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ABSTRACT: In this work, we have developed Picard’s iterative method to prove
the existence and uniqueness of the solution of the nonlinear Caputo fractional re-
action diffusion equation in one dimensional space. The order of the fractional time
derivative q is such that 0.5 < ¢ < 1. The existence result has been proved by a pri-
ori assuming the solution is bounded. Thus, we refer to this method as existence of
solution in the large. The method can be extended to the Caputo fractional reaction
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1. INTRODUCTION

Nonlinear differential equations occur naturally as mathematical models in various
branches of Science and Engineering. See [2], [10], [12], [13], [14], [21], [28], [29], [30]
for some examples. In the past several decades, it has been well established that
the study of the fractional differential equations has gained importance due to it’s
applications. See [5], [6], [15], [16], [18], [20], [24], [25], [26], [27], [32], [34] and the
references therein for some applications. It is known that the fractional differential

equations represent better and more economical models compared with the counter-
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part of integer models. Explicit solution of nonlinear fractional differential equation
is rarely possible. In [22], Picard’s iterative method for Caputo fractional ordinary
differential equation has been developed using the usual Lipschitz condition. This is
an improvement on the Picard’s method developed in [24], where they have assumed
local form of Lipchitz condition. In this work, we develop Picard’s iterative method
for Caputo fractional reaction diffusion equation assuming the solution u is bounded
a priori. The method we have developed here is referred to as existence in the large by
Picard’s approximations, since the existence and uniqueness of the solution is guaran-
teed as long as the solution is bounded. See [8] for details on integer order first order
initial value problem. In addition, we have exploited the convergence of the series
of Mittag-Leffler functions [4] from the expression of the Green’s function involved.
The method of coupled lower and upper solutions developed together with generalized
monotone method in [33] guarantees the interval of existence, when the nonhomoge-
neous term is the sum of an increasing and decreasing functions. In Picard’s iterates,
we do not have any restrictions on the nature of the nonlinear term. However, the
order of convergence by Picard’s iterative method as well as generalized monotone
method are linear. In addition, the Picard’s method does not guarantee the interval
of existence. In order to develop faster convergence methods, such as generalized
quasilinearization method as in [6], [20] we need the nonlinear nonhomogeneous term
to be a sum of convex and concave functions. In the generalized quasilinearization
method, the corresponding linear approximations are linear equations with variable
coefficients. If we demonstrate that the solution of the linear approximations are
bounded and satisfy the Lipschitz condition, then we can show that the solution of
these linear approximations exist and unique on the interval where the solutions are
bounded. We can show the solutions are bounded by using coupled lower and upper
solutions. In addition the interval of existence is guaranteed. This was the moti-
vation for us to develop Picard’s iterative method. The Picard’s iterative method
can be easily extended to Caputo fractional diffusion system with initial and Direch-
let’s homogeneous boundary conditions. We have developed Picard’s iterates when
the nonlinear nonhomogeneous term is Lipschitzian. Hence the method yields the
existence of a unique solution. We have provided a detailed proof for the scalar Ca-
puto fractional reaction diffusion equation. One can easily extend Picard’s iterative
method to system of Caupto reaction diffusion equation with initial and boundary

conditions, by using an appropriate norm ||.|| in place of |.| of the scalar equation.

2. PRELIMINARY RESULTS

In this section, we recall definitions and some known results which will be useful to

develop our main result.
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Definition 2.1. The Gamma Function, I'(g), is defined by I'(q) = [, s7 'e™*ds.

Definition 2.2. The Beta Function, 5(p, q), is defined by B(p,q) = %ﬂg).

See [23] for more information.

Definition 2.3. The Caputo (left-sided)fractional derivative of u(t) of order ¢,n —
1 < g <n, is given by the equation:

CDIy(t) = — )/0(t—s)n*q*u”(s)ds,te[o,oo), L>to. (21)

I'(n—gq
In particular, if ¢ = n, an integer, then D9y = u(™ () and D% = u (x) if g=1.

Definition 2.4. The Riemann-Liouville fractional integral of order ¢ defined by

Du(t) = Fiq)/o (t — 5)7u(s)ds, (2.2)

where 0 < ¢ < 1.

Definition 2.5. The Riemann-Liouville (left-sided) fractional derivative of u(t),
when 0 < ¢ < 1, is defined as:

1 d

Diu(t) = I(1—q)dt

/t(t —8)7  u(s)ds, t > 0. (2.3)

Note that the Caputo integral of order ¢ for any function is same as the Riemann-
Liouville integral. See more in [10], [11], [14], [28], [29].

