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ABSTRACT: We consider a family of random maps where each of the component
maps is from a family of piecewise, linear and Markov maps on a class of infinite
partitions of the state space. We investigate the existence of infinite absolutely con-
tinuous invariant measures of the random maps. In a more general setting, our study
establishes a positive answer to the question in discrete time dynamical system: can
two chaotic systems give rise to order, namely can they be combined into another
dynamical system which does not behave chaotically? This question is analogous to
Parrondo’s paradox [5] which states that two losing gambling games when combined
one after the other (either deterministically or randomly) can result in a winning

game: that is, a losing game followed by a losing game = a winning game.
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1. INTRODUCTION

The existence of infinite absolutely continuous invariant measures (acim) for ran-
dom maps is one of the important and challenging problems in ergodic theory and
dynamical systems. For deterministic maps, the existence of finite absolutely con-
tinuous invariant measures is well studied by many authors (see, for example [9] and
the references therein). Farey map is an infinite measure preserving transformation

which is defined on an infinite partition a (see [3, 4]). Infinite ergodic theory for
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deterministic maps and properties of infinite measure preserving transformations are
studied by J. Aaronson in [1]. The main objective of this paper is to study infinite
acims for random maps. We consider a family of random maps of piecewise linear
and Markov maps on a class of infinite partitions of the state space. The existence of
infinite acim for the random maps is established via the study of the corresponding
Frobenius-Perron operators of the random maps.

Let (X,B,\) be a measure space, where B is a o-algebra on X and A is the
Lebesgue measure on B. Let Q = {1,2,3,... K}{0L2F = Loy = {0,120+ w; €
{1,2,3,..., K}} be the set of set of all one sided infinite sequences. Let 7, : X —
X,k=1,2,..., K be nonsingular piecewise one-to-one transformations and p1, po, . . .,
pK be constant probabilities such that Zf{zl pi = 1. The topology on 2 is the product
of the discrete topology on {1,2,3,...,n} and the Borel probability measure p, on
is defined as p, ({w : wo =d0,w1 =t1,..., Wy =in}) = PigPiy ---Di,,- Let 0 : Q@ — Q
be the left shift. Consider the skew product S : Q x X — Q x X defined by

S(w,x) = (0(w), T (z)) ,w € Q,z € X.
Now,
S (w, ) = (oz(w),ml 0 Tug (a:))

and for any integer N > 1,
SN (w,z) = (O’N(OJ),TWN71 O Tyn. 5O OTy, O Two(x)) .

A random map

T = {7—177-2)' - TKP1, P2y - - - apK}v

with constant probabilities p1,pa,. .., pk is defined as follows: for any x € X, T (z) =
71 (2) with probability pj and for any non-negative integer N, TV (x) = 7, 0 Thy_, ©
... 0Tk, (z) with probability II;Z, py; . TN () can be viewed as the second component
of the SV of the skew product S. A measure y is invariant under the random map 7'
if
K
p(E) = pep(r (B)), (1.1)
k=1

for any measurable set E € B. It can be easily shown that a measure p is T— invariant
if and only if the measure p, x p is S—invariant. The Perron-Frobenius operator Pr

for the random map 7" is given by

K
PTf = Zpkprkfa (12)
k=1

where P, is the Frobenius—Perron operator of the transformation 7. For random

maps with constant probabilities where the component maps are Lasota-Yorke maps
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[6], Pelikan [7] proved the following sufficient condition for the existence of an acim:
Yo <a<t,
@)

forall z € I.

2. A FAMILY OF RANDOM MAPS WHICH ADMITS AN INFINITE
ABSOLUTELY CONTINUOUS INVARIANT MEASURE

Let
a:={IV :n e N} (2.1)

be a countable infinite partition of [0, 2) where each I,(ll), n=1,2,--- is a non-empty
interval of of the form [a, b). We assume that the elements of o are ordered from left

to right and the interval I,g,l) approaches to the point % as n — oo. Similarly, let

B:={I? :necN} (2.2)
be a countable infinite partition of [%, 1], where each L(LQ), n=1,2,--- is a non-empty

interval of the form [c,d). We assume that the elements of § are ordered from left to
right and the interval IT(LQ) approaches to the point 1 as n — o0o. Consider the partition
P ={a, B} of [0,1]. We construct families of piecewise linear Markov maps 71 o g and

