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1. INTRODUCTION

The concept of almost automorphy is an important generalization of the classical

almost periodicity. It was introduced by S. Bochner [4, 5], for more details about
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this topics we refer the reader to [9, 22, 23]. In recent years, the existence of al-
most periodic and almost automorphic solutions on different kinds of determinis-
tic differential equations have been considerably investigated in lots of publications
[1, 3, 11, 12, 21, 20, 24, 34, 35, 36] because of their significance and applications
in physics, mechanics and mathematical biology. Recently, Diagana [10] presented
the notion of SP-pseudo almost automorphy(or generalized Stepanov-like pseudo al-
most automorphy), which generalizes the well-known concept of SP-pseudo almost
automorphy.

Stochastic differential equations arise in the mathematical modeling of many phe-
nomena in real world problems (see [2, 18, 19, 25, 26, 27, 28, 30, 31, 33, 37]). More
recently, Fu and Liu [14] generalized the almost automorphic theory from the de-
terministic version to the stochastic one and studied the square-mean almost auto-
morphic mild solution for the stochastic differential equations. Chen and Lin [7, 8]
investigated the existence, uniqueness and stability of the square-mean (weighted)
pseudo almost automorphic solutions for some stochastic differential equations via
the Banach fixed point theorem and the stochastic analysis techniques. Chang et al
[6, 32] investigated the existence of S2-almost automorphic and S2-weighted pseudo
almost automorphic mild solutions for a stochastic differential equation in a real sep-
arable Hilbert space with the help of composition theorems together with fixed point
theorems. As far as we know, however, there have been very few applicable results on
Sg—weighted pseudo almost automorphy for stochastic processes compared with the
concept in [10] in deterministic sense.

From above mentioned works, in this paper we introduce a concept of Sg—weighted
pseudo almost automorphy for stochastic processes and investigate some basic proper-
ties such as completeness of spaces, ergodic and composition theorems of Sg—weighted
pseudo almost automorphic stochastic processes. Finally, by virtue of theories of
evolution systems, fading phase spaces for infinite delay and the stochastic analysis
techniques, we establish the existence and uniqueness results of weighted pseudo al-
most automorphic solutions in distribution to a class of non-autonomous stochastic

neutral differential equations with infinite delay in the abstract form
dlu(t) + f(t,ur)] = [A(t)u(t) + g(t, u)|dt + o(t, ur)dW (t),t € R, (1.1)

where A(t) : D(A(t)) C L?*(P,H) — L*(P,H) is a family of densely defined closed lin-
ear operators satisfying the Acquistapace-Terrani conditions, the coefficients f,g,0 :
R x B — L?(P,H) are appropriate functions, B is a uniform fading memory phase
space defined in the next section. Also, the history u; : (—o0o,0] — L?(P,H), defined
by ut(0) = u(t 4 0) for each 6 € (—o0,0]. Further, W (t) is a two-sided standard one
dimensional Brownian motion defined on the filtered probability space (2, F, (F3), P)
where Fy = o{W(u) — W(v);u,v < t}.
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The rest of this paper is organized as follows. In Section 2, we present some basic
definitions, lemmas and preliminary facts. In Section 3, we introduce the concept
of S?Y—weighted pseudo almost automorphy for stochastic processes and prove some
fundamental properties of such stochastic processes. In Section 4, we investigate the
existence and uniqueness results of weighted pseudo almost automorphic solutions in

distribution to the Eq (1.1) with Sg—weighted pseudo almost automorphic coefficients.

2. PRELIMINARIES

In this section, we fix some basic definitions, lemmas and preliminary facts which
will be used in the sequel. Throughout the paper, we assume that (H, || - |, (-,-)) and
(K, || -, (-, -)x) are two real and separable Hilbert spaces, (2, F, (F), P) is supposed
to be a probability space and L?(P,H) stands for the space of all H-valued random
variables x such that El|z||* = [, [z]|*dP < cc. Note that L*(P,H) is a Hilbert space
when it is equipped with the norm ||z||y = (E||z[2?)2. Let £(K,H) be the space of all
bounded linear operators from K to H and this is denoted by £(H) when K = H.

We let C(R, L?(P,H)) (respectively, C'(R x L?(P,H), L?(P,H))) denote the collec-
tion of all continuous stochastic processes from R into L?(P,H) (respectively, the col-
lection of all jointly continuous stochastic processes from R x L?(P, H) into L?(P, H)).
Furthermore, BC(R, L?(P,H)) (respectively, BC(R x L?(P,H), L*(P,H)) stands for
the class of all bounded continuous stochastic processes from R into L?(P,H) (re-
spectively, the class of all jointly bounded continuous stochastic processes from R x
L?(P,H) into L?*(P,H). Note that BC(R, L?(P,H)) is a Banach space with the sup
norm

1
lzlloo = sup(El(£)]*)?.
teR
A Brownian motion plays a key role in the construction of stochastic integrals.

Definition 2.1. A (standard one-dimensional) Brownian motion is a continuous
adapted real-valued process (W(t), ¢t > 0) such that

(il)  W(t) — W(s) is independent of .Z for all 0 < s < ¢;
(iii)  W(t) — W(s) is N(0,t — s)-distributed for all 0 < s <.
Note that the Brownian motion W has the following properties:

(a) W has independent increments, that is, for ¢; < to < -+ < t,, W(t1) —
W(0), W(ta) — W(t1),... W(tn) — W(t,—1) are independent random variables;
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(b) W has stationary increments, that is, W (t+s)— W (t) has the same distribution
as W(s) — W(0).

Definition 2.2. [25] Let V = V(S,T) be the class of functions f(t,w) : [0,00) x Q —
R such that

(1) (t,w) = f(t,w) is B x F-measurable, where Z denotes the Borel o-algebra on
[0, 00).

(i) f(t,w) is Fi-adapted.
(i) [ T f(t,w)%u] < .

Definition 2.3. [25] Let f € V(S,T). Then the It integral of f (from S to T) is
defined by

/S f(t,w)dW;(w) = lim fn(t,w)dWi(w)  (limit in L*(P)),

n—oo S

where f, is a sequence of elementary functions such that

E

/T(f(t,w) - fn(t,w))2dt] —0 asn — oo,

S

and W; is one-dimensional Brownian motion. Moreover, we have the following It6

isometry, for all f € V(S,T),
T
/ fQ(t,w)dt] .
s

E ( /S f(t,w)th(w)> —E

Definition 2.4. [14] A stochastic process = : R — L?(P,H) is said to be stochasti-
cally continuous if

. - 2
limEla(r) — a(s)> = 0.

Definition 2.5. [14] A stochastically continuous stochastic process x : R — L2 (P, H)
is said to be square-mean almost automorphic if for every sequence of real numbers
there exists a subsequence {s,} and a stochastic process y : R — L?(P,H) such that

lim E|x(t + s,) — y(t)||2 =0 and lim E|y(t — sn) — x(t)||2 =0,
n— o0 n— o0

hold for each ¢ € R. The collection of all square-mean almost automorphic stochastic
processes x : R — L%(P,H) is denoted by AA(R, L?(P,H)).

Definition 2.6. [14] A stochastic process f : R x L*(P,H) — L?(P,H), (t,x) —

f(t,z), which is jointly continuous, is said to be square-mean almost automorphic in
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t € R for each x € L?(P,H) if for every sequence of real numbers {s/ }, there exists a
subsequence {s,} and a stochastic process f : R x L?(P,H) — L?(P,H) such that

lim E”f(t + S’mx) - f(tax)|‘2 =0, hHm EH.]?(t - Snvx) - f(t,x)||2 =0,
for each t € R and each # € L?(P,H). The collection of such process is denoted by

AA(R x L2(P,H), L*(P, H)).

Lemma 2.1. [14] (AA(R, L*(P,H)),| - ||~) is a Banach space when it is equipped
with the norm || - ||« , for z € AA(R, L?(P, H)).

Let V denote the set of all functions p : R — (0, 00), which are locally integrable
over R such that p > 0 almost everywhere. For a given ¢ > 0 and for each p € V, we

set m(q, p) := [7, p(t)dt.
Thus the space of weights V, is defined by

Voo :={p €V: lim m(q,p) = }.
T—>00
Now for p € Vo, we define a class of stochastic process

PAAO (R7 p)

= {f € BC(R,L*(P,H)) : qlingom(q )

[ Bl o},

PAA(R x L*(P,H), p)

= {f € C(R x L*(P,H), L*(P,H)) : f(-,) is bounded for each

1 q
z e L*(P,H) and lim / E|f(t, z)|? tdtzo}.
(P, H) emian) |-, I1£(t, 2)|I7p(t)

To study issues related to delay terms, we consider the new space of functions defined
for each p > 0 by

PAAO(Rv pvp)

. 1 d
= {reranmp: 1 [ w;ggm<E|f<9>||2>p<t>dt—o},

PAAy(R x L*(P,H), p,p)

= {f € PAAy(R x L*(P,H), p) : f(-,z) is bounded for each

q
€ L*(P,H) and lim / sup (E|f(8,2)|> tdt—O}.
(P) and i e [ s (817021000

In view of the previous definitions it is clear that PAA( (R, p,p) and PAAG(R x
L?(P,H), p, p) are continuously embedded and closed in the PAAg(R, p) and PAAq(Rx
L?(P,H), p), respectively.
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Definition 2.7. [8] Let p € V. A stochastically continuous process f : R —
L?(P,H) is said to be square-mean weighted pseudo almost automorphic provided that
it can be decomposed as f = h+ ¢, where h € AA(R, L?(P,H)) and ¢ € PAAy(R, p).
The collection of all such processes is denoted by WPAA(R, L?(P, H)).