Definition 2.6. A function f(x,t,u) € C[[0,T] x R,R] is said to be a Lipschitzian

in u if for any w1, us, there exists an L > 0 such that
|f(xat7u1) - f(x7tau2)| < L|U1 - UQ|.

Next we define the two parameter Mittag Leffler functions which will be useful in

solving the linear Caputo fractional differential equations.

Definition 2.7. The two parameter Mittag-Leffler function is defined as

oo

(At9)F
Z (2.4)
— T(gk + 1)

where ¢, 7 > 0, and X is a constant. Furthermore, for r = ¢,(2.4) reduces to

= /\t‘l
2.
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If r =1 in (2.4), then we have:

()"
By =30 A0 (26)
— I'(gk +1)
If ¢ =1, then
E171(/\t) = e)‘t, (27)

where e

[29].

M is the usual exponential function. See for details in [9], [11], [14], [17], [25],

The following Lemmas are useful in establishing the convergence of the solution.

Lemma 2.1. Let E,1(—At?) be the Mittag-Leffler function of order g, where 0 <

q < 1. Then, % < 1 where A\, Ao > 0 such that Ay = \o + k, for k> 0.

Lemma 2.2. Let E, ,(—At9) be the Mittag-Leffler function of order q, where 0 <

q < 1. Then % < 1, where A1, A2 > 0, such that \y = Ao + k, for k > 0.

See [4] for details of the proof.

Next we recall the following improved version of Gronwall’s Lemma which will
be useful in our main result. The version of Belmann-Gronwall Inequality in two
variables has been discussed in [1] where the following unpublished Wendroff result
was given:

If
u(z,y) < alx) + bly) +/0 /0 v(r, s)u(r, s)drds, (2.8)
where a(x), b(y) >0, d/(z), V'(y) > 0, u(z,y), v(z,y) >0, then

ey < LOEHDEDLIOD o [ [ ot sparas), (2.9)

The Wendroff inequality (2.8) was generalized by Bainov and Simeonov [1]:

Theorem 2.1. Let u(x,y), a(x,y), k(x,y) be the nonnegative continuous functions
for x > x0, y > yo, and let a(x,y) is nondecreasing in each of the variables for

x>z, Y > Yo. Suppose that

Ty
u(z,y) < alz,y) —|—/ / k(s,t)u(s,t)dtds,z > xo,y > yo. (2.10)
o Y Yo
Then
Ty
u(z,y) < a(x,y)exp(/ / k(s,t)dtds),z > o,y > yo. (2.11)
zo J Yo

See [1], [3] for proofs. This is the version we are going to use in our main result.
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3. MAIN RESULT

In this section, we develop Picard’s iterative method to prove the existence and
uniqueness of the solution of the scalar Caputo fractional reaction diffusion equa-
tion on one dimensional space with initial and Direchlet boundary conditions. For
that purpose we will define the region

S={(z,t,u)] 0<t<T, 0<z<aand |u(z,t)] <M < oo, T>0}.

Note that M here can be very large number but finite. This implies that if f(x, ¢, u) is
a continuous function defined on S, then | f(z, ¢, u)| is bounded by some M7, where M;
can be very large number but finite. Using special case of the generalized Belmann-
Gronwall inequality namely Theorem 2.1, we prove that the solution which exists
is also unique. For that purpose, consider the Caputo fractional reaction diffusion
equation of the form:
COfu — kug, = f(x,t,u), on Qr,
u(0,t) =0, u(a,t) =0, in I'p, (3.1)
u(z,0) = ug(z), € Q.
where f € C[[0,a] x [0,T] x R,R], up(z) € C[[0,a] x R,R], @ = [0,a], J = (0,77,
Qr =JxQ k>0and T'r = (0,T) x 09. Here we have taken q as 0.5 < ¢ < 1.
Although we have taken homogeneous Dirichlet’s boundary conditions in (3.1), the
method can be extended to nonhomogeneous Dirichlet’s boundary conditions. Using
the eigen function expansion method, we can represent the solution w(z,t) of (3.1)

treating f(x,t,u) as the nonhomogeneous term as follows:

u(e,t) = / ZEM A ()0 () ()10 () (3.2)

/ / (30 7 B bt 50600160 0,5, 0.

See [31] for details. It should be noted that u(x,t) is well defined when the initial
condition ug(x), and the nonhomogeneous term f(x,t, u) are bounded.