To,a,8 (W. r. t. P) on [0, 1] into itself as follows: let
A1), E:M,n—LZ . (2.3)

1
bp = AIP), tp, == }:m,n_12 (2.4)

[\

Fix integers ¢* > 1,k* > 1,m* > 1,n* > 1. Define 71 o 3, T2,a,5 : [0,1] — [0,1] by
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t;* —t;*
+511 T At T € Ayp;
bix pp—lixqgp—1 )
Sh—Sh_1 (€ — sp—1) + Lo (k—1) T € Ak, k> 2;
1.
1, MY
map(@) = { {52 41 B
1,0,8 = T4 s T 1
1
SR
= (r—t)+ 3, x € Bo;
bx k1 —tre 4 (ho2) .
S (@ — ) k-2 s T € Brag k> %
L, =1
_1 N (2.5)
s_lzx + 2 x € Al;
sj’ﬁ;l (.13 - 81) ) X € AQ;
Sm*4+k—1"5m*+k—2 )
IR (3 — k) + Smedk-2 @ € Al k> 2
_J1 o
7-27047[3(33) - 9 xr = 35
Sp* 41— Sp* 1 .
ttlj(ﬂf—gﬂ'%*, x € By;
Sn* k41" Sn* 4k )
(@ = )+ Sne gk 2 € Byp1, k> 1;
% ) r=1.

For any partition P = {«, 5} defined above and any probability p, consider the family
{T, } of random maps

To,p = {T1,0,8, T2,0,6:P, 1 — P}, (2.6)

where 71 4,3 and T2 o 3 are defined in (2.5). It is easy to see that each of maps
{T.,0.8,T2,0,3} admits a finite acim. The map 71 o g preserves Lebesgue measure on
[1/2,1] and 75 4, preserves Lebesgue measure on [0,1/2]. The composition 7y 4.3 ©
T2,a,3 has an attracting fixed point 1 as a global attractor and the other composition
T2,0,89T1,a,8 has an attracting fixed point 1/2 as a global attractor. Thus, the periodic
switching of these maps leads to completely regular dynamics. We can describe the
periodic switching of 71,3 and 72 4,3 as "trap-rescue” dynamics : iteration of 71 3
traps trajectory in [1/2,1] and iteration of 75 o g traps trajectory in [0,1/2]. Then,
periodic application of the these maps rescues the trajectory consecutively from each

of these intervals creating different, nearly ordered dynamics.

Example 2.1. Let

and
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7/8
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3/8

Figure 1: The graphs of 7 and 7».

Then: ) 1 1
(kalzﬁ,k:2,3,-.-7i.e., aq 17 (],2:§7 a3:E7"
1 1 1 1
bo1 = —, k=23, ie, by ==, by = =, by = —,-
k-1 2k’ ) ; L.e., 01 47 2 87 3 16)
S _1 S —§ S —l
1_4) 2_87 3—167 5
L3 T 5
1_4; 2_8; 3—16, .

733

Fix i* = 2,k* = 1,m* = 1,n* = 2. Then the random map in (2.6) reduces to the

random map T = {7y, 72; p1,p2}, where 71,7 : [0,1] — [0,1] (see Fig. 1 and [2]) are

defined by

1 7 1.
7z +tyg, for0<z<g;

1, forx:%;
T(z) =<¢2— 22, for%<x<%;
2¢ — 1, for%§x<1;

1, forz =1
L _ 9z for 0 <z <
2 ) = 49
1 1 1.
20 — 5, for 3 <x<g;

() =4 3, for z = %;
Lyy 1 for 1 <z <1
1 1o 2 g

%, for z = 1.

(2.7)
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Theorem 2.2. Let P = {«,} be a partition of [0,1], where o and  are de-
fined in (2.1) and (2.2) respectively. Let an,b, are sequences defined in (2.3) —
(2.4) such that an, = by, for each n = 1,2,.... Let T1,a,3,T2,a,8 are maps defined
in (2.5) satisfying i* = n* and k* = m*. Then for any probability p, the random map
Tog =A{T1,0,8:T2,0,8; P, L—p} in (2.6) admits an ergodic infinite absolutely continuous
imwvariant measure and it has no finite absolutely continuous invariant measure.