Definition 2.8. [8] Let p € V. A stochastically continuous process f : R x
L?(P,H) — L*(P,H) is said to be square-mean weighted pseudo almost automorphic
in t for any z € L?(P,H) provided that it is decomposed as f = h + ¢, where
h € AA(R x L?*(P,H), L*>(P,H)) and ¢ € PAAy(R x L?(P,H),p). Also denote by
WPAARX L?(P,H), L?(P,H)) the set of all such stochastically continuous processes.

Lemma 2.2. [8] For some p € Vo, PAAo(R, p) may be translation invariant. In

fact, if p satisfies conditions:

t
lim sup pt+7) < oo and lim sup M
PSP )

for every 7 € R, one can validate that PAAy(R, p) may be translation invariant.

Lemma 2.3. [8] WPAA(R, L?(P,H)) equipped with the norm || - ||« becomes a

Banach space if PAAy(R, p) is translation invariant.

Lemma 2.4. [8] Suppose p satisfies the conditions in Lemma 2.2, f(t,2) € WPAA(RX
L?(P,H), L?(P,H)) and there exists a number L > 0 such that for any x,y € L*(P, H),

E|f(t,z) = f(t,y)I> < LE|lz —y|?, teR

Then for any z(-) € WPAA(R, L?(P,H)), then f(-,z(-)) € WPAA(R, L*(P,H)).

From [13] and [19], we define P(H) the space of all Borel probability measures on
H with the 8 metric:

Blum) = sup{‘/fdu—/fdn‘ Nl < 1} s € P(H),

where f are Lipschitz continuous real-valued functions on H with

105z = 11l + 1 oon 11l = sup LD =S Wl

| flloo = sup|f(z)].
TF#Y ||37_?J|| ’ OO z€H

Definition 2.9. [19] An H-valued stochastic process u(t) is said to be almost auto-
morphic in distribution if its law u(t) is a P(H)- valued almost automorphic mapping,
i.e. for every sequence of real numbers {s, }, there exist a subsequence {s,} and a
P(H)- valued mapping fi(¢) such that

Jim B+ ,). (1)) =0 and lim BGI(t — s.). (1) = 0.

hold for each t € R.



STOCHASTIC NEUTRAL FUNCTIONAL EQUATIONS 501

Definition 2.10. [17] An H-valued stochastic process f(t) is said to be weighted
pseudo almost automorphic in distribution with respect to p € Vo, , provided that it

can be decomposed as f = h + ¢, where h is almost automorphic in distribution and
p € PAAY(R, p).

We now introduce positively bi-almost automorphic functions. For that, let T be
the set defined by:
T:={(t,s) eRxR:t>s)}.

Definition 2.11. [10] A stochastically process L : T — L?(P,H) is called positively
square-mean bi-almost automorphic if for every sequence of real numbers (s, )nen, we
can extract a subsequence (s,)nen such that for some stochastic processes H : T —
L%(P,H)

nlLrI;oE|\L(t + 8my 8+ 8n) — H(t,8)|> =0

1Lm E|[H(t — sp,5 —s,) — L(t,s)[|* =0
for each (t, s) € T. The collection of such processes will be denoted by bAA(T, L?( P, H)).

Definition 2.12. [2] The Bochner transform z°(t, s), t € R, s € [0, 1] of a stochastic
process z : R — L?(P,H) is defined by

20(t, s) := x(t + ).

Remark 2.1. (i) A function ¢(¢,s), t € R, s € [0,1], is the Bochner transform of
a certain function f, p(t,s) = fb(t,s), if and only if ¢(t + 7,5 — 7) = ©(t, s) for all
teR,se(0,1] and 7 € [s — 1, s].

(i) Note that if f = h + ¢, then f® = h® + ¢”. Moreover, (\f)? = Af® for each
scalar .

Definition 2.13. [2] The Bochner transform f°(t,s,u), t € R, s € [0,1], u €
L?(P,H) of a stochastic process f : R x L?(P,H) — L*(P,H) is defined by

Fo(ts,u) = f(t+s,u)
for each u € L*(P, H).

Now, we recall the definition of fading memory space (phase space) B axiomatically
presented in [15, 21]. Let B denote the vector space of function x; : (—o0,0] —
L?(P,H), defined as x;(s) = z(t + s) for s € R™, endowed with a seminorm denoted
by || - ||s- A Banach space (B, || - ||z) which consists of such functions ) : (—o0,0] —
L?(P,H), is called a fading memory space, if it satisfies the following axioms.

(ai) If 2 : (—o0,r +a) — L?(P,H) with a > 0, r € R, is continuous on [r, + a) and
x, € B, then for each t € [r,r + a) the following conditions hold:
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(i) ¢ € B,

(i) =)l < Lilzlls,

(i) [zl < sup{G(t — r)la(s)]| : 7 < 5 < £} + N(t =) s,
where L > 0 is a constant, and G, N : [0,00) — [1, 00) are functions such that G(-) and
N(-) are respectively continuous and locally bounded, and L,G, N are independent
of z(-).
(aii) If z(-) is a function as in (ai), then x; is a B valued continuous function on
[r, 7+ a).
(aiil) The space B is complete.
(aiv) If (¢™)nen is a sequence of continuous functions with compact support defined
from (—oo,0] into L?(P,H), which converges to ¢ uniformly on compact subsets of
(—00,0] and if {¢™} is a cauchy sequence in B, then ¢ € B and ¢" — ¢ in B.

Definition 2.14. [21] Let S(¢) : B — B be a Cp semigroup defined by S(t)¢(0) =
¢(0) on [—t,0] and S(t)p(0) = ¢(t + 0) on (—oo, —t]. The phase space B is called a
fading memory space if [|S(t)¢|g — 0 as t — oo for each ¢ € B with ¢(0) = 0.

Also, by axiom (aiv), there exists a constant ® > 0 such that ||¢[|z < Rsup||¢(8)]]
0<0

for every ¢ € B bounded continuous. Moreover, if B is a fading memory, we assume
that maz{G(t), N(t))} < K for t > 0. Further, it should be mentioned that the phase
B is a uniform fading memory space if and only if axiom (aiv) holds, the function G

is bounded and tlim N(t) = 0. For more details please refer the article [21].
— 00

Lemma 2.5. [18] Let  : (—oo,7 + a) — L*(P,H) be an F;-adapted measurable
process such that the Fp-adapted process zo = ¢ € L3(£2, B), then

E|zs|ls < DE[¢ls + SSHEEHCC(S)H,
se

where D = sup{N(¢)} and & = sup{G(¢)}.
teR teR

3. GENERALIZED STEPANOV-LIKE
WPAA STOCHASTIC PROCESSES

In this section, we shall introduce the concept of Sg—weighted pseudo almost automor-
phy for stochastic processes and give some fundamental properties of such stochastic
processes.

Let U denote the collection of all measurable (weighted) functions v : (0,00) —
(0, 00) satisfying

1 1
Yo = Ehi%/ ~v(o)do = /0 v(o)do < . (3.1)
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Moreover, we let Uy, be the collection of all functions v € U, which are differentiable.
Define the set of weights

d
Ut :z{’yEUoo:d—Z>O for all t € (0,00)},
_ dy
U, :z{’yEUOO:E<O for all ¢ e (0,00)}.

In addition to the above, we define the set of weights

Up:={y€U: sup ~(t) < oo}.
te(0,00)

Throughout the rest of the paper, we suppose that v satisfies

inf ~(t) = mg > 0.
teﬁiwﬂ() mo

Definition 3.1. [10] Let u,v € Us. One says that u is equivalent to v and denote
itu%l/,if%EUB.

Remark 3.1. [10] Let p,v,v € Us. Note that p < p (reflexivity). If p < v, then
v < p (symmetry). If p < v and v < 7, then p < v (transitivity). Therefore, < is a
binary equivalence relation on Uy.

We now introduce the space BS%(LQ(P, H)) of all generalized Stepanov spaces as
follows.

Definition 3.2. [10] Let v € U. The space BSZ(L?(P,H)) of all generalized
Stepanov bounded stochastic processes consists of all yds-measurable stochastic pro-
cesses f : R — L?(P,H) such that f* € L>(R, L?(0,1; L?>(P,H),~ds)). This is a
Banach space with the norm

1

s ([ 26— 0BG

teR

1£ls2 ¢

1
2

- (| B+ i )

Definition 3.3. [10] Let v € U. A stochastic process f € BS2(L?(P,H)) is called
S?/—almost automorphic if f* € AA(R,L?(0,1; L*(P,H),~vds)). In other words, a

2
loc

stochastic process f € L; (R, ~ds) is said to be Sﬁ—ahnost automorphic if its Bochner
transform f*: R — L2(0,1; L?(P,H), vds) is square-mean almost automorphic in the
sense that for every sequence of real numbers {s],} there exists a subsequence {s,}

and a stochastic process g € L? (R,~yds) such that

loc

t+1 1
/t V(s = OE|f(s + sn) — g(s)]*ds = /0 V(S)ENf(s+ 1+ sn) = g(s +1)|Pds — 0,
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t+1 1
/t V(s = )Ellg(s — sn) = f(s)]*ds = /0 Y(s)Bllg(s +1t = s0) = f(s + 1) *ds = 0,

as n — oo pointwise on R. The collection of all such processes will be denoted by
AS% (R, L?(P,H)).