If we prove the existence and uniqueness of the solution of (3.2), then it is equivalent
to proving the existence of the solution of (3.1). We will prove in our main result, the
existence and uniqueness of solution of (3.2). Since f(x,t, ) is a continuous function
on the closed bounded set S, it is bounded. We will use this fact in our next main
result.

Theorem 3.1. Consider the Caputo fractional reaction diffusion equation (3.1),
where f(x,t,u) is continuous on the set S and Lipschitzian in u on the set S. Then

there exists a sequence {u,(x,t)} defined by
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o0

(1) = / [ By (Bt ()b (1)]ut0 (1) dy

n=1

) (305" Byl = 0 60 LS 2 33

satisfying uo(x,t) = ug(x), the initial condition of (3.1). The sequence {un(z,t)}
converges uniformly to the unique solution u(x,t) of (3.2).

Proof. Our aim is to prove that the sequences {u,(x,t)} defined by (3.3) converge
uniformly to u(z,t), the solution of (3.2). Further, the solution which exists is unique

solution of (3.2). We prove our main result in three different stages. We will prove that

(i) The sequence {u,(z,t)} given by (3.3) is well defined on the set S. We prove
that u,(z,t) € S, for each n, n =1,2,3, ....

(ii) The sequence {u,(x,t)} converges uniformly to a function u(x,t) on the set
S, where u(x,t) satisfies (3.2).

(iii) The solution of (3.2) which exists is unique on Q7.

In the next result we prove that u,(x,t) are well defined for each n, n =1,2,3....

Lemma 3.1. Let the hypothesis of Theorem 3.1 hold. Then u,(x,t) defined by (3.3)

are in the set S for each n, n=1,2,3, .......

Proof. It is easy to see that ug(x,t) = ug(z), the initial condition of (3.1) is bounded.
That is ug(x,t) = ug(x) is a continuous function on a closed bounded set S and hence
bounded. That is |ug(x) < M (large enough). Since f(z,t,uo(x)) is defined in the
set S, |f(z,t,uo(x))| < M. Using Lemma 2.2, it is easy to observe that

| Z Eqq(=kXntin(2)dn(y)| < Ki (3.4)
and -
| Z Eqq(=kXn(t — 5)10n(2)dn (y)| < Ko. (3.5)

Using (3.4) and (3.5) in uq(z,t), we get

lui (z,t)| < MaK; + M1 KyTa < M (say).

Now we prove that |u, (z,t)| < M, for alln, n=1,2,3.... We achieve this by the method
of mathematical induction. Let the result be true for n=k. That is |us(z,t)| < M},
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for some My, My, large enough but finite which confirms that ug(x,t) is in the set S.
We will prove the result for ug41(z,t). From (3.3), we have

g (. 8)] = | / (35 () ()b (1) 04y
+ / / ' (30— 7 By Rt =500 )60 0] 00kl 5)) sl (3)

Now using (3.4), (3.5) and |f(x,t, ug(z,t)| < Myt1, we get,
U1 < MaKq + Mk+1K2Ta < Mk-l—l-

This proves the result is true for k4+1. Hence,it is true for all n. This proves that the

elements of the sequences are well defined. That is u,(z,t) belongs to the set S. O

Note that we have not used the Lipschitzian nature of f(z,¢,u) . Lipschitzian in
f(x,t,u) in u is essential for our next result. Now in our next result we will prove

that the sequence {u,(x,t)} converges uniformly on the set S.

Lemma 3.2. Let the hypothesis of Theorem 3.1 hold. Then the sequence {u,(z,t)}
defined in (3.2), converge uniformly.

Proof. We consider the series
uo(x,t) + Z ug(z,t) — up—1(z, ). (3.7)
k=1

In order to prove the sequence {u,(x,t)} converges uniformly, it is enough to prove
the partial sum of the series (3.7) converges uniformly.