Proof. The Perron-Frobenius operators of i 4,3 and 734 3 can be represented as
matrices [9, Chapter 9]:

roo ... 0 o ... 0

i* —times

00 ... 0 0 ... 0 0 =il 0 0
i* 42tk

i* —times

00 ... 0 0 ... 0 0 0 B e
i* 43 bix 42

i* —times

L - L L . 1 - 1 . 1 . 1
00 ... 2(t1 — =) 201 — =) .20t — =) 2(t1 — 3) 2(t1 — 3) 2(t1 — 3) 2(t1 — 3) - -
2 2 2
i* —times
My = t —t ,
00 ... 11—2 0 ...0 0 0 0 0
3=t
i* —times
to — t
00 0 2 3 0 . 0 0 0 0

T —tpx 41

i* —times
ty — ty

Tr* 1 ~ g2

i* —times

and
My =
- s1 S1 s1 51 s s s s
T T T T T T T T--00
2 2z b bl 2 2 2 2
m* —times
so — 81 Sp — 8| sp — 8| sg — 81
S 0 0 0 0 00
Smx Sm/* Sm/* Sm*
m* —times
0 0 0 o 0 537982 0 0 0 ...00
Sm* 41~ Sm*
m* —times
0 0 0 e 0 0 — 547953 0 0 ...00
Sm* 427 Sm* 41
m* —times
to—t
0 0 0 0 S 0 0 27 0 0 ...00
Sp* 427 Sp* 41
n* —times
tg—t
0 0 0 0 0 0 0 — 372 o9 ...00
Spk 427 Sk 42
n* —times

Without the loss of generality and for the convenience of the calculation, we fix
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*=2,k*=1,m* =1 and n* = 2.

[00... 0
00... 0 0
00... 0 0

Mi=|00...2(t1—3)2(t1 — 1) 2t —3) 2t—32)
00... 5= 0 0 0 0 0
2 0¥
00... te—ts 0 0 0
k* T UR* 41
00... 0 0 s 0 0 0
k*+1 7 tk* 42
s 2 . s o 2...000...
2 2 2 2 2 2
e 0 0 0 0 0...000...
0 o5 0 0 0 0...000...
0 0 ——sass 0 0 0...000...
Sm* 427 Sm* 41
M; =
t1—%
0 —— 0 0 .000...
Sn*+1 Sp*
0 0 R e 0 .000...
Sp* 42" Sp* 41
0 0 0 —tazte .000...
n*4+2 " Sn*42

Let the invariant density of the

Then, the above matices reduce to

— 0 0 0
v g1 —tix
0 __Sa—sSy 0 0
Tiv to—tix 11
sg—¢
0 0 2222 0

Tiv 13—tix o

random map Tn3 =

2ty _ 1) 2t _ ...

735

{Tl,a,ﬂaTQ,a,,B;p, 1- P} be

piecewise constant on the elements of the partition P and represented by an infinite

Vector f = [ju, Tix 41, Tix 42, - - -

f=Wf

Y yn

sy Uns+1, Yn* 425+« - ,] . Then,

My + (1 =p)f) - Ma.

(2.9)
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From equation (2.9), we get:

S 1—2s1 + 281p

[ Tie,
T s s 1-p '
_ Smr+1 — Sm~ S 1—2s1 4+ 2s1p
Li* 42 = . . p) _281 s Ly
S3 — So 53 — 81 (1-p)
Sm*+2 — Sm*+1 1 ty — % 9
[ ) By — 2y — Dy e |
i* 43 54— 53 1 —p ¥ 42 Snrt1 — Spe Yn 1 7
Sm*4i—3 — Sm*4i_ 1 ti_g —1t;_
z; = m*+i1—3 m*+1 4.|: ST — 1—3 1—4 -y¢_3—281-$¢*},
Si—1— 8i—2 1—p Snr4i—4 — Sn*4i—5
i= i 4,5,
1
s —1p |1 1
2
ey = =t — )| -y,
Yn “+1 tl — t2 |:p ( 1 2):| Yn
the —thes1 [ 3 — e 1 2(t1—3) 1
iy = : B (e L 2R Y T .
R AV P (r=3)) |
trr41 — T g2 1 So — S1 1
ipyg = ——————— | = Yprpo — ———— X+ — 2(t1 — =)Yn+ | ,
Yn*+3 t3 — t4 p Yn*+42 ti*+1 — ti* ) ( 1 2)yn
T ima — b i3 [1 Si—4 — Si—5 1 ]
Yi = Wi — Ti—z — 2(t1 — 5)Yn- |,
‘ tio —ti1 p 7T s —tigia ( 2) "
i=n"+4,n"+5,....
(2.10)
Consider the following change of variables
Ui = Ti—1, Vi = Yi—1, Wi = Ui—1, Pi = Vi—1, Qi = Wi—1, bj = pi_1.
Then (2.10) reduces to
xl—sm*+j_3_sm*+j_4-[ ! “Tjo1 — tiza = tis " pj 1—281'.23‘]
= — — ¥ |
J Sj — Sj-1 1-— P J Sp*4j—4 — Snrx4j-5 J
=t 4,5,
trrqj—a — tkryj—3 |:]_ Sj—4 — Sj—5 1 ]
yj = S wj—1 = 2(t1 — 5)Yn~ |
! ti-1—1 P T tigjea—tisgs (=g
j=n"+4,n"+5,...,
Uj = Tj-1,
Vj = Yj—1,
’LUj = Uj_l,
Pj = V51
(2.11)