Definition 3.4. [10] Let v € U. A process F : R x L?(P,H) — L*(P,H),
(t,x) — F(t,x) with F(-,z) € L} .(R,vds) for each x € L?*(P,H), is said to be
S2-almost automorphic in ¢ € R uniformly in z € L*(P,H) if t — F(t,z) is S2-almost
automorphic for each x € L?(P,H). That means, for every sequence of real numbers

{s!,} there exist a subsequence {s,} and a process G(-,x) € L} (R,~ds) such that

loc

t+1
/ (s —t)E||F (s + sn,x) — G(s,7)||*ds — 0,
¢

t+1
/ (s — ) E|[G(s — $n,7) — F(s,2)|2ds — 0,
t

as n — oo pointwise on R and for each z € L*(P,H). We denote by AS2(R x
L*(P,H), L*(P,
H)) the set of all such processes.

Similarly, as in Ding et al [12], for each K C L?(P,H) compact subset, we denote
by AS,?K(R x L?(P,H), L?>(P,H)) the collection of all functions f € AS,?K(R X
L?(P,H), L?(P,H)) satisfying that for every sequence of real numbers (s’,),en, there
exists a subsequence (s,)neny and a function G : R x L?(P,H) — L*(P,H) with
G(-,z) € L? (R,~ds) such that

loc

1 2
/ ~(s) (supEHF(s—l—t—l—sn,x)—G(s—l—t,x)”) ds — 0,
0 reK

1 2
/ ~(s) (supEHG(s—i—t—sn,x)—F(s—l—t,x)”) ds — 0,
0 rzeK

as n — oo for each t € R.

Lemma 3.1. [10] Let f € AS,%(R x L?(P,H), L?(P,H)) and suppose f is Lipschitz,
that is, there exists L > 0 such that for all x,y € L?(P,H) and t € R

E|f(t,z) = f(t.y)lI* < LE||lz — y|? (3.2)
Then for every K C L?(P,H) a compact subset, the process
f € AS2 (R x L*(P,H), L*(P, H)).

Lemma 3.2.  [10] Suppose ¢ € ASZ(R x L*(P,H),L*(P,H)) such that K =
{p(t) : t € R} C L?(P,H)) is a compact subset. If the process

F e AS2(R x L*(P,H), L*(P,H))
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and satisfies the Lipschitz condition (3.2), then it holds t — F(¢,¢(t)) belongs to
AS2(R x L*(P,H), L*(P, H)).

Let v € U and p € V. We now introduce the new concept of Sﬁ—weighted pseudo

almost automorphy for stochastic processes.

Definition 3.5. A stochastic process f € BS?(L*(P,H)) is called S2-weighted
pseudo almost automorphic if it can be expressed as f = h+y, where h € AS% (R, L?(P,
H)) and ¢® € PAAG(R, L?(0,1; L*(P,H),~ds), p). The collection of such processes
will be denoted by WPAAS2(R, L?(P, H)).

Definition 3.6. A stochastic process F : R x L?(P,H) — L*(P,H), (t,z) —
F(t,z) with F(-,z) € L} (R,~ds) for each 2 € L*(P,H), is said to be S2-weighted
pseudo almost automorphic in ¢ € R uniformly in 2 € L?(P, H) if it can be expressed
as F = H + ®, where H € AS%(R x L*(P,H), L*(P,H)) and ®" € PAAy(R x
L?(P,H), L?(0,1; L?(P,H), vds), p). The collection of such processes will be denoted
by WPAAS%(R x L*(P,H), L*(P,H)).

Lemma 3.3. 1If f € WPAA(R,[2(P,H)), then f € WPAAS2(R, [2(P,H)). In
other words, WPAA(R, L*(P,H)) C WPAAS2(R, L*(P, H)).

Lemma 3.4. Let y,v € U. If v < v, then it holds WPAAS?(R, L*(P,H)) =
W PAAS2(R, (P, H)).

The proofs of the Lemmas 3.3 and 3.4 are straightforward and hence omitted.

Lemma 3.5. If ¢°(-) € PAA(R, L*(0,1; L?(P,H),vds), p) and p satisfies the con-
ditions in Lemma 2.2, then for any 7 € R, it holds that

o"(- =) € PAAY(R, L*(0, 1; L*(P, H), ~ds), p).

Proof. Let ¢°(-) € PAAo(R, L%(0,1; L?(P,H),~ds), p), for the arbitrary 7 € R, one

has
q 0+1
ép>/ <%?pﬂ</‘ 7“—9ﬂﬂ¢@—rﬂ%k>>m0ﬁ

_ < sup ([ A()El(s +0 )] d)) p(t)dt
oet— pt]
- < o / (s)E|¢<s+9>||2ds>>p<t)dt

- / (9;;13 . ( / ) EN6(s + 9>||2ds)> o(t + 7)dt
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q—|7| 1
@/ +r] (ae?t“_p 4 (/o 7<5>Ell¢<s+<9>|2ds)> plt+ 7)dt

pA+T) sup m(q+ |7, p)
p(t) r—o0 m(q, p)

1 a=I7] 1 )
g+l 0) /_qﬂﬂ <eei‘”l,ﬂ (/o W) E|é(s +0)] d)) plt)dt

which implies that

1 q 0+1
li —0)E||p(s —7)||%d dt =
Jim e | (6;;1% < | = 0BG =) s>>p<t>t 0

that is ¢°(- — 7) € PAAy(R, L?(0,1; L?(P, H), vds), p). This completes the proof. [

< lim sup
t—o0

Theorem 3.1. Let v € U and PAA(R, L?(0,1; L?(P,H),vds), p) be translation
invariant. The space WPAAS?(R, L?(P,H)) equipped with the norm || - sz is a
Banach space.

Proof. Let (f)nen be a Cauchy sequence in WPAAS% (R, L?(P,H)). And let (hy)nen,
(¢n)nen be sequences such that f,, = hy,+@,, where (hy, )pen C AS?/ (R, L?(P,H)) and
(@2 )nen C PAAG(R, L2(0,1; L2(P,H), vds), p). Using similar ideas as in the proof of
[35, Lemma 3.1] it can be shown that the following holds

lnllse < I fullsz,

for all n € N. Thus there exists a function h € AS2(R, L*(P,H)) such that ||k, —
h| 52 = 0 as n — oo. Using the previous fact, it easily follows that there exists a
function ¢ € BS2(L?(P,H)) such that |[¢, — ¢lls2 = 0 as n — co. Now, for ¢ > 0,

1 /q (/:HV(S —t)Ellpn(s) — <p(s)||2ds) p(t)dt

m(q, p) J_q

e / < / s - t)Ewn(s)nst) o(t)dt

q

ol + —— w s— s)||?ds
< llgn =l s [ ([ s DBl ) o

Letting ¢ — oo and then n — oo in the previous inequality, it follows that ¢’ €
PAA(R, L?(0,1; L*(P,H),~ds), p). Above all we have f = h + ¢ € WPAAS%(R,
L?(P,H)), which completes the proof. O

we obtain

IA

Next, we prove a useful composition theorem.
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Theorem 3.2. Let F = H+® € WPAASA(R x L2(P,H), L2(P,H)), ¢ = ¢\ + 2 €
WPAAS2(R, L2(P,H)), where H € AS2(Rx L2(P,H), L2(P,H)) and ®* € PAAo(Rx
L*(P,H), L*(0,1; L*(P,H), vds), p), ¢1 € ASZ(R,L*(P,H)), ¢2 € PAA(R, L*(0,1;
L2(P,H),~ds),p). If K = {¢1(t) : t € R} C L?(P,H)) is a compact subset and there
exists a continuous function L (-) : R — [0, 00) such that for all z,y € L?(P, H) and
teR

t+1
/ (s — D E|[F(s,2) — F(s,y)|*ds < Lr(t)E|lz — y|*
t

If for every x* € PAA(R, L?(0,1; L?(P,H), vds), p) such that

1 q
lim sup / sup Lp(0) | p(t)dt < oo, 3.3
r—00 m(va) —q <9€[tp,t] F( )> ( ) ( )
1 q
lim / sup Lp(0) | x(t)p(t)dt = 0. 3.4
e Lo, F(0) ) x(®)p(t) (34)

(I) H(t,z) is uniformly continuous in any bounded subset K’ C L?(P, H) uniformly
for t € R, then F (-, ¢(-)) € WPAAS%(]R, L?(P,H)).

Proof. Since F = H + ®, ¢ = ¢1 + ¢o, where H € AS%(R x L?(P H), L*(P,H)),
LS PAA(R x LQ(P,H),LQ(O,1;L2(P,H),’yds),p), ¢1 € AS,%,(]R, LQ(P,H)), ¢o €
PAAG(R, L*(0,1; L?(P,H),~ds),p) and Q = {1(t) : t € R} is compact. Now the

function F can be decomposed as
F(t, ¢(t)) = H(t, ¢1(t)) + F(t, ¢(t)) — F(t,61(t)) + (¢, d1(t)).
denote
() =H(t, ¢1(t), n(t) =F(t, o)) — Ft,p1(t), @(t) = D(t, ¢1(t)).

