2015, Pei and Chang (see [11]) considered the existence of positive solutions for

the PBVP formed by the fourth-order equation without bending term
u® (1) — ptu(t) + Af(t,u(t)) =0, t €[0,27]
and the periodic boundary conditions
uD(0) = u(27), i =0,1,2,3,

where p € (0, ) was a constant and A > 0 was a parameter. Their main tool was the

Guo-Krasnoselskii fixed point theorem.
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Motivated greatly by the above-mentioned works, in this paper, we consider the
existence and multiplicity of positive solutions for the following PBVP consisting of

the fourth-order equation with bending term and periodic boundary conditions

{ ul () + au” (1) — phu(t) + Af(t,u(t)) =0, t € [0,27], "

uP(0) = P (27), i =0,1,2,3.
Throughout this paper, we always assume that o and p are constants satisfying p # 0
and 4o + 16p* < 1, f € C([0,27] x [0,4+0),[0,+00)) and A > 0 is a parameter.

Obviously, the problem in [11] is a special case of the PBVP (1). Moreover, if we let

a =0, then p € (—%, 0) U (0, %), which is different from the restriction in [11].

2. PRELIMINARIES

For convenience, we denote
Vaz+4pt 4+« Va2 +4pt —«
Al = f and A2 = f

Since p # 0 and 4a + 16p* < 1, it is easy to know that 0 < A; < % and As > 0.
Let
u”(t) + Aqu(t) = z(t), t € [0,27).

Then it is not difficult to verify that the PBVP (1) is equivalent to the PBVP

, 2
— " (t) + Asx(t) = Af (t, ; H(t,s)x(s)ds) , t€[0,2m], @)
+D(0) = 29 (2n), i = 0,1,
where
sin (\/A_l(s - t)) +
sin (\/A_1(27r +t— s)) ,
0<t<s<2m,
1
%) = 5 0 = cos (2v/A)) | ®)

Lemma 1. H(t,s) defined by (3) has the following properties:
(1) H(t,s) >0, (t,s) €[0,2n] x [0, 27];

(2) [7TH(t,s)ds = =, t € [0,2q].
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Proof. (1) Since the proof of the case when 0 < s < ¢ < 27 is similar, we only prove
the case when 0 <t < s <27 Let 0 <t < s <27. Then in view of 0 < VA7 < 5
and —5 < Ai(7m+1t—s) <, we have

sin (VAi(s —t)) + sin (VA (27 + ¢ — 5))

H(t, ) = 2v/ A1 (1= cos (2/Ar))

_ sin (VA1) cos (VAL (T +t— s))
VAL (1 — cos (2\/14_17r))
~ cos (VAi(m+1—s))
2/ Aj sin (\/A_lﬂ')
> 0.
(2) For any ¢ € [0, 27,
" H(t,s)ds

- fot sin (VAL(t — s)) + sin (VAL (27 + s — 1)) ds+
N 2v/A; (1 = cos (2¢/Ai7))
ft% sin (VAi(s —t)) + sin (VAL (27 +t — s)) ds
2V/A; (1 = cos (2v/A1m))
1 — cos (2\/14_177)
Ay (1= cos (2v/ArT))

O

Lemma 2. If the PBVP (2) has a positive solution, then the PBVP (1) has also a

positive solution.

Proof. Suppose that z is a positive solution of the PBVP (2). Let

u(t) = " H(t,s)x(s)ds, t €0,2m].
0

Then it follows from (1) of Lemma 1 that u is a positive solution of the PBVP (1). O

Lemma 3. For any y € C[0,2x], the PBVP

— 2" (t) + Az (t) = y(t), t € [0,27],
2@ (0) = 29 (2n), i =0,1

has a unique solution

2w
x(t) = ; G(t,s)y(s)ds, t € [0,27],
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where
e\/A72(27r+tfs) +e\/A72(sft)’

0<t<s < 2m,
1

G(t,s) = Dy (VA — 1)

e\/A_2(27T+S—t) + e\/A_2(t—S) ,

0<s<t<on
Proof. In view of the equation in (4), we can suppose that

2(t) = Oy (t)eV ™2 + Cy(t)e vV A2! ¢ € [0,2n].