Let Xi - (xj7yj7uj7vi7wj7pj)a
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Sm*4+j—3"Sm*4+j—4 0 00 0 (SnL*#»jfB_SnL*+j75)(tj*4_tj*5)
5i_1—5;_2)(1—p) T G515 —2)(Spxa i 4—Sp k1 5)
(sj—1—s;—2)(1-p 12 j—2 n¥4j—4"Sn*4j—5

0 bh*gjoa=ter a8 o0 (exggoa—texgjo3)(sj—a—5j-5)

p(tj_2—t;—1) (tj—2—=t5-1) (i 4 j gt 4 5_5)
1 0 00 0 0
0 1 00 0 0
0 0 10 0 0
0 0 01 0 0

and b = (—231 (M) a2ty — 1) it y;70,070,0) It

5j—1—5j-2 ¢ 2 tj—1—t;
" =n* and k* = m™* then the matrix A and the vector b is constant for each j. In

particular, i* = n* =2 and k* = m* = 1, then

-, ]
25 000 0 -8
0 200 -8 0

4_| 1 000 0 0
0 100 0 0
0 010 0 0

. 0o o001 0 0 |

and b = (—x2,—y2,0,0,0,0). Then, the system (2.11) reduces to
X; = AX;_1 +b. (2.12)

The system (2.12) has the following form of solution [10]:

J
X;=AXo+ Y AFb.
k=0
Note that one of the eigenvalues of the matrix A in the system (2.12) is exactly 2.
Hence, the maximal eigenvalue v is larger than 2. Thus, z; and y; in (2.10) are of
the form constant - v* and the densities blow up in the e—neighborhood of % and 1.
Moreover, -7, D k=12 xgk))\(li(k)) = oo. In particular, and

> 1 1 1 1
ZZxEk))\(Ii(k)) — {m-?—’—%'?—’_m'?—'_%'ﬁ”}
i=2 k=1,2

1 1 1 1
T Y2 5z TYs gz T Va7 TUs o5

= OQ.

This means that the random map has an infinite acim m = f - \.

Now, we prove that the measure m = f - A is ergodic. It is enough to show that
the induced Frobenius-Perron matrix is irreducible [8]. The transition graph of the
induced Frobenius-Perron matrix of the random map T in Example 2 is shown in Fig
2. It is easy to see that the graph is strongly connected, i.e., every state communicates
with every other. Thus, the matrix M is irreducible and the measure m is ergodic.
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Figure 2: The transition graph of the induced Frobenius-Perron operator of

the random map 7.

Since m is supported on all of [0,1], there is no other acim. In particular, this random

map does not admit a finite acim.

3. EXAMPLE

Example 3.1. Let

and . .
B:{[1_2k 1’1_2_k]}7 k 2,3,4,
Then,
1 1 1 1
ak71—?,k:2,3, 716,&1_17@:57@3:%’-
1 1 1 1
b_——k:23 b——b:—b:_.
k—1 2k’ » 9y ,0-€.,01 47 2 87 3 167
S _18 _§S l
1_47 2 87 3 167 9
L3, 1, 1
1_45 2_8; 3_16;

O

Fix i* = 3,k* = 1,m* = 1,n* = 3. Then the random map in (2.6) reduces to the
random map T = {71, 72; %, %}, where 71,73 : [0,1] — [0, 1] (see Fig. 1) are defined by

éx—l—}g, for0§x<%7
1, forxz%;

T1(x) = 2 -2z, for%§x<%;
20 — 1, for%§x<1;
1, forzx=1

(3.1)
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%—2;3, f0r0<x<i;
2x—%, for%§x<%;
() =4 3, for z = &; (3.2)
1 3 1
sttyg, forg<z<l;
%, for x = 1.