Then F(t,¢(t)) = C(t) + n(t) + w(t). Since the function H satisfies the condi-
tion (I) and Q = {¢1(t): ¢t € R} is compact, we have ((t) € ASZ(R,L*(P,H)).
So it is sufficient to prove n°(t) € PAA(R, L?(0,1; L?(P,H),~ds), p) and w’(t) €
PAA(R, L?(0,1; L?(P,H),~ds), p). For p > 0 and ¢ > 0, by using the conditions in

the theorem above, we obtain

m(;, p) /_qq <ae?tu—€;,t] </:+1 V(s = 9>Eln(5)||2d8>> p(t)dt
=t [ (g ([0

<E||F(t, 8(t)) — F(t, ¢1<t>>|2ds))p<t>dt
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q
< ( sup Lp(0)E|p2(0 )Il2> p(t)dt
—q \O€[t—p,t]
q
< ( sup Lp( )( sup (E||¢2<9>|2v<s—9>)>p(t)dt
—q \O€[t—p,t] Oc(t—p,t]
< ( wp Le(h )
0c[t—p,t]

m(q,p) J-
0+1
( sup (/ v(s—e))En@(s)Pds))p(t)dt.
0€t—p,t] [

By using the (3.4), we obtain 7°(t) € PAAy(R, L?(0,1; L3(P,H), vds), p).

Next we prove @’ (t) € PAAo(R, L*(0,1; L?(P,H),~ds), p). Since the function H
satisfies the condition (I), for the arbitrary ¢ > 0, there exists 6 > 0 such that for
each t € R, E|H(t,z) — H(t,T)||? < ¢, whenever E|z — 7||*> < §, where 2,7 € K'.

Furthermore,
t+1
/ (s —t)E||H(s,z) — H(s,T)||?ds < ¢, t€R.
t

Now we fix 1,22, ..., %, € ¢1(R) such that ¢1(R) C U}, Bs(z;, L*(P,H)). Ob-
viously, the set F; = ¢; ' (Bs(z;)) generates an open covering on R, let By = E1,By, =
E\UL, B2 <k<m). Then R =U;-, By and B, B; = @,i # j,1 <i,j <m.
When ¢t € R and ¢;(t) € Bs(z;), it follows that

t+1
/t 7(s — t)Bllw(t) |2ds
t+1

- / (s — OE|B(s, 6 (s))|ds

IA

t+1
/t 2(s — OE|F(s,61(s)) — Fs,;)||ds
t+1
+/t ’y(s—t)EH@(s,xi)szs
t+1
+ / (s — OE|H (s, 61(s)) — H(s, z;)|*ds
! t+1
< Le@®)E|ér(t) — mil® + e+ / V(s — ) B|[ (s, )| ds
t+1
< (Lp(t)+1)e+/t v(s —t)E||®(s,z;)||*ds.

For each ¢ > 0, we obtain

q 0+1
m/ <9e?tup ] (/9 V(s = 9)E|¢(87¢1(5))|2d8>> p(t)dt
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1 n 0+1
< - sup [ sup (/ ~v(s —0)
m(q, p) ;/Bm[—mq] (j:l,...,n oc(t—p,t)nB; \ Jo (

<B%(s,0n(5) s ) | ) ot

1 n 0+1
sup sup / v(s —0)
m(q, p) ; /Bm[q,q] (j:l,...,n |:0€[tp,t]ﬂBJ < 0

KB (5,61(9) = Flsay)|Pads ) | ) ot
1 n 0+1
—0
" m(q, p) Z /Bm[—q,q} (j—le,lP,n [ee[tEE,P;]nBj ( /0 e )

i=1

< H(s.00(5) ~ H(s,27)ds ) | Jotoyi

1 n 0+1
+— / < sup [ sup (/ v(s—0)
m(qa p) ; B;N[—q,q] \j=1,....,nL0€[t—p,tINB; 0

<B0(s,25)ds )| )ty

n

1 q 0+4+1 )
rew /. (9;&] ( | te=0Ee6.) d)) p(t)dt
_r < sup Lp(f)e+ e) p(t)dt.

IN

IN

+
m(q, p) oet—p,t]
From the arbitrary e, it follows that

li ! ! h 0)E| ® 2d t)dt =0
i / ey /9 7(s — O)E| (s, 61 (s)|2ds | | p(t)dt = 0,

which implies that F(-,¢(-)) € WPAAS2(R, L*(P,H)). O

4. WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS IN
DISTRIBUTION

Fix v € U and p € V. This section is devoted to the search of the existence and
uniqueness results of weighted pseudo almost automorphic solutions in distribution
to Eq. (1.1) with Sg—weighted pseudo almost automorphic coefficients. For that, we
assume that the following assumptions hold:

(H1) There exist constants \g > 0, 6 € (§,7), K1, K2 > 0 and 31,32 € (0,1] with
B1 + B2 > 1 such that

2900} € p(AW) =) IR AW) =0l €
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and
ITA(t) = Ao R(A, A(t) = Ao)[R(Xo, A(t)) — R(Xo, A(s))]|| < Kalt — s[7H[A] 7

for t,s € Rand A € ¥y = {\ € C {0}] |argA|] < 0}. Then there exists a unique

evolution family {U (¢, 8)} —co<s<t<oo, Which governs the following linear equation
a'(t) = A(t)z(t), t>s, x(s) =p€X,

where X is a Banach space.

(H2) U(t,s) is an exponentially stable evolution family on L?(P,H), that is, there
exist two numbers M,§ > 0 such that ||U(t,s)|| < Me =) for t > s.

(H3) The function s — A(s)U(t, s) defined from (—o0,t] into £(L?(P,H)) is strongly
measurable and there exists a non-increasing function H : [0,00) — [0,00) with
H € L'(0,00) and a constant w > 0 such that

AU 8)]| < e H(t—3), t>s.

(H4) The function R x R — L*(P,H), (¢,s) — U(t, s)x € bAA(T, L*(P, H)) uniformly
for all z in any bounded subset of L?(P,H).

(H5) The function R x R — L2(P,H), (t,s) — A(s)U(t,s)x € bAA(T, L*(P,H))
uniformly for all z in any bounded subset of L?(P,H).

Definition 4.1. A continuous stochastic function u : R x Q — L?(P,H), a € R,

is called a mild solution of (1.1), provided that supE||u(t)||> < oo, the function
teR

s — A(s)U(t, s) f(s,us) is integrable on R and the following conditions hold:
(i) us € B for every s € R.
(ii) for t > a, a € R, u(t) satisfies the following integral equation

t

() = Ut a)d(a) + fla, )] — F(tur) - / AU (L) f (s, us)ds

+/ U(t,s)g(s,us)ds—l—/ Ul(t,s)o(s,us)dW(s).

Under assumptions (H1)-(H3), it can be easily shown that the equation

t

u(t) = —f(t,ut)—/ A(s)U(t,s)f(s,us)ds+/ U(t, 5)g(s, us)ds

—00 — 00

+ / Ut 5)o (s, us)dW (s)

— 00

for each ¢ € R, is a mild solution of (1.1).

Lemma 4.1. [29] Let u € WPAA(R, L?(P,H)) and assume that B is a uniform
fading memory space. Then the function ¢ — u; belongs to W PAA(R, L?(P,H)).
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Lemma 4.2. Let u € WPAAS2(R, L*(P, H)) and assume that B is a uniform fading
memory space. Then t — u; belongs to WPAAS% (R, L*(P,H)).

Proof. Assume that u = h + ¢ with h € AS?(R, L*(P,H)) and also
o’ € PAAG(R, L?(0,1; L*(P,H), vds), p).

Clearly, in the light of the translation property of AS% (R, L?(P,H)), we can obtain
that hy € AS2(R, L*(P,H)). So it is sufficient to prove that

t = @) € PAA)(R, L*(0,1; L*(P, H),yds), p)-

Let p > 0 and € > 0. Since B is a uniform fading memory space, there exists 7. > p
such that N(7) < € for every 7 > 7. and consequently D = sup N(7) < e. Under
these conditions, for ¢ > 0 and 7 > 7. we find that

1 q 041 ,
M/ Ge?tllpt] /0 V(s = 0)Ellwolzds | | p(t)dt
’ —q —p,
1 q 0+1 ,
mm Lo (P -0t
’ —q —D,

+9 sup ( / S+lv<f—s>E||so<f>||2d§)>p(t)dt

s€[0—7,0]

IN

% q s+1 )
< Rlser o [ o ([ a6 9Bl Pk ) oty

Next, we consider the second term of the inequality above

; /q o (/:H'Y(§—5)E||SO(€)||2d§>p(t)dt

m(Qa p) —q s€[t—2T1,t]

& -7 s+1
_ B Qd
= ) / <se?t‘i‘1,ﬂ </ (& = $)E|¢(©)] 5)

v s < / e s>E||so<s>||2d5>> p(t)dt

selt,t+7

<ol (S;tur; (e 8)E||50(§)||2dg)> o
+m(j p) /Z: <Se?tf‘t1’+T] (/:H (&~ S)EW(&)IQdé’)) p(t)dt
< m(q+7,p) S

m(q,p) m(q+T,p)

. (S;tug A/ e s>E|so<f>|2ds)> ror
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: /q e (/:HV(f— S)Elw(E)IQdé‘) p(t)dt.

m(q, p) —q sE[t—T,t

Consequently,

1 q 0+1 ,
- sup / s—0)E ds Hdt
m(q) p) /q Ge[tfp’t] 0 ’y( ) HSOQHB p( )

(\} q s+1 )
Mllsze+ oo [ s ([T st mleIRdc) oty

m(q+7,p) R
m(q,p) m(q+T7,p)

X /_Q:T (Se?tu_pﬂﬂ (/:H 7€~ S)EI¢(§)|2d€)> p(t)dt,

which enables us to complete the proof, since € is arbitrary and the conditions in
Lemma 2.2. (I

IN

Lemma 4.3. Let u € WPAAS,%(R,LQ(P, H)). Under assumptions (H1), (H2),
(H4), the function v(-) is defined by

v(t) == /t U(t, s)u(s)ds
then v € WPAA(R, L*(P,H)).
Proof. Since u € WPAAS2Z(R, L*(P,H)), there exist h € AS? and
¢’ € PAAG(R, L*(0,1; L*(P,H),~vds), p)

such that u = h + ¢. Therefore,
t t
ot) = / U, s)h(s)ds + / U, s)o(s)ds = X (8) + Y (2).