So,
o' (t) = Cf (t)eV 2! 4+ /Ay Oy (t)eV 2!+
Ch(t)e VAt — \[A,C(t)e VA2t ¢ e [0,27].
If we let
Cl(t)eV 2t 4 Ch(t)e VA2t = 0, t € [0, 27],
then
2/ (1) = VAL C1 (t)eV A2t — /Ay Cy(t)e VA2t t e [0, 27]

and

2 (t) = /A, CL(t)eV A2t + Ay Cy (t)eV A2t —
VASCh(t)e VA2t 4 AyCy(t)e= VA2 ¢ e [0, 2n).

Therefore, it follows from the equation in (4), (6) and (8) that
—VALC ()eVA2t 4 /AL Cy(t)e VA2 = y(1), t € [0,27].

By (7) and (9), we get

o e~ VAzt o VA2t
So,
t — s
Ci(t) = C1(0) — M
2/A; ’
Oo(t) = C(0) 4 o @S o
- —) ) Tr b
2 2 NI
and so,

z(t) = C1(0)eV 42t 4 Cy(0)e VA2t -

641
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fot [e\/“TZ(t*S) — em(s’t)]y(s)ds
2v/Ag

which together with the boundary conditions in (4) implies that

, te o2,

- fo% eVA2(2m=9)y (5)ds

27 2(s—2m
01(0) = o e ()
! 2/ Ay (e2VA2m — 1)

W N

Therefore,
27 T+t—s s—
sy ST ey (s)ds
2¢/Ag(e2vVAzm — 1)

fg[em(t’s) — e*/‘T?(S*t)]y(s)ds
2v/Ag
27

= G(t,s)y(s)ds, t € [0,2m7].
0

Lemma 4. G(t,s) defined by (5) has the following property:

VAo 2V Asm

e e +1

0<m:= < G(ts
VAg(e2VA2m — 1) — (t9)

(t,s) €[0,27] x [0, 27].

< : M,
T 2/ Ay (e2VAm 1)

Proof. Since the proof of the case when 0 < s <t < 27 is similar, we only prove the
case when 0 <t <s<2m. Let 0 <t <s<2r. Then

VA2 (2mtt—s) 4 oVAz(s—t)
2/ Ay (e2V A>T — 1)

G(t,s) =
Define
eVA2(2m—z) | oVAze
2/ Ay (e2VA2m — 1)

Then it is easy to verify that g(x) is decreasing on [0, 7] and monotonically increasing
n [, 27|, which together with g(7) = m and ¢(0) = g(27) = M shows that

g(z) = , x € [0,27].

m < g(x) < M, z €0,2n].
In view of 0 <t < s < 2w, we have 0 < s — t < 2m. So,

m < G(t,s) =g(s—1t) <M.

Let C[0,27] be equipped with the maximum norm and

K ={zeC[0,2n] : 2(t) > 0, t € [0, QW],trﬁig ]x (t) > ollz|| },
€

)



POSITIVE SOLUTIONS 643

f:ﬂ < 1. Then K is a cone in Banach space C10, 27].
e 2741

Now, we define an operator T’ as follow:

where 0 < 0 =

(Thx)(t)

27
=\ G(t,s)f (s, H(S,T)a:(T)dT) ds, r € K, t €0,27].
0 0

Obviously, if = is a nontrivial fixed point of T3, then x is a positive solution of the
PBVP (2).

Lemma 5. T): K — K is completely continuous.

Proof. For any x € K, by Lemma 4, we know that

2

0< @) =x [ Glt.s)f <

0

ng H(s, T)x(T)dT> ds

2 27
< M)\/ f <s, H(s,T)x(T)dT> ds, t € [0,2mn],
0 0
S0,
2 2m
(| Thz] < M)\/ f (s, H(s,7)x(7)d7) ds,
0 0

which together with Lemma 4 shows that

2

(Tha)(t) = A G(t,s)f (s, ; ! H(s,T)a:(T)dT) ds

0
2m 2m
> m/\/ f (s, H(s,T)a:(T)dT) ds
0 0
> D
= o||Toxll, t €10, 2n],

and so,

in (T t) > o||Thz||.
min (T30) (1) > | Taa

This indicates that T\ (K) C K. Moreover, it follows from Arzela-Ascoli theorem that
T\ : K — K is completely continuous. O