Let,
N

un (@, t) = ug(x,t) + Y up(w,t) — up1(,1), (3.8)
k=1
be the partial sum of the series (3.7). We will prove that the positive series (3.7)
converges absolutely and uniformly to some function u(z,t). We will establish that
u(z,t) obtained satisfies (3.2). In order to prove the positive series converges uni-
formly, we prove that the absolute series is majorized by a convergent constant series.
For this, we first find

|ug (z,t) — uo(x,t)

t
(t—s)11 &
| / F(q) Zr (kA = $)9)F(y, 5, u0)dyds|.  (3.9)
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Using (3.5) and |f(z,t,uo(z))| < My in (3.9), we get,

a (t—s)? 1
lui (z,t) — uo(z,t)] gf(ffo =) K\ My dyds

L'(q)
t (t—s)?
< Jo ( F(Bz) K1 M;ads
S KlMlam. (310)
Next we find,
_ )1 °°
st (el = 1 [ [ S Bkt - 9016000
n=1
[f(y,s,ua(z, 1)) = f(y, s, uo(, t)]dyds|. (3.11)

Using the Lipschitz condition on f(z,¢,u) and (3.5) in (3.11), we get,

lug(z,t) —ui(z,t)] < fo fo F(q) K1L|u1(x t) — uo(z,t)|dyds

< [T K LaK Mya i ds

T'(q) (q+1)

2q
< MiK?a’ Loy (3.12)

Now by the induction process, let us assume that it is true for n = k,

Tk
t) — up_1(x,t)| < MyLFYa" K 3.13
k(1) = s (. 8)] < D LF M K e (313)
Then we will prove for n =k + 1,
(k+1)q
[ut1(x,t) — ug(z,t)| SMlLkakHKme- (3.14)
For this,
s) 1 &
) —uten) = [ [T §:j ra(RA(E = 5))60(2)6n(0)
[f(y,S,Uk(l',t)) _f(yvs Uf— 1(1‘ t)]dyd5|
t -1
t—s)d
S/O %Klaﬂuk—uk_ﬂds
t -1 k
(t—s)? kg krk-1_ 5 ¢
< ~—— Ky LaK{Ma"L*"" ———ds
’/o T T(kg+1)
T (k+1)q
<M LFaP R 3.15
=M P+ g+ ) (8.15)
Hence we obtain,
M Lk 1 kKk qu
t) —up_1(z,t)| < Tad" K —m—, 3.16
k(1) = s (o, 8)] < DO LA K s (3.16)
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is true for all n.
From this, it follows that,

Juo (2, 1) + > ur(w, ) — up—1 (2, )] < luo(@)| + D [uk(w,t) — up—1u(w, 1)

k=1 k=1
Ml( > (aLKT?)* 0
T L& I'(kg+1)
M
< Tl[EqJ(LaKTq) —1]
M
< TlEq,l(LaKTq), (3.17)

which means the series (3.7) is majorized by the convergent constant series Ey 1 (aLKT?)
which converges. This proves that lim,_coun(z,t) = u(x,t) converges uniformly.
Now we will prove u(z,t) is the solution of (3.2). Consider the equation (3.3),

/Oa > Eqq(—kA(t9)dn (2)dn (y)uo(y)dy (3.18)
n=1

+/0 A nzz:l Eqq(=kAn)(t — 8)1)on () on(y) f (Y, 8, un—1(y, s))dyds.

Taking the lim, - on both sides and using the fact that the sequence {u,(z,t)}
converges uniformly and Lebegue dominated convergence theorem, we get,

- [ Zqu A (1)) ) (50 )y (5.19)

/ I Zt—sq LBy (Rt = )00 (@) (W) (3, 5, uly, 5))dyds.

This concludes the proof of Lemma 3.2. Lemma 3.1 and 3.2 together prove the
existence of the solution of (3.2) on Qr. O

Next we will prove that the solution u(x,t) which satisfies (3.2) is unique. This is

precisely what we will prove in our next result.

Lemma 3.3. Let the hypothesis of the Theorem 3.1 hold. Then the solution u(x,t)
in (3.2) is unique.

Proof. Let ui(x,t) and ua(z,t) be such that

w(et) = unle (t = )1 Ey g (— kAt — )70 (2)0n (1)
(2.1) . // 3 1

Sy s, u)dyds, (3.20)
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(o) = o)+ [ [ [ 9 Byl =)0 0]
[y, s,u)dyds. (3.21)

Let m(z,t) = |ui(x,t) — uz(z,t)], m(z,0) = |ui(z,0) — uz(z,0)] = [mo(z)] (say).
Then m(z,t) is definitely positive by definition. Our aim is to show m(z,t) < 0. By
using (3.20) and (3.21),we get,

m(x,t) = |ui(a,t) — ug(z,t)]
- | / =9 S Bualenate = )6, )0n)
X [f(yv S, U()) - f(yv Svlul]dyds|' (322)