Let us show that X (t) € AA(R, L?(P,H)). For n = 1,2, - -, consider the integral
t—nm—+1
X, (t) = / U, r)h(r)dr.
t—n
Now, by using the Cauchy-Schwartz inequality and the exponential dichotomy, it
follows that

X0
< 2([ " wenmeia)

—n

2
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2

IN

t—n+1
M?E (/ 'y_% (r—t-+ n)e_‘s(t_r)Hh(r)H'y% (r—t+ n)dr)
t

—n

IN

t—n+1
M? [/ v —t+ n)ez‘s(tr)dr]
¢

—n

v [/ttnﬂ y(r—t+ n)E||h(r)||2dr}

—n

< M?mg! (/ 1625Sds> ||h||252’

M2(1 + €29)
< —1,—26n 2
< Jmyte s 2 g,
2 26
Since mg 1%2%‘;16’25" < 00, we deduce from the well-known Weierstrass

theorem that the series ¥2° ; X, (¢) is uniformly convergent on R. Furthermore,

— 00

X(t) = / Ut h(r)dr = 3 Xa(t),

X € C(R,L3(P,H)) and E|X(O]? < T3, Bl Xa(0)|2 < LM, mo,8)||h|2,, where
L(M,mp,d) > 01is a constant. Since h € AS%, then for every sequence of real numbers
{sn}nen there exists a subsequence {sy, }men and functions Uy and h € L} _(R,~ds)
such that

lim U(t + 8,5+ sm)x = Uy (t,8)z, t,s€R, x € L (R, vds) (4.1)

m—r oo

lim Uy(t — 8,8 — 8m)x = U(t,s)z, t,s€R, x& L (R, ~ds) (4.2)

m—r oo
t+1 _
ligl v(s — ) E||h(s + sm) — h(s)||*ds = 0, (4.3)
m o0 t
t4+1 B
lim v(s = t)E||h(s — sm) — h(s)||*ds = 0. (4.4)
m—r oo +

Let X, (t) = e, (t,7)h(r)dr. By using the Cauchy-Schwartz inequality and the

t—n
exponential dichotomy, one has

E||Xa(t + 5m) = Xa(0)]”

t+sm—n—+1 t—nm—+1 .
_ E‘/ U(t+sm,r)h(r)dr—/ UL (¢, 1) (r)dr
t

+Sm—n t—n

2

t—n+1 N
= E‘ /t U(t+ Sm, T+ Sm)W(r + sm) — Ur(t,r)h(r)]dr

—n

2

IN

t—nm+1 -
o8 ‘ /t Ut + s+ 5m) AT+ 5m) — B(r)]dr

—n
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t—n+1 .
128 / Ut + 5w + 59m) — Us (&, 7)o (r)dr
t

—n

For the first term of the inequality above

oF /ttn+1 Ut + s+ sm) AT+ 5m) — B(r)]dr

—n

IN

t—nm—+1 L
2M2E</ T2 (r —t 4 n)e ¢
¢

—n

~ 1 2
X||h(r + Sm) — h(r)||v2 (r — t + n)dr)

IA

t—n+1
2M? {/ 'y_l(r —t+ n)e_%(t_’“)dr}
t

—n

t—n+1 -

« [/t_ (=t + ) E|[h(r + sm) — h(r)|2dr]
t—nm—+1 .

< 2L(M,mo,0) / (r =t +n)Blh(r + sm) — h(r)|%dr.

t—n

Consequently,

B[ Xt + sim) — Xn(t)||?
t—n+1 .
2L (M, mo, 5)/ (= t+ ) E|R(r + sm) — h(r)|2dr

t—n

IN

2

t—nm—+41 .
+2E‘ / [U(t + $m, 7+ $m) — Ur(t,r)]h(r)dr
t

—n

Now by using (4.1), (4.3) and also the Lebesgue Dominated Convergence theorem,
for each t € R, it follows that

lim E|| X, (t + sm) — X, (8)]? = 0.
m—r0o0
Similarly, by using (4.2) and (4.4) it can be shown that

lim E|| X, (t —sm) — X, (t)]? = 0.

m—00

Therefore, for each X,, € AA(R, L?(P,H)) for each n and their uniform limit X (¢) €
AA(R, L*(P,H)).

Next we prove Y (t) € PAAo(R,p). Similarly, for n = 1,2,---, consider the
integral

t—n+1
Y, (t) = / Ul(t,r)p(r)dr.
t—mn

For p > 0, we can obtain

sup B Y (0)]
0€[t—p,t]
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0—n-+1 2
< s E / U0, 7)¢(r) | dr
Oct—p,t] 0—n

2
0—n+1
< M2 swp E / = 04 n)e O o) |73 (r — 8+ n)dr
0€[t—p,t] 0—n
t—m—+1
< M2m61626p </ 626(tr)d7’>
t—n
O0—n+1
X < sup </ y(ir—0+ n)E|<p(r)||2dr>>
0€t—p,t] 0—n
<

M2 1 26
|:male—2(5(n—p) ( 2;‘ e )}

0—n-+1
X ( sup (/ 'y(r—9+n)E|g0(r)||2dr>> .
0€t—p,t] 0—n

For ¢ > 0, we have

1 /q 9
B sup ElVa(0)]? | p(t)dt
m(q, p) —q <Ge[tp,t]

M2 1 20
myLe=25(n—) ( 2;; e”)

q 0—n+1
) m(; p) /_ <96Ttu_p ] (/9_ y(r =0+ ”>E|<P(7“)|I2dr>> p(t)dt.

Since ¢ € PAA(R, L?(0,1; L2(P,H), vds), p), according to the inequality above, it
follows that

IN

—1,-26(n—p) MP(1 +¢*)

E[Ya(t)]?* < mg 55— el

2 25
Note that maleQ‘Sp%E%‘;le*%” < 00, therefore, we deduce from the well-

known Weierstrass theorem that the series £°°,Y,,(¢) is uniformly convergent on R.

Furthermore,
t [e%}
Y= [ U =Y v,
-0 n=1

Y € C(R,L*(P,H)) and E|[Y(t)|]> < 272, B|[Y,(t)[* < L(M,mo, 6,p)|l¢|l52, where
L(M,mp,d,p) > 0 is a constant. Since Y,, € PAAy(R, p) and the following inequality

i | (ee?y_p t]EHY(@)IIQ) eyt

1 /q 9
_— sup EY (6 Yi( t)dt
m(%/)) —q <0€[t p,t] ” Z k ” )
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+ 7/ sup E|Yi(0)|? | p(t)dt.
; m(q,p) J—q <ae[t—p,t] ¥l ()

Consequently, the uniform limit Y (t) = £52,Y,,(t) € PAA((R, p). Therefore, v(t) =
X(t) + Y (t) € WPAA(R, L2(P, H)). O

Lemma 4.4. Let v/ € VVPAAS?/(R,L2(137 H)). Under assumptions (H1), (H2),
(H4), the function v/(+) is defined by

V(1) = / Ut sy (s)dW (s)

—00

then v/ € WPAA(R, L?(P, H)).

Proof. Since v’ € WPAASZ(R, L?(P,H)), there exist a € AS? and * € PAAy(R,
L?(0,1; L?(P,H), vds), p) such that v’ = «a + 3. Therefore,

t

V(t) = / Ut s)a(s)dW (s) + / U, 5)B(s)dW (s) = T(t) + U(2).

— 00 —00

Let us show that Y(¢t) € AA(R, L?(P,H)). For n = 1,2, --, consider the integral

t—m—+1
T, () = /t U, r)a(r)d WV (r).

—n

Now using the It0’s integral and Holder’s inequality, it follows that

B </ttnn+1 ||U(t,r)a(r)||2dr>

t—n+1
MQ/ e~ 2= Bl ou(r) || ?dr
t

—n

B[ T (1))

IN

IN

t—n+1
= M? / F Y =t 4+ n)e” P E|a(r)||2y(r — t 4 n)dr
t

—n

IN

t—n+1
M? [/ Y Hr —t+ n)e_%(t_r)dr]
t

—n

« [/jnﬂ N n)E||a(r)||2dr}

—n

n
MQmE1 (/ e‘25sds> [l %2
n—1 v

M?(1+e?
gt e 2 EEED

IN

IN

20
2 26
Since mg 1%2?:1672671 < 00, we deduce from the well-known Weierstrass

theorem that the series ¥2° ; T, (¢) is uniformly convergent on R. Furthermore,

(1) ::/ Ut ra(r)dr = 3 Ta(t),
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T € C(R,L*(P,H)) and E||T(t)||*> < 52, E|| T (t)||* < L(M,mo,0)||al%., where
L(M,mg,d) > 0is a constant. Since « € AS,%, then for every sequence of real ;mmbers
{sn}nen there exists a subsequence {s,, }men and functions U and @ € LZQOC(R, ~vds)
such that

lim U(t 4 8,5 + sm)x = Ua(t,s)z, t,s €R, x € L% (R, ~ds) (4.5)

m—ro0

lim Us(t — 8,8 — )2 = Ut,s)z, t,s €R, x & L} (R, ~ds) (4.6)

m—ro0
t+1
liin (s = t)E||las + s) — a(s)||*ds = 0, (4.7)
m o0 t
t+1
lim (s —t)E|a(s — sm) — a(s)||*ds = 0. (4.8)
m—o0 t
Let T, (t) = :::H Us(t, r)a(r)dr. By using Holder’s inequality, one has

E|| Yot + sm) = Tu(t)]I?