Lemma 6. (Guo-Krasnoselskii fived point theorem (see [12], [13])) Let X be a
Banach space and K be a cone in X. Assume that Q1 and o are bounded open
subsets of X with 0 € Qy, Q1 C Qo, and let T : K N (Qy \ Q1) — K be a completely
continuous operator such that either

(1) [|[Tz]| < ||z]|, x € KN, and || Tx|| > ||z||, x € K NONs; or

(2) [|[Tx|| > ||z||, x € KN, and | Tx|| < ||z]|, x € K NONs.
Then T has a fized point in K N (Q2 '\ Q1).
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In the remainder of this paper, for any constant ¢ > 0, we define
Q. ={z € C0,27] : ||z| < c}.

Lemma 7. Let c> 0 be a constant. Then for any x € K N0,

2w
oc ¢
— < H(s,m)x(t)dr < —, s € [0,2n].
T [ Aene@r< 4 se .2
Proof. It is easy to prove from the definition of K and Lemma 1. O

3. MAIN RESULTS

For convenience, we denote

fO =limsup max M, fo =liminf min f(t,u) ,
u—s0+ t€[0,27] U u—01 t€[0,27] U
J(t,u) F(t,u)

f° =limsup max ——=, fo = liminf min ,
u—+oo t€[0,27] U u—+00 t€[0,27] U

0, fO#0and f~ #0,
io=1. 1, fO=0and f* #0, or f%#0and f* =0,
2, fP=f>=0,

07 f07é+oo and foo?é—’_ooa
loo = 4 1, fo =400 and foo # 400, or fy # 400 and foo = +00,
27 fQ:foo:+OO

Theorem 8. Assume that ig # 0 and there exist [a,b] C [0,27] and r > 0 such that

ft,u) >0 for (t,u) € [a,b] x [%, ). Then there exists A\* > 0 such that the PBVP

(1) has at least iy positive solution(s) for any X\ > \*.

Proof. Let
. alr r
mo = min{f(t,u) : (t,u) € [a,b] x [Z2, 2-]}. (10)
Ay Ay
Obviously, mg > 0.
Choose \* = m. In what follows, for any A > A\*, we prove that the PBVP

(1) has at least i¢ positive solution(s). Since ig # 0, we divide the proof into two
cases:

Case 1: ig = 1. At this time, fO =0 and f> #0, or f* # 0 and f>* = 0.

(i) f©=0and f> #0:
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Since f9 = 0, there exists r1 € (0,07) such that

Ay 1
2 —.
ft,u) < S (t,u) € [0,27] x (0, Al]
For any x € K N 9%, in view of Lemma 7, we have
27
0< 2 < H(s,m)z(r)dr < 7“_1, s €10,2n],
Ay 0 Ay
so, by (11) and (12), we get
27 Al 27
H d H d
f (s, ; (s,7)z(7) T) < 3 J, (s,m)x(T)dr
!
< — 2
< Sy & €027,

and so, it follows from Lemma 4 and (13) that

27

2m
(Thax)(t) = A G(t,s)f (s, ; H(S,T)a:(T)dT) ds

0
2T 2m
< M)\/ f (s, H(s,T)a:(T)dT) ds
0 0
<r = ”xHa le [0727T]7

which indicates that
Tz < ||z]|, = € KNIKX,,.
On the other hand, for any x € K N 9., in view of Lemma 7, we have

2 2 or r

— < H(s,7)x(r)dr < — < —, s € [0, 27|,
L [ A < < s e 2]

so, by (10) and (15), we get

f (s, " H(S,T)a:(T)dT) > mo, $ € [a,b],
0

and so, it follows from Lemma 4 and (16) that

27

(Thz)(t) = A Gw@fG,

0

2m
; H(s,T)x(T)dT) ds

> mA /%f (s, 7 H(s,T)x(T)dT) ds

0 0
b 27
>mA | f (s, H(s,r)x(r)dr) ds
a 0
> mAmg(b— a)
> mA*mo(b — a)

=r>or=|z|, t€l0,2n],

645

(12)

(13)

(16)
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which indicates that
1Tzl > ||z]|, = € K NOQyy. (17)

Therefore, it follows from Lemma 6, (14) and (17) that Ty has a fixed point z; € K
satisfying

r1 < ||z1]] < or.