Using Lipschitz condition of f(x,t,u), Theorem 2.1, and the nature of the eigen
functions ¢, (z) for 0 <z <a, 0 < s <t <T, we can get,

m(x,t) = |uq(z,t) — ua(z, )|

< mg(x //Ky, Lm(y, s)dyds. (3.23)

Here,
maz|(t—s)97! Z Ey (kXA (t—9)D)pn(x)dn(y)| < K(y,s),on 0 <z <a,0<t<T.
n=1

Now using the generalized Wendroff inequality given by Bainov and Simeonov [1] from
Theorem 2.1, we get,

t a
m(x,t) < mo(x)exp(/ / K (y, s)Ldyds).
o Jo
Since mo(x) = |uo(z) —uo(x)| = 0 in our case, we get, m(z,t) < 0. That is m(z,t) =

0
This concludes the proof of the Lemma 3.3. O

Now using Lemma 3.1, Lemma 3.2 and Lemma 3.3, the conclusion of the Theorem
3.1 follows. This concludes the proof of Theorem 3.1. O

Next, we extend our method to finite system of Caputo fractional reaction diffusion
equations. For that consider,

Catquv_kvuv,”r”r - fi(ﬂ;,t,Ul,ug,...,UN), on QT)
u;(0,t) =0, u;(a,t) =0, in Tp, (3.24)
u;(x,0) = ug;(z), = € Q,
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for i =1,2,...,N. Here fi(z,t,u) € C[[0,a] x [0,T] x R™,R], up;(z) € C[[0,a],R], for
i=1,2,..N,Q=1[0,a], J = (0,T], Qr = J x Q, k; > 0 and I'r = (0,T) x 9.
We will consider the following set

Si={(z,t,u)|0<z<a, 0<t<T, |Ju(z,t)]| <M (large enough) < oo}.

||.|| is any appropriate norm. The representation form for the component u;(z,t), i =
1,2,..., N is given by

wi, ) = / ZEq,q RiAnt) ()b (9) 0 (9)dy

+ / / (3¢ = )7 By y(—kida(t — $)9)bn ()b ()] fo(s , ur, uz, . un)dyds.
(3.25)

See [7] for details. Here, the Green’s function is given for each i.

Theorem 3.2.  Consider the Caputo fractional reaction diffusion system (3.24)
where fi(z,t,ur,us,...,un) is continuous on S and Lipschitzian in u. Then there
exists a sequence which converges uniformly to the solution. Further the solution is

unique on ils interval of existence.

Proof. The proof follows on the same lines as in the scalar case. We briefly provides
some basic steps of the proof for completeness. Construct the sequence {u; ,,(x,t)} in

the following fashion;
win(e,t) = / (3 Eaal Mt )on(a)on o) o )y

_|_/O/Z:t—sq1qu( k‘)\(t—s))ﬁén( )¢n( )]

xfi(x, t, UL, N—1, U2 N1y, 'LLN’Nfl)dde, (326)
satisfying ug;(z) = (uo1(x), uo2(x), ..., uon ()).

We can show the following results.
(1) {win(z,t)} are well defined on the set S.

(i) The sequence {u; »(x,t)} converges uniformly to a function u,(x,t) on the set S,
where wu;(z,t) satisfies (3.25) for ¢« = 1,2,..N. We can prove that the norm of the
sequence {u;n}, is majorized by the convergent constant series. This will enable us
to prove that the sequence is uniformly convergent.
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(iii) Further assuming u; and us be any two solutions, we can show that ||u; —usz|| = 0
to prove the uniqueness part.

We omit the proof since it is routine extension of our main result related to the
scalar Caputo fractional reaction diffusion equation. Here |.| of the scalar equation is

replaced by an appropriate norm ||.||. O

4. CONCLUDING REMARKS

We have developed the Picard’s iterative method for Caputo fractional reaction diffu-
sion equation in one dimensional space. We have proved the existence of the solution
in the large, and also the uniqueness of the solution by assuming the solution is
bounded and the nonlinear term is Lipschitzian. From computational point of view
we have restricted the ¢ value of the derivative such that 0.5 < ¢ < 1 since I'(q)
is unbounded near 0. The method can be easily extended to Caputo fractional re-
action diffusion systems. The rate of convergence in the Picard’s method is linear.
The Picard’s method we have developed here is useful in proving the existence of the
solution of linear reaction diffusion equation with variable coefficients together with
coupled lower and upper solution of the nonlinear problem. This will be needed in the
method of generalized quasilinearization. The advantage of the method of generalized

quasilinearization is that the rate of convergence of the iterates is quadratic.
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