- E’/tt+sm_n+1 U(t—f—sm,r)oz(r)dr—/t_nH Us(t, 1)@ (r)dW (r)

+Sm—n t—n

2

t—n+1
= E ’ /t Ut 4 sm, 7+ sm)a(r + sm) — Ua(t, r)a(r)|dW (r)

—n

2

IN

t—n+1
2E‘ /1t U(t + S, T+ $m)[a(r + sm) — a(r)]|dW (r)

—n

2

t—nm—+1
+2E ‘ /t [U(t+ sm, 7T+ $m) — Ua(t,7)]a(r)dW (r)

—n

IN

t—n+1
2E‘ / U(t + 8y + sl + $m) — (1) dW ()

—n

t—nm—+1
42 [ U+ s+ 5) = Ut )| B
t

—n

For the first term of the inequality above

t—nm—+1
ZE‘/t Ut + 5w+ sm) [ + $m) — &(r)]dW (1)

—n

t—n+1
< 2M2/ ’)/71(7’ _ t+n)6726(t7r)
t—n
XE|la(r+ sm) — &(r)||2'y(r —t+n)dr
<

—n

t—n+1
2M? {/ v Hr -t + n)e_%(t_’")dr}
t

< [/tt_w y(r =t + ) Ela(r + sm) — az(r)||2dr]

—n
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t—nm+1
< 2L(M,m0,6)/ y(r —t+n)Ela(r + sm) — a(r)||?dr
t—n
Consequently,
E||Yu(t + i) = Talt)|I?
t—n-+1
< oL(M, mo,é)/ A — t+ ) E||a(r + s) — a(r) | 2dr
t—n

t—nm+1
2 / WU+ s+ 5m) — Uty r) | B | 2dr
t

—n

Now by using (4.5), (4.7) and also the Lebesgue Dominated Convergence theorem,
for each t € R, it follows that

lim E||Y,(t+ sm) — Tu(t)]? = 0.
m—0o0
Similarly, by using (4.6) and (4.8) it can be shown that

lim E[| T (t — sm) — Tu(t)]? = 0.

m—r o0
Therefore, for each Y, € AA(R, L?(P,H)) for each n and their uniform limit Y(¢) €
AAR, L?(P, H)).
Next we prove ¥(t) € PAA(R, p). Similarly, forn = 1,2, -, consider the integral
t—n+1
V)= [ UEnBmave).
t

—n

For p > 0, we can obtain

sup B[ W, (6)]|?

O€(t—p,t]
0—n-+1
< sup E </ ||U(9,7")/6(7")||2d7”>
0€t—p,t] 0—n
0—n-+1
< M sup / e OB B(r)|*dr
oc(t—p,t] JO—n
0—n-+1
< M? osup o2 / v — 0+ n)e DB B0 |12y (r — 0+ n)dr
0c(t—p,t] 0—n
t—m—+1
< M2mglte®r </ eQé(tr)dr)
t—n
O—n-+1
X sup / ’Y(T—e—f—n)E”ﬁ(T)Her
0€[t—p,t] 6—n
<

A42 1 25
|:m616—26(n—p) ( 2;‘ € )}
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O0—n—+1
X < sup (/ ’y(r—@—l—n)EHﬁ(r)Her)) .
0€[t—p,t] 0—n

for ¢ > 0, we have

1 /‘1 5
sup F||V,(0 p(t)dt
m(q,p) J_q <ae[t—p,t] 1261 ) ()

—1_—28(n—p) M2(14¢e*)
mo e 725

4 0—n+1
X@/ <9;FP ; ( /9 V(=6 +n)E|5(T)|2dr>> p(t)dt.

Since B° € PAA(R, L*(0,1; L*(P,H),~ds), p), according to the inequality above, it
follows that

IN

L B M2 1+625
B, (1)) < my e LD gy,

2 25
Note that mg Le20p %E?j’:le*%” < 00, therefore, we deduce from the well-
known Weierstrass theorem that the series £5° ¥, (¢) is uniformly convergent on R.
Furthermore,

W(t) = / Ut r)B(r)dr = 3 Ua(t),
. 2

U e C(R,L*(P,H)) and E||¥(t)|* < S22, E||¥,(t)||* < L(M,mo,8,p)||8]|%, where
L(M,mp,d,p) > 0is a constant. Since ¥,, € PAAy(R, p) and the following inequality

! /( sup EINW(O)]? | p(t)dt

m(q, p) g \O€[t—p,t]
1 a n
= nla.p) / . (eeﬁfg,t]ffqu(@) P> wkw)n?) plt)dt
o 2
Lt /. Q;Fif””””l ) pl0)i.

Consequently, the uniform limit ¥(¢) = 52,0, (t) € PAAo(R, p). Therefore, v'(t) =
Y(t) + U(t) € WPAA(R, L2(P,H)). O

Lemma 4.5. Let v’ € WPAAS?(R, L*(P,H)). Under assumptions (H1), (H2),

(H3), (H5) and provided that the series 322 [ "

Hs; = sup H(s), the function v”(-) is defined by
s€[0,00)

e 2@SH?(s)ds| converges and
n—1

V() = [ A(S)U(t, )" (s)ds

then v € WPAA(R, L*(P,H)).



520 C. TANG AND Y .-K. CHANG

Proof. Since u” € WPAAS?(R, L*(P,H)), there exist u € AS? and
v’ e PAAG(R, L?(0,1; L*(P,H), vds), p)

such that v’ = p + v. Therefore,

t

V" (t) = [ A(s)U(t, s)u(s)ds —|—/ A(s)U(t, s)v(s)ds = ®(t) + Z(1).

—0o0

Let us show that ®(¢) € AA(R, L?(P,H)). For n =1,2,---, consider the integral

t—n+1
D, (t) = /t A(r)U (L, r)u(r)dr.

—n

Now, by using the Cauchy-Schwartz inequality and the exponential dichotomy, it
follows that
2

pleolr < B([ " 1w ouel)
t—nm—+1
< E(/M R (=t n)e U H(E — )
xnu(r)nv%(r—wn)dr)Q
< {/tt_nﬂ AN —t 4 n)e 2 H2 (L — r)dr}

—n

x [ / et n)Enu(r)n?dr]

—n

n
< gt [ e .
n

Using the fact that the series given by

my [/ e_QWSHQ(s)ds}
n—1

converges, we deduce from the well-known Weierstrass theorem that the series

200 @, (t) is uniformly convergent on R. Furthermore,

t o0

B(t) := / AU, r)p(r)dr =Y 0, (1),
> n=1

o € C(R, L*(P,H)) and B|@@)[? < S5, B0, (0)]|? < Limo,w)l|uls. Since u €

AS?/, then for every sequence of real numbers {s,},en there exists a subsequence

{8m men and functions Uz and i € L? (R, ~ds) such that

loc

lim A(s 4 8m)U(t + 8m, s + sm)x = Us(t,s)x, t,s €R, x€ L7 (R,vds) (4.9)

m—r oo
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lim Us(t — 8,5 — sm)r = A(s)U(t,s)x, t,s € R, x¢c L} (R,vds) (4.10)

m—r0o0
t41
lim V(s — ) E|| (s + 5m) — fi(s)||*ds = 0, (4.11)
m—o0 t
t41
tim [ (s = OBI(s - sm) — p(s)|*ds = 0. (412)
m o0 t

Let ®,,(t) = ot Us(t, r)p(r)dr. By using the Cauchy-Schwartz inequality and the
1

—Jt—n
exponential dichotomy, one has

E|[@n(t + sm) — Ba(0)]?
t—nm—+1

t+8m;—n+1
/t AU (E + 5y, 7)) dr — / Us(t, 1)ji(r)dr

+Sm—n t—n

t—m—+1
_F ‘ /t LA + ) U (E+ S 7+ 51t + ) — Us(t, 1) (r)]dr

—n

2
2F

IN

t—n+1
/t A(r + $m)U(t + Smy T+ Sm)[pp(r + 8m) — p(r)]dr

—n

t—n+1 2
+2F ‘ / [A(T + $m)U(t + S, 7 + Sm) — Us(t,r)|(r)dr
t

—n

For the first term of the inequality above

t—nm+1
ZE‘ /t A(r 4 $m)U(t + S, 7+ Sm) [10(r + i) — ()] dr

—n

t—n+1
< ZE(/ NTE(r—t+ n)e I H(t —r)
t—n
) 2
<L+ 5) = FOE (4l
t—nm+1
< 2 {/ AN —t 4 n)e 2 H2(t — r)dr}
t—n
t—n+1
<[ A=t Bt + ) - )|
t—
" n
< 2mgt [/ e_QWSHQ(s)ds}
n—1
t—n+1 .
></ S (r — 1+ n)E|h(r + sm) — h(r)|%dr
t—mn
Consequently,