The Perron-Frobenius operators of 71 and 72 can be represented as matrices [9,
Chapter 9]:

00 000 8 00 0
00 000 0 8 0
00 00000 80
Mi=|00 b33 4
00 100 0 0 0 0
00 02 00 00 0
00 00 4 00 00
53 3 2 3 3 000
£ 00 0 0 0 000
020000 000
00 %2 00 0 000
M, = ; ;
000 8 00 000
0000 80 000
000 00 8 000

An invariant density f of the random map T = {71, 72; %, %} satisfies the following

Perron-Frobenius equation:

f = UMy + ALY, (33)
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Let
L3 0008 0
% 0 0 0 0 0 0 0 0 8
02 0 0 0 00 0 0 O
M = M, + M, = : L
TR0 0 0 8 0 1111
000 0 8 100 0 0
00 0 0 0 0 £ 00 0
Then (3.3) reduces to
2f = fM. (3.4)
If the value of the invariant density f on [, ,gi) is constant a:,(f) and we assume that
x,(vl) = x,(f) = xy, for all k = 2,3,..., then the density f can be represented as an
infinite vector (x9,x3,...,x2,xs,...) and equation (3.4) can be written as:
2(.132,1‘3,...,1‘2,.233,...) = (xg,a?g,...,l‘g,xg,...)M. (35)

From equation (3.5), we get:

3 = 373;
Tyq4 = 111’2; (3 6)
rs = 43x9; .

€Ty = 4.237;_1 — 161‘1'_4 — I, 1= 6,77 e
From the above system we get
1’3:3'5EQ, 1’4:11'1'2, 1’5243'1'2, $6=155'$2, 1’7:571'1'2,

Now, we find a general solution of the system (3.6) of discrete difference equations.
Consider the homogeneous equation z; = 4x;—; — 16x;_4. Let z; = Biza. Let
B1.2.3.4 be the roots of B4 — 483 + 16 = 0. The roots are 31 = 2, B = 3.67857,
B3 = —0.839287 + 1.21258i, 34 = 33, where B3 represents complex conjugation of Ss.
The general solution of the difference equation will be

z; = (c18] + c2B4 + e3Py + caBy)ma.

Calculating c1,2,3.4 leads to the values ¢; = 0, co = 0.0627625, c3 = 0.00708027 +
0.0585811y/—1, ¢4 = @3. Since ¢; = 0 we can omit the first term in the general form
of z;. We now show that each z; is a real number by using that ¢, 8] = @ and that
csfBL + @ = 2Re(c3BL) in order to write

zi = a3y + 2Re(cs3).
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To show that the series Y72, 7, ) 5 2PNI®) we show that S s diverges.
We use the limit comparison test with the divergent geometric series 2?% First

note the inequality
(c2B3 — 2lesPs|)ze <

Since |B2| > |B3| and |c3| < 1 it follows that

iy (22 = 2lesB3as 27
1—00 ﬁg 2i+1

= C2T2,

which isn’t 0 unless 9 = 0. Since xo = 0 implies the trivial everywhere-zero measure
we can assume that the limit exists and doesn’t equal 0, which by the limit comparison
test shows that the series Y .=, siir diverges. This means that the density of the
random map 7' blows up in the e—neighborhoods of % and 1 and T has an infinite
acim m = f - A The measure m is supported on the whole interval [0,1]. The
ergodicity of m can be proved as in the Theorem 2.2.

Using Maple, we prepared a program which produced a histogram, shown in Fig.
3, of the 500 000 iterations of random map 7. It confirms that T-invariant density
has singularities at 3 and 1. The width of the histogram boxes used was 1/1000.

230000
210000
150000
10000

50000

I LI I S I D O B S B B B B B B B N

14 05 08 07 08 0% 1

Figure 3: The histogram of 500 000 points of a trajectory of random map 7.
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