This shows that x; is a positive solution of the PBVP (2). By Lemma 2, we know
that uq(t) = 0% H(t,s)x1(s)ds, t € [0,27] is a positive solution of the PBVP (1).
(ii) f9# 0 and f> = 0:
Since f*° = 0, there exists 19 € (r, +00) such that

AL ) € [0,27] x [ 22 4o00). (18)

fltu) < g3 A

For any x € K N 9%, in view of Lemma 7, we have

a2 < " H(s,7)x(r)dr < T—Q, s € [0, 27, (19)
A1 0 Al
so, by (18) and (19), we get
f (s, 277 H(s,r)x(r)dr) < A " H(s,7)x(r)dr
S 27_:%7 s E [0727T]7 (20)

and so, it follows from Lemma 4 and (20) that

2m

2
(Thax)(t) = A G(t,s)f (s, H(S,T)a:(T)dT) ds
0 0

27 2

< M)\/ f (s, H(S,T)a:(T)dT) ds
0 0

<re=|z|, t€]0,2n],

which indicates that
[Tzl < ||z, z € K NOQ,,. (21)

On the other hand, for any x € K N 9%, in view of Lemma 7, we have

o’r  or 2

<—Z< H(s,7)z(r)dr

—_— s € 0,27, 22
T<1</ 0.2 (22)

r
< D
=4
so, by (10) and (22), we get

f (s, ; WH(S,T)J)(T)dT) > my, s € [a,b], (23)
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and so, it follows from Lemma 4 and (23) that

27

27
@) = [ Ges)f (5 0 H(S,T)a:(r)dr) ds
> mA /0 T (s, 0% H(S,T)x(f)df) ds

b 2
Zm/\/ ! (s, ; H(s,r)x(r)dr) ds

> mAmg(b— a)
> mA*mo(b — a)
=r=|lzl|, t €[0,2n],
which indicates that
| Tyz]] > ||z||, = € K NOQ,. (24)
Therefore, it follows from Lemma 6, (21) and (24) that T has a fixed point zg € K
satisfying
r < ||x2]] < ra.
This shows that x5 is a positive solution of the PBVP (2). By Lemma 2, we know
that ug(t) = 0277 H(t,s)xa(s)ds, t € [0,27] is a positive solution of the PBVP (1).
Case 2: ig = 2. At this time, f0 = f> = 0.
First, it follows from the proof of Case 1 that there exist z; € K (i = 1,2) such
that

r1 < x| < or <r < |a2| < re2 (25)
and wu;(t) = OQW H(t,s)x;(s)ds, t € [0,27] (1 = 1,2) are positive solutions of the
PBVP (1).

Next, we prove that uy and us are two different positive solutions of the PBVP
(1).
In fact, by Lemma 1 and (25), we get
27
lzll _ or ol
uy(t) = H(t,s)x1(s)ds < —_—<
(0= [ Ao < G < G < 2
27
< H(t,s)xa(s)ds = ua(t), t € [0, 27].

0
This shows that u; and ug are two different positive solutions of the PBVP (1). O

Theorem 9. If iy # 0, then there exists \** > 0 such that the PBVP (1) has at
least iso positive solution(s) for any 0 < XA < \**.

Proof. Let v > 0 be given and

N . oy
Mo =1+ max{f(t,u) : (t,u) € [0, 27] x [Z5, -]} (26)
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Choose \** = 77 In what follows, for any 0 < A < A**, we prove that the

2w M Mg *

PBVP (1) has at least i positive solution(s). Since io # 0, we divide the proof into

two cases:

Case 1: i = 1. At this time, fy = 400 and foo # 400, or fy # 400 and

foo = +o00.
(i) fo = +00 and fu £ +o00:
Since fy = 400, there exists y; € (0,07y) such that

F(t,u) > A, (t,u) € [0,27] x (0, L1].