E|®y(t + sm) — u(t)]?

n
< 2m§1 [/ e_QWSHQ(s)ds
n

-1
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t—n+1
x/ A — t 4 W) Bl + $m) — ()| dr
t—n

t—n+1
Yy ‘ / LA(r + $0)U(t + Sy + 5) — Us(t, r)]fi(r)dr

—n

Now by using (4.9), (4.11) and also the Lebesgue Dominated Convergence theorem,
for each t € R, it follows that

i B[@u(t + ) = 8, (0)]2 = 0.
Similarly, by using (4.10) and (4.12) it can be shown that
lim E||®,,(t — sn) — ®n(1)]|* = 0.
m—o0

Therefore, for each ®,, € AA(R, L?(P,H)) for each n and their uniform limit ®(t) €
AAR, L3(P, H)).
Next we prove Z(t) € PAAy(R, p). Similarly, forn = 1,2, -, consider the integral

t—nm—+1
Zo(t) = / AUt r)w(r)dr.
t
For p > 0, we can obtain

sup B[ Z,(0)]*

0€t—p,t]
0—n-+1 2
< sup F </ ||A(r)U(9,7")1/(r)||dr>
0€t—p,t] 6—n
0—n-+1 .
< sup E(/ v 2(r—0+n)
0€t—p,t] 6—n
2
xe_“(e_T)H(H — 7“)||V(r)|\'y% (r—60-+ n)dr)
<

n
male%pr </ e_QWSds>
n—1
0—n-+1
X < sup (/ ’y(r—9+n)E||V(r)|2dr>>
0€t—p,t] 6—n

2 2
< |:m016—2w(n—p) Hs (12—|-6 w):|
w

0—n-+1
X < sup (/ y(r—0+ n)E||V(r)||2dr>> .
0€t—p,t] 0—n

for ¢ > 0, we have

1 /q 9
sup El|Za(6)]2 ) plt)dt
m(q, p) —q <Ge[tp,t]
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- 2w

q 0—n+1
) m(; p) /_ (eeiu_p i </9_ V(=0 + ”>E|V(7“)||2dr>> p(t)dt.

Since v* € PAAy(R, L?(0,1; L?(P,H),~ds), p), according to the inequality above, it
follows that

2 2
< [mole—zwm-p) HE(1L+ e wq

1 —2uwn—p Ha(1 +€*)
BIZ0)? < |mte- i n EUE T o,

Note that mg ‘e QWPMEOO ° je"2n < oo, therefore, we deduce from the well-

known Weierstrass theorem that the series 322 | Z,,(¢) is uniformly convergent on R.

Furthermore,
t o]
Z(t) := / AU (t,r)(r)dr =Y Z
n=1
<

Z € C(R,L?(P,H)) and E||Z(t)||* < 2, E|| Zn(1)|)?
L(mo,w,p, Hs) > 01is a constant. Since Z,, € PAAy(R, p) and the following inequality

1 /q 9
sup Bl ZO)|? ) p(t)dt
m(q,p) —q <Ge[tp,t]
! /q sup E|Z(6) ZZ 2| p(t)dt
i (
(q,p) Oc[t—p,t]

+ / ( sup E|Zk(9)|2> p(t)dt.
m(q OE€[t—p,t]

k=1 ap

(mOa w,p, HG)HVHQS%, where

IN

Consequently, the uniform limit Z(¢) = X2, 7, (t) € PAA((R, p). Which completes
the proof. O

Next, we consider the existence and uniqueness results of weighted pseudo almost
automorphic solutions in distribution to (1.1) with S?/—Weighted pseudo almost auto-
morphic coefficients. We make the following assumptions:

(H6) The functions f, g, o satisfy Lipschitz conditions in the second variable and uni-
formly in the first variable, that is there exist a positive constant Ly and continuous
functions Ly, L, : R — [0, 00) such that

E|f(t,é1) = f(t, 02)|” < LBl 61 — 2

Ellg(t, ¢1) — g(t, 2)|I” < Lo(t)Ell¢1 — b2|%
E|o(t,¢1) — o(t,¢2)||> < Lo(t)E|lp1 — 2%
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forallt e R, ¢; € B,i=1,2.
(H7) For p > 0 and every x* € PAAq(R, L?(0,1; L*(P,H), vds), p) such that

1 q
1imsup7/ sup Ly(0) | p(t)dt < oo,
r—o00 m(q”{)) —q <9€[t;ﬂvt] 9( ) ( )

lim — /q< sup Lg(9)> ()t = 0.

r—oom(q,p) J_q \ocit—p.t

1 q
limsupi/ sup Ls(0) | p(t)dt < oo,
T—00 m(qap) —q \O€[t—p,t]

lim — / q( sup Lg(9)> Op()dt = 0.

r~>oom(q7p) —q \O€E€[t—p,t]

(H8) The function f = hy + ¢1 € WPAA(R x L?(P,H), L?(P,H)), p1 € PAAy(R x
L*(P,H),p) and hy € AA(R x L*(P,H),L*(P,H)) is uniformly continuous in any
bounded subset K’ C L?(P,H) uniformly for ¢ € R.

(H9) The function g = hy+ @2 € WPAAS2Z(R x L*(P,H), L?(P,H)), ¢4 € PAA((R x
L?(P,H), L?(0,1; L?(P,H), vds), p), and also assume that

hy € AS2(R x L*(P,H), L*(P,H))

is uniformly continuous in any bounded subset K’ C L?(P, H) uniformly for ¢ € R.
(H10) The function o = hg+p3 € WPAAS2(Rx L*(P,H), L?(P,H)), ¢} € PAAy(Rx
L?(P,H), L?(0,1; L*(P,H), ~vds), p), and also assume that

hs € AS2(R x L*(P,H), L*(P,H))
is uniformly continuous in any bounded subset K’ C L?(P, H) uniformly for ¢ € R.

Theorem 4.1. Fix v € U and p € V. Under the assumptions (H1)-(H10), if

4M? ‘
0:= 8‘%<4Lf +4LpH? + 5 sup/ e =), (s)ds

teR J —0co

t
+4M28up/ eQé(tS)Lg(s)ds> <1,
teR J —0co

where Hy = sup H(s) and ® is defined as before. Then there exists a unique
s€[0,00)
weighted pseudo almost automorphic solution in distribution to the problem (1.1).

Proof. For any u(t), define the operator II by

t

(Tu)(t) = —f(t,ut)—/ A(s)U(t,s)f(s,us)ds—i—/ Ult, s)g(s,us)ds

—00 —00
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+[ U(t,s)o(s,us)dW (s),

for each t € R. It is easy to see that ITu is well defined and continuous. Moreover, from
Lemma 2.4 and Lemma 4.1, we have f(t,u;) € WPAA(R, L?*(P,H)), i.e. we can let
[ = fi+f2, where f1 € AAR x L*(P,H), L?*(P,H)) and f, € PAAy(R x L?(P,H), p).
Then, we suppose Hu(t) = I (t) 4 Ia(t), where

() = f1(t) + X (@) + T(2) + @(2), Ta(t) = fa(t) + Y (1) + ¥ (t) + Z(1),

from the Theorem 3.2, Lemma 4.2 and the proofs of Lemmas 4.3-4.5, we can easily
find a stochastic process I (t) = f1(t) + X (t) + Y(t) + ®(t) such that

lim B[y (t + s,,) — I3 (8]
n— o0

IA

Tim 4B fi(t+ 50) = Fi()] + lim 4B X (¢4 5,) - X (1)
+ i AB|Y(E+ 5,) = o (O] + lim 4B (¢ + 5,) — B, (0
= ()7

by [19, Remark 2.12], we get that II;(t + s,) — II;(¢) in distribution as n — oo.
Similarly, we have that ﬁl(t — $p) — II1(¢) in distribution as n — oo for each ¢t € R.
On the other hand, we obtain that

. 1 /q 2
sup FE||IIx(6 t)dt
dm s <Ge[tp7t] [TI2(6)]] )P()

. q ,
a=com(g, p) /q <9€?tur;,t]E”f2(9)” ) p(t)dt
4

q
[, BV @I ) ot
7p) —q \O€[t—p,t]

A
=

S la
4 q
+ lim / sup E||\Il W2 ot
q—>oom(q7p) —q \OE€[t—p,t]
4 q
+ lim / sup E|Z(0)|? | p(t
q—>oom(q7p) —q \O€[t—p.t]

that is to say IIz(t) € PAA((R, p). Then by the definition, ITu is weighted pseudo
almost automorphic solution in distribution. Next, we prove that II is a contraction
mapping. Indeed, for each u,v, by [29, Theorem 3.9] we can get II is a contraction
mapping. Hence, by Banach fixed point theorem, we can conclude that IT has a unique
fixed point such that ITux = ux. Then there exists a unique weighted pseudo almost
automorphic solution in distribution to the problem (1.1). O
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Example 4.1. We consider the following stochastic neutral partial differential equa-

tion which is inspired by [30]

d {u(t,x) + /_too /077 b(t — s,m, m)u(s,n)dnds}

— /_OO az(t — s)u(s,z)dsdW (t) (4.13)

+ {% + ao(t, x)u(t, ) + /t

— 00

ar (t — s)u(s, a:)ds] dt,

u(t,0) =u(t,m) =0, teR, ze€l=][0,n],

where a1,as : R — R are continuous functions that satisfy appropriate conditions,
W (t) is a two-sided standard one-dimensional Brownian motion defined on the filtered
probability space (Q, F, (F;), P). Take H = L?[0,7] and B = Cy x LP(p,H). Define
the linear operator A by

D(A) :={p € L?[0,7] : ¢"" € L?0,7],(0) = () =0}, Ap =" Vo € D(A).

It is well-known that A is the infinitesimal generator of an analytic semigroup (7'(¢))¢>0
on L?[0,n]. Furthermore, A has a discrete spectrum with eigenvalues of the form
—n?,n € N, and corresponding normalized eigenfunctions given by z, (z) := % sin(nzx).
Also, the following properties hold:

(a) {zn : n € N} is an orthonormal basis for H;

(b) For ¢ € H, T(t)p = 2% exp(—n2t){p, zn)z, and Ap = =2 n%(p, 2,) 2, for
all ¢ € D(A).

Define the class of operators A(t) by:
At)p(x) = Ap(x) + ag(t,x)p, for each p € D(A(t)) = D(A).

By assuming that x — ao(?, x) is continuous for each ¢ € R with ag (¢, z) < —dg(do > 0)
for all t € R, z € [0, 7]. Clearly, the system

{u'(t) — Altyu(t), t=>s,

u(s) =z ecH (4.14)

has an associated evolution family (U (¢, s)):>s on H, which is given by

U(t,s)p = T(t — s)exp </t ao(r, x)dT> 0.

Moreover,
|U(t,s)|| < exp{—(1+do)(t—s)} foreveryt>s.

Further, we define f :Rx B —H, g: Rx B — Hand o:R x B— H by

0 T
f(t ) () = /_ /0 b(6, 0, x)u(6, n)dndd,
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0
ot 9)(x) = / ar ()6 (s, £)ds,

0
ot )(x) = / an(s)(s, €)ds.

— 00

In view of the above and from Lemma 3.3, we have

f.9,0 € WPAASZ(R x L*(P,H), L*(P,H)),

then the system (4.13) can be rewritten in the abstract form of (1.1). Hence, the condi-

tions of Theorem 4.1 are satisfied. Therefore, the system (4.13) has a unique weighted

pseudo almost automorphic solution in distribution under Ss—weighted pseudo almost

automorphic coefficients.

5. ACKNOWLEDGEMENTS

This work is supported by the Fundamental Research Funds for the Central univer-
sities (2012017yjsy139).

[1]

REFERENCES

S. Abbas, Existence and attractivity of k-pseudo almost automorphic sequence
solution of a model of bidirectional neural networks, Acta Appl. Math., 119
(2012), 57-74.

P. Bezandry, T. Diagana, Almost Periodic Stochastic Processes, Springer, New
York, (2011).

J. Blot, P. Cieutat, K. Ezzinbi, Measure theory and pseudo almost automorphic
functions : New developments and aplications, Nonlinear Anal., 75 (2012), 2426-
2447.

S. Bochner, A new approach to almost automorphicity, Proc. Natl. Acad. Sci.
USA, 48 (1962), 2039-2043.

S. Bochner, Continuous mappings of almost automorphic and almost periodic
functions, Proc. Natl. Acad. Sci. USA, 52 (1964), 907-910.

Y. K. Chang, Z. H. Zhao, G. M. N'Guérékata, R. Ma, Stepanov-like almost
automorphy for stochastic processes and applications to stochastic differential

equations, Nonlinear Anal. RWA, 12 (2011), 1130-1139.

Z. Chen, W. Lin, Square-mean pseudo almost automorphic process and its ap-
plication to stochastic evolution equations, J. Funct. Anal., 261 (2011) 69-89.



5928

8]

[10]

[11]

[12]

[21]

[22]

[23]
[24]

C. TANG AND Y .-K. CHANG

7. Chen, W. Lin, Square-mean weighted pseudo almost automorphic solutions
for non-autonomous stochastic evolution equations, J. Math. Pures Appl., 100
(2013), 476-504.

T. Diagana, Almost Automorphic Type and Almost Periodic Type Functions in
Abstract Spaces, Springer, New York, (2013).

T. Diagana, Evolution equations in generalized Stepanov-like pseudo almost au-
tomorphic spaces, Electron. J. Diff. Equ., 2012 (2012), 1-19.

T. Diagana, Weighted pseudo-almost periodic functions and applications, C. R.
Acad. Sci. Paris, Ser I, 343 (2006), 643-646.

H. S. Ding, J. Liang, T. J. Xiao, Some properties of Stepanov-like almost auto-
morphic functions and applications to abstract evolution equations, Appl. Anal.,
88 (2009), 1079-1091.

R. M. Dudley, Real Analysis and Probability, second ed., Cambridge University
Press, (2003).

M. M. Fu, Z. X. Liu, Square-mean almost automorphic solutions for some stochas-
tic differential equations, Proc. Amer. Math. Soc., 138 (2010), 3689-3701.

Y. Hino, S. Murakami, T. Naito, Functional Differential Equations with infinite
delay, Springer, Berlin, (1991).

H. Kuo, Introduction to Stochastic Integration, Springer, New York, (2006).

K. X. Li, Weighted pseudo almost automorphic solutions for nonautonomous
SPDEs driven by Lévy noise, J. Math. Anal. Appl., 427 (2015), 686-721.

A. Lin, Y. Ren, N. Xia, On neutral impulsive stochastic integro-differential equa-
tions with infinite delays via fractional operators, Math. Comput. Modelling, 51
(2010), 413-424.

7. X. Liu, K. Sun, Almost automorphic solutions for stochastic differential equa-
tions driven by Lévy noise, J. Funct. Anal., 266 (2014), 1115-1149.

C. Lizama, J. G. Mesquita, Almost automorphic solutions of dynamic equations
on time scales, J. Funct. Anal., 265 (2013), 2267-2311.

I. Mishra, D. Bahuguna, Existence of almost automorphic solutions of neutral
differential equations, J. Nonlinear Fvol. Equa. Appl., 2012 (2012), 17-28.

G. M. N’Guérékata, Almost Automorphic and Almost Periodic Functions in Ab-
stract Spaces, Kluwer Academic, New York, (2001).

G. M. N’Guérékata, Topics in Almost Automorphy, Springer, New York, (2005).

G. M. N'Guérékata, A. Pankov, Stepanov-like almost automorphic functions and
monotone evolution equations, Nonlinear Anal., 68 (2008), 2658-2667.



STOCHASTIC NEUTRAL FUNCTIONAL EQUATIONS 529

[25]
[26]

[27]

28]

[29]

[31]

[32]

[33]

[34]

[37]

B. Oksendal Bernt, Stochastic Differential Equations, Springer, Berlin, (2005).

Y. Ren, Q. Bi, R. Sakthivel, Stochastic functional differential equations with
infinite delay driven by G-Brownian motion, Math. Meth. Appl. Sci., 36 (2013),
1746-1759.

Y. Ren, X. Cheng, R. Sakthivel, On time-dependent stochastic evolution equa-
tions driven by fractional Brownian motion in a Hilbert space with finite delay,
Math. Meth. Appl., (2013), doi:10.1002/mma.2967.

Y. Ren, R. Sakthivel, Existence, uniqueness and stability of mild solutions for
second-order neutral stochastic evolution equations with infinite delay and Pois-
son jumps, J. Math. Phys., 53 (2012), 073517.

P. Revathi, R. Sakthivel, Y. Ren, S. Marshal Anthoni, Existence of almost auto-
morphic mild solutions to non-autonomous neutral stochastic differential equa-
tions, Applied Mathematics and Computation, 230(2) (2014), 639-649.

R. Sakthivel, P. Revathi, S. Marshal Anthoni, Existence of pseudo almost auto-
morphic mild solutions to stochastic fractional differential equations, Nonlinear
Anal., 75 (2012), 3339-3347.

R. Sakthivel, P. Revathi, Y. Ren, Existence of solutions for nonlinear fractional
stochastic differential equations, Nonlinear Anal., 81 (2013), 70-86.

C. Tang, Y. K. Chang, Stepanov-like weighted asymptotic behavior of solutions to
some stochastic differential equations in Hilbert spaces, Appl. Anal., 93 (2014),
2625-2646.

Y. Wang, Z. Liu, Almost periodic solutions for stochastic differential equations
with Lévy noise, Nonlinearity, 25 (2012), 2803-2821.

Z. N. Xia, M. Fan, A Massera type criteria for almost automorphy of nonau-
tonomous boundary differential equations, Electron. J. Qual. Theory Diff. Equ.,
73 (2011), 1-13.

Z. N. Xia, M. Fan, Weighted Stepanov-like pseudo almost automorphy and ap-
plications, Nonlinear Anal., 75 (2012), 2378-2397.

R. Zhang, Y. K. Chang, G. M. N’Guérékata, Existence of weighted pseudo almost
automorphic mild solutions to semilinear integral equations with SP-weighted

pseudo almost automorphic coefficients, Discrete Contin. Dyn. Syst.-A, 33
(2013), 5525-5537.

Z. H. Zhao, Y. K. Chang, J. J. Nieto, Square-mean asymptotically almost auto-
morphic process and its application to stochastic integro-differential equations,
Dynam. Syst. Appl., 22 (2013), 269-284.



530