2rmo TA
For any x € K N 0S2,,, in view of Lemma 7, we have
oy 27 %
0<—L< H(s,7)z(t)dr < -~ s €[0,2n],
1 0 Ay
so, by (27) and (28), we get
2m Al 2m
f (s, ; H(s,r)x(r)dr) > 5 ; H(s,7)x(r)dr
8!
2
= 2mm\’ s € [0,2n],

and so, it follows from Lemma 4 and (29) that

2m

(Thz)(t) = A Gw@fG,

0

OQW H(s, T)x(T)dT) ds

2m 2m

> m)\/ f (s, H(s,7)x(7)d7) ds
0 0

> = ”xHa le [0727T]7

which indicates that

| Taz|| > ||lz]|, x € K NOQ,.

On the other hand, for any € K N 0, in view of Lemma 7, we have

A T o A A_l

so, by (26) and (31), we get

f (s, " H(S,T)a:(T)dT) < My, s €10,2n],
0

(28)

(29)
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and so, it follows from Lemma 4 and (32) that

27

Tty =x [ Gt.s)f (

0

2m
; H(s,T)x(T)dT) ds

2T 2m

< M)\/ f (s, H(s,T)x(T)dT) ds
0 0

< 2rMAM,

S 27TM)\**M0

=ovy=|z|, t€][0,2n],

which indicates that
IThz|| < ||lz]l, x € K NOQpy.

649

(33)

Therefore, it follows from Lemma 6, (30) and (33) that T has a fixed point z; € K

satisfying
N <zl <oy

This shows that z7 is a positive solution of the PBVP (2). By Lemma 2, we know
that uq(t) = 0277 H(t,s)x1(s)ds, t € ]0,2n] is a positive solution of the PBVP (1).

(ii) fo # +oo and foo = +00:
Since foo = 400, there exists y2 € (7, +00) such that

fltu) > —2L g (t,u)E[O,ZW]X[%,—l—oo).

2rmo 1

For any = € K N0f1,,, in view of Lemma 7, we have

27
a72
< H(s,7)x(r)dr < —=, s € |0,27],
< [ aGnear < 3 sepon

so, by (34) and (35), we get

Al 2m
2rmo J

Y2
e 0,2
= 2rmM\’ s €10, 27,

! (s, 0277 H(s,r)x(r)dr) > H(s,m)z(T)dr

and so, it follows from Lemma 4 and (36) that

2 2m
(Thx)(t) = A G(t,s)f (s, H(S,T)a:(T)dT) ds
0 0
2m 2m
> m/\/0 f (s, ; H(S,T)a:(T)dT) ds
> vo = ||z|, t €]0,27],

which indicates that
| Thz|| > |lz]|, « € K NOQy,.

(35)

(36)

(37)
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On the other hand, for any € K N 9d€1,, in view of Lemma 7, we have

o’y oy _ [*T v
— < —< H(s,7)x(r)dr < —, s €0, 27|, 38
2<% < [T a1 se o] )
so, by (26) and (38), we get
27
f (s, H(s,T)x(T)dT) < My, s €]0,2m7], (39)
0

and so, it follows from Lemma 4 and (39) that
2

2m
(Thx)(t) = A G(t,s)f (s, ; H(s,T)a:(T)dT) ds

’ 2 2m
< M)\/ f (s, H(s,T)a:(T)dT) ds
0 0

< 2 M AM,
<2 M N M,
=oy <7 ==z, t€[0,2n],
which indicates that
ITaz|| < ||z]|, z € K NOQ,. (40)
Therefore, it follows from Lemma 6, (37) and (40) that Ty has a fixed point zg € K
satisfying
v < 2]l <7
This shows that x5 is a positive solution of the PBVP (2). By Lemma 2, we know
that ug(t) = 0% H(t,s)xa(s)ds, t € ]0,2n] is a positive solution of the PBVP (1).
Case 2: i = 2. At this time, fo = foo = +00.
First, it follows from the proof of Case 1 that there exist x; € K (i = 1,2) such
that

N <zl <ov <7 <@l <12 (41)
and u;(t) = OQW H(t,s)x;(s)ds, t € [0,27] (i = 1,2) are positive solutions of the
PBVP (1).

Next, we prove that uy and us are two different positive solutions of the PBVP
(1).
In fact, by Lemma 1 and (41), we get
27
[zl _ oy _ ol
uy(t) = H(t,s)x1(s)ds < —_— < —
(0= [ H e < 1 < T < A
27
< H(t,s)za(s)ds = ua(t), t € [0,2n7].
0

This shows that u; and wus are two different positive solutions of the PBVP (1).
O